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On the Generalized Baskakov Durrmeyer Operators 

Gülsüm Ulusoy Ada*1  

Abstract 

The intent of this article is to construct Baskakov Durrmeyer type operators. Their structure depends on a function τ. 
We exude the uniform convergence of the operators using the weighted modulus of continuity. Moreover we obtain 
pointwise convergence of 𝐶ሚ௠

ఛ  by obtaining Voronovskaya type theorem. 

Keywords: Durrmeyer operators, uniform convergence, asymptotic formula.  
 

1. INTRODUCTION 
 
In approximation theory, the positive approximation 
processes worked out by Korovkin and rise in many 
problems. The most useful samples of such operators 
are Baskakov operators. In 1957, Baskakov [5] 
introduced the following positive linear operators on 
unbounded the interval [0,∞) for suitable functions 
defined on the interval [0,∞). 

𝑙௠(𝑔; 𝑥) = ෍ 𝜗௠,௟(𝑥)𝑔 ൬
𝑙

𝑚
൰

ஶ

௟ୀ଴

,      𝑥 ∈ [0, ∞), 𝑚 ∈ ℕ, 

where 𝜗௠,௟(𝑥) = ቀ
௠ା௟ିଵ

௟
ቁ (

௫೗

(ଵା௫)೘శ೗). 

Cardenas Morales et al. in 2011 [6] studied Bernstein 
type operators described for g∈C[0,1] by 𝐶௠(𝑔 ∘ 𝜏⁻¹) ∘

𝜏. 𝐶௠being the classical Bernstein operators and τ 
being any function that is continuously differentiable ∞ 
times on [0,1], such that τ(0)=0, τ(1)=1 and τ′(x)>0 for 
x∈[0,1]. In addition, the Durrmeyer type generalization 
of processed operators was found in [1]. Moreover Aral 
[4] studied simulant alterations of the Szasz -Mirakyan 
operators. They offered quantitative type theorems to 
explore the degree of weighted convergence with the 
help of a weighted modulus of continuity constructed 
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using the function τ of the operators. Moreover in [2] a 
durrmeyer type generalization of Szasz operators was 
introduced. Many writers have studied in this way, see 
[3-10], and the references therein. Very recently Patel 
et al. [11] studied generalization of Baskakov 
operators. 

    Set ℕ₀=ℕ∪{0} and let R⁺ be the positive real semi-
axis [0,∞). Suppose that τ is any function satisfying the 
conditions: 

 (p₁) τ is a continuously differentiable function on R⁺, 

 (p₂) τ(0)=0, inf
୶∈[଴,ஶ)

τ′(x)≥1. 

The generalized  Baskakov operators are defined by 

𝐶௠
ఛ (𝑔; 𝑥) = ∑ (𝑔 ∘ 𝜏ିଵ) ൬ቀ

௟

௠
ቁ൰ 𝑃௠,ఛ,௟(𝑥),             (1)ஶ

௟ୀ଴                                                                                                      

where 𝑃௠,ఛ,௟(𝑥): = ቀ
𝑚 + 𝑙 − 1

𝑙
ቁ (

ఛ(௫)೗

൫ଵାఛ(௫)൯
೘శ೗). 𝐶௠are 

the classical Baskakov operators and can be obtained 
from C୫

த  as a particular case τ(x)=x. 

The general integral modification of (1) to approximate 
Lebesgue integrable functions on R⁺ can be defined as 
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𝐶ሚ௠
ఛ (𝑔; 𝑥) = (𝑚 − 1) ෍ 𝑃௠,ఛ,௟(𝑥)

ஶ

௟ୀ଴

 

                                    × ∫ (𝑔 ∘ 𝜏ିଵ)(𝑡)𝑝௠,௟(𝑡)𝑑𝑡,
ஶ

଴
     

(2) 

where m∈ℕ, 𝑝௠,௟(𝑡) = ቀ
𝑚 + 𝑙 − 1

𝑙
ቁ ቀ

௫೗

(ଵା௫)೘శ೗ቁ   and τ 

is any function with the assumptions (p₁) and (p₂). 

The structure of the article is as follows. In section 2, 
we give some lemmas about new operators. Section 3 
includings the proof of uniform convergence of the 
operators and also a statement concerning the degree of 
this uniform cenvergence. Finally, in chapter 4 we find 
an asymptotic formula for 𝐶ሚ௠

ఛ  using Taylor's theorem. 

 
2. BASIC RESULTS 

 
In this section we offer the moments.  

