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On the Generalized Baskakov Durrmeyer Operators

Giilsiim Ulusoy Ada™

Abstract

The intent of this article is to construct Baskakov Durrmeyer type operators. Their structure depends on a function .
We exude the uniform convergence of the operators using the weighted modulus of continuity. Moreover we obtain
pointwise convergence of C[, by obtaining Voronovskaya type theorem.

Keywords: Durrmeyer operators, uniform convergence, asymptotic formula.

1. INTRODUCTION

In approximation theory, the positive approximation
processes worked out by Korovkin and rise in many
problems. The most useful samples of such operators
are Baskakov operators. In 1957, Baskakov [5]
introduced the following positive linear