Lemma 1. We have 

𝐶ሚ௠
ఛ (1; 𝑥) = 1, 𝐶ሚ௠

ఛ (𝜏; 𝑥) =
1 + 𝑚𝜏(𝑥)

𝑚 − 2
,              (3) 

𝐶ሚ௠
ఛ (𝜏ଶ; 𝑥) =

2 + 4𝑚𝜏(𝑥) + 𝑚(𝑚 + 1)𝜏ଶ(𝑥)

(𝑚 − 2)(𝑚 − 3)
,        (4) 

 𝐶ሚ௠
ఛ (𝜏ଷ; 𝑥) =

଺ାఛ(௫)(ଵ଻௠ିଷ)ାఛమ(௫)൫ଽ௠మା଼௠ିଷ൯

(௠ିଶ)(௠ିଷ)(௠ିସ)
   

                     +
ఛయ(௫)൫௠యାଷ௠మାଶ௠൯

(௠ିଶ)(௠ିଷ)(௠ିସ)
.                                (5) 

Lemma 2. If we define the central moment of degree 
k, 

𝜂௠,௞
ఛ (𝑥) = 𝐶ሚ௠

ఛ (൫𝜏(𝑡) − 𝜏(𝑥)൯
௞

; 𝑥) 

then we have 

[𝑚 − (𝑘 + 2)]𝜂௠,௞ାଵ
ఛ (𝑥) = 

 ൫𝜏(𝑥) + 𝜏ଶ(𝑥)൯[(𝐷𝜂௠,௞
ఛ (𝑥) + 2𝑘𝜏(𝑥)𝜂௠,௞ିଵ

ఛ (𝑥)] 

      +(𝑘 + 1)൫1 + 2𝜏(𝑥)൯𝜂௠,௞
ఛ (𝑥).  

𝜂௠,ଵ
ఛ (𝑥) =

2𝜏(𝑥) + 1

𝑚 − 2
.                                                    (6) 

𝜂௠,ଶ
ఛ (𝑥) =

ଶൣఛమ(௫)(௠ାଷ)ାఛ(௫)(௠ାଷ)ାଵ൧

(௠ିଶ)(௠ିଷ)
.                       (7) 

𝜂௠,ଷ
ఛ (𝑥) =

𝜏³(𝑥)(24𝑚 + 24) + 𝜏²(𝑥)(35𝑚 + 33)

(𝑚 − 2)(𝑚 − 3)(𝑚 − 4)(𝑚 − 5)
 

              +
ఛ(୶)(ଵଵ௠ାଶଵ)ା଺)

(௠ିଶ)(௠ିଷ)(௠ିସ)(௠ିହ)
 

𝜂௠,ସ
ఛ (𝑥) =

𝜏ସ(𝑥)(12𝑚ଶ + 252𝑚 + 120)

(𝑚 − 2)(𝑚 − 3)(𝑚 − 4)(𝑚 − 5)
 

+
𝜏ଷ(𝑥)(24𝑚ଶ + 494𝑚 + 210)

(𝑚 − 2)(𝑚 − 3)(𝑚 − 4)(𝑚 − 5)
 

+
𝜏ଶ(𝑥)(12𝑚ଶ + 309𝑚 + 195) + 𝜏(𝑥)(67𝑚 + 105) + 24

(𝑚 − 2)(𝑚 − 3)(𝑚 − 4)(𝑚 − 5)
. 

Throughout the article we will utilize the following 
function classes. C୆(R⁺)is the space of all real valued 
continuous and bounded functions g on R⁺. Let 
ψ(x)=1+τ²(x). 

𝐵ట(𝑅⁺)  =  {𝑔: 𝑅⁺ → 𝑅, |𝑔(𝑥)| ≤ 𝑀௚𝜓(𝑥), 𝑥 ≥ 0}, 

𝐶ట(𝑅ା) =  ൛𝑔 ∈ 𝐶ట(𝑅ା), 𝑔 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑛 𝑅ାൟ, 

𝐶ట
∗ (𝑅ା) =  {𝑔 ∈ 𝐶ట(𝑅⁺), 𝑙𝑖𝑚௫→ஶ  =

𝑔(𝑥)

𝜓(𝑥)
𝑐𝑜𝑛𝑠𝑡. }, 

 𝑈ట(𝑅⁺)  =  {𝑔 ∈ 𝐶ట(𝑅⁺), 

                     
௚(௫)

ట(௫)
 𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑛 𝑅⁺}, 

where 𝑀௚ is a constant depending only on g. C୆(R⁺) is 
the linear normed space with the norm ‖𝑔‖ =

𝑠𝑢𝑝௫∈ோశ|𝑔(𝑥)| and the other spaces are normed linear 
spaces with the norm 

 ‖𝑔‖ట =
௦௨௣

ೣ∈ೃశ|௚(௫)|

ట(௫)
. 

 

3. UNIFORM CONVERGENCE OF 𝑪෩𝒎
𝝉  

 
The properties of linear positive operators acting from 
𝐶ట𝑅⁺ to 𝐵ట𝑅⁺. Also Korovkin type theorems have been 
introduced in [7-8]. 

Lemma 3. [7] The positive linear operators 𝐿௠, m≥1, 
act from 𝐶ట𝑅⁺ to 𝐵ట𝑅⁺ if and only if the inequality 

            |𝐿௠(𝜓; 𝑥)| ≤ 𝑙௠𝜓(𝑥), 

holds, where 𝑙௠ is a positive constant depending on m. 

Teorem 1. [7] Let the sequence of linear positive 
operators (𝐿௠), m≥1, acting from 𝐶ట𝑅⁺ to 𝐵ట𝑅⁺ satisfy 
the three conditions 

                𝑙𝑖𝑚௠→ஶ‖𝐿௠𝜏ఔ − 𝜏ఔ‖ట = 0, 𝜈 = 0, 1, 2. 
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Then for any function 𝑔 ∈ 𝐶ట
∗ (𝑅⁺), 

𝑙𝑖𝑚௠→ஶ‖𝐿௠𝑔 − 𝑔‖ట = 0. 

Teorem 2. For each function 𝑔 ∈ 𝐶ట
∗ (𝑅⁺),                                             

 𝑙𝑖𝑚௠→ஶ‖𝐶௠
ఛ 𝑔 − 𝑔‖ట = 0. 

Proof. Let's show this first 

𝐶ሚ௠
ఛ : 𝐶ట(𝑅⁺) → 𝐵ట(𝑅⁺). Using (3) and (4) we get  

ห𝐶ሚ௠
ఛ (𝜓; 𝑥)ห = 1 +

2 + 4𝑚𝜏(𝑥) + 𝜏ଶ(𝑥)𝑚(𝑚 + 1)

(𝑚 − 2)(𝑚 − 3)
. 

We get 

|𝐶ሚ௠
ఛ (𝜓; 𝑥)| ≤ (1 + 𝜏²(𝑥))

(𝑚ଶ + 5𝑚 + 8)

(𝑚ଶ − 5𝑚 + 6)
 

however, since 

ฮ𝐶ሚ௠
ఛ 1 − 1ฮ

ట
= 0,  

 ฮ𝐶ሚ௠
ఛ 𝜏 − 𝜏ฮ

ట
= 𝑠𝑢𝑝௫∈ோశ

ଶఛ(௫)ାଵ

(௠ିଶ)൫ଵାఛమ(௫)൯
. 

ฮ𝐶ሚ௠
ఛ 𝜏 − 𝜏ฮ

ట
≤

3

𝑚 − 2
. 

  ฮ𝐶ሚ௠
ఛ 𝜏ଶ − 𝜏ଶฮ

ట
 =

 𝑠𝑢𝑝௫∈ோశ
௠(௠ାଵ)ఛమ(௫)ାସ௠ఛ(௫)ାଶି(௠ିଶ)(௠ିଷ)ఛమ(௫)

൫ଵାఛమ(௫)൯(௠ିଶ)(௠ିଷ)
  

                                            ≤  
ଵ଴௠ିସ

௠మିହ௠ା଺
. 

We deduce 

𝑙𝑖𝑚௠→ஶฮ𝐶ሚ௠
ఛ 𝑔 − 𝑔ฮ

ట
= 0 

by Theorem 1. 

For our aim we recollect the following theorem proved 
in [9]. 

Teorem 3. [9] Let 𝐿௠: 𝐶ట(ℝ⁺) → 𝐵ట(ℝ⁺) be a 
sequence of positive linear operators with 

‖𝐿௠(𝜏଴) − 𝜏଴‖టబ = 𝑘௠,  

‖𝐿௠(𝜏) − 𝜏‖
ట

భ
మ

= 𝑙௠, 

‖𝐿௠(𝜏ଶ) − 𝜏ଶ‖ట = 𝑛௠, 

‖𝐿௠(𝜏ଷ) − 𝜏ଷ‖
ట

య
మ

= 𝑝௠, 

where 𝑘௠, 𝑙௠, 𝑛௠ 𝑎𝑛𝑑 𝑝௠ tend to zero as m→∞. Then 

‖𝐿௠(𝑔) − 𝑔‖
ట

య
మ

≤ (7 + 4𝑘௠ + 2𝑛௠)𝜔ఛ(𝑔; 𝛿௠)

+ ‖𝑔‖ట𝑘௠  

for all 𝑔 ∈ 𝐶ట(ℝ⁺), where 

 𝛿௠ = 2ඥ(𝑘௠ + 2𝑙௠ + 𝑛௠)(1 + 𝑘௠) + 𝑘௠ +

3𝑙௠ + 3𝑛௠ + 𝑝௠.    

Teorem 4. For all 𝑔 ∈ 𝐶ట(ℝ⁺), we get 

 ฮ𝐶ሚ௠
ఛ (𝑔) − 𝑔ฮ

ట
య
మ

≤ ቆ7 +

ቀ
ଶ଴௠

(௠ିସ)మቁቇ 𝜔ఛ(𝑔; 2ටቀ
ଵ଺௠ିଶ

(௠ିସ)మ ቁ + ቀ
ଽଽ௠మିଵଽଶ௠ାଵସସ

(௠ିସ)య ቁ. 

Proof. On account of apply Theorem 3, we must 
calculate the sequences 𝑘௠, 𝑙௠, 𝑛௠ 𝑎𝑛𝑑 𝑝௠. Using (3) 
and (4) we find 

ฮ𝐶ሚ௠
ఛ (𝜏଴) − 𝜏଴ฮ

టబ = 𝑘௠ = 0 

and 

𝑙௠ = ฮ𝐶ሚ௠
ఛ (𝜏) − 𝜏ฮ

ట
భ
మ

= 𝑠𝑢𝑝௫∈ℝశ
1 + 2𝜏(𝑥)

ට൫1 + 𝜏ଶ(𝑥)൯(𝑚 − 2)

≤
3

𝑚 − 4
. 

Also we get 

𝑛௠ = ฮ𝐶ሚ௠
ఛ (𝜏ଶ) − 𝜏ଶฮ

ట

= 𝑠𝑢𝑝௫∈ℝశ
2 + 4𝑚𝜏(𝑥) + 6(𝑚 − 1)𝜏ଶ(𝑥)

൫1 + 𝜏ଶ(𝑥)൯(𝑚 − 2)(𝑚 − 3)

≤
10𝑚

(𝑚 − 4)ଶ
. 

Finally using (5), we have 

 𝑝௠  =  ฮ𝐶ሚ௠
ఛ (𝜏ଷ) − 𝜏ଷฮ

ట
య
మ
 

 

=  𝑠𝑢𝑝௫∈ℝశ
12𝜏ଷ(𝑥)(𝑚ଶ − 2𝑚 + 2)

൫1 + 𝜏ଶ(𝑥)൯
ቀ

ଷ
ଶቁ

(𝑚 − 2)(𝑚 − 3)(𝑚 − 4)

  

+
𝜏ଶ(𝑥)(9𝑚ଶ + 8𝑚 − 3) + 𝜏(𝑥)(17𝑚 − 3) + 6

൫1 + 𝜏ଶ(𝑥)൯
ቀ

ଷ
ଶቁ

(𝑚 − 2)(𝑚 − 3)(𝑚 − 4)

 

≤  
60𝑚ଶ

(𝑚 − 4)ଷ
. 
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Using (10), we find result. 

 
4. A VORONOVSKAYA TYPE THEOREM 

 
In this chapter, we find some asymtotic estimates of 𝐶ሚ௠

ఛ  
by obtaining Voronovskaya type theorem. Let's 
remember the following lemma given in [9]. 

Lemma 4. For every 𝑔 ∈ 𝐶ట(𝑅⁺), for δ>0 and for all 

u, x≥0, 

|𝑔(𝑢) − 𝑔(𝑥)| ≤ 

൫𝜓(𝑢) + 𝜓(𝑥)൯ ൬2 + ቀ
|ఛ(௨)ିఛ(௫)|

ఋ
ቁ൰ 𝜔ఛ(𝑔, 𝛿)         (11) 

holds. 

Teorem 5. Let 𝑔 ∈ 𝐶ట(𝑅⁺), x∈I and suppose that the 

first and second derivatives of g∘τ⁻¹ exist at τ(x). If the 
second derivative of g∘τ⁻¹ is bounded on R⁺, then we 
have 

 𝑙𝑖𝑚௠→ஶ𝑚ൣ𝐶ሚ௠
ఛ (𝑔; 𝑥) − 𝑔(𝑥)൧ = 

(1 + 2𝜏(𝑥))(𝑔 ∘ 𝜏⁻¹)′(𝜏(𝑥)) + (1 + 𝜏(𝑥) + 𝜏²(𝑥))(𝑔

∘ 𝜏⁻¹)′′(𝜏(𝑥)). 

Proof.  By the Taylor expansion of g∘τ⁻¹ at the point 
τ(x)∈R⁺, there exists ξ lying between x and t such that 

 𝑔(𝑡)   =  (𝑔 ∘ 𝜏⁻¹)(𝜏(𝑡)) = (𝑔 ∘ 𝜏⁻¹)(𝜏(𝑥)) +

(𝑔 ∘ 𝜏⁻¹)′(𝜏(𝑥))(𝜏(𝑡) − 𝜏(𝑥)) 

  +(((𝑔 ∘ 𝜏⁻¹)′′(𝜏(𝑥))(𝜏(𝑡) − 𝜏(𝑥))²)/2)

+ 𝛾௫(𝑡)(𝜏(𝑡) − 𝜏(𝑥))², 

where 

𝛾௫(𝑡) ≔ 

ቆ
(𝑔 ∘ 𝜏ିଵ)ᇱᇱ൫𝜏(𝜉)൯ − (𝑔 ∘ 𝜏ିଵ)ᇱᇱ൫𝜏(𝑥)൯

2
ቇ.               (12) 

We get 

   𝑚[𝐶ሚ௠
ఛ (𝑔; 𝑥) − 𝑔(𝑥)] = (𝑔 ∘

𝜏ିଵ)ᇱ൫𝜏(𝑥)൯𝑚𝐶ሚ௠
ఛ (𝜏(𝑡) − 𝜏(𝑥)) 

  +(((𝑔 ∘ 𝜏ିଵ)ᇱᇱ൫𝜏(𝑥)൯𝑚𝐶ሚ௠
ఛ (𝜏(𝑡) − 𝜏(𝑥))²)/2)

+ 𝑚𝐶ሚ௠
ఛ (𝛾௫(𝑡)(𝜏(𝑡) − 𝜏(𝑥))²; 𝑥). 

Using (6) and (7), we have 

𝑙𝑖𝑚௠→ஶ𝑚𝐶ሚ௠
ఛ (𝜏(𝑡) − 𝜏(𝑥); 𝑥) = 1 + 2𝜏(𝑥). 

                    𝑙𝑖𝑚௠→ஶ𝑚𝐶ሚ௠
ఛ (ቀ൫𝜏(𝑡) −

𝜏(𝑥)൯
ଶ

; 𝑥ቁ = 2൫1 + 𝜏(𝑥) + 𝜏ଶ(𝑥)൯. 

Let calculate the last term. 

|𝑚𝐶ሚ௠
ఛ (|𝛾௫(𝑡)|(𝜏(𝑡) − 𝜏(𝑥))²; 𝑥)|. 

Since 𝑙𝑖𝑚௧→௫γ୶(𝑡) = 0 for every ε>0, let δ>0 such that 
|𝛾௫(𝑡)| < 𝜀 for every t≥0. Cauchy-Schwarz inequality 
applied we have 

 𝑙𝑖𝑚௠→ஶ𝑚𝐶ሚ௠
ఛ (|𝛾௫(𝑡)|(𝜏(𝑡) − 𝜏(𝑥))²; 𝑥)  ≤

 𝜀𝑙𝑖𝑚௠→ஶ𝑚𝐶ሚ௠
ఛ ((𝜏(𝑡) − 𝜏(𝑥))²; 𝑥) 

  + ൬
𝑀

𝛿ଶ
൰ 𝑙𝑖𝑚௠→ஶ𝑚𝐶ሚ௠

ఛ ((𝜏(𝑡) − 𝜏(𝑥))⁴; 𝑥). 

Since 

 𝑙𝑖𝑚(௠→ஶ)𝑚𝐶ሚ௠
ఛ ((𝜏(𝑡) − 𝜏(𝑥))⁴; 𝑥) = 0, 

we get 

 𝑙𝑖𝑚௠→ஶ𝑚𝐶ሚ௠
ఛ (|𝛾௫(𝑡)|(𝜏(𝑡) − 𝜏(𝑥))²; 𝑥) = 0. 
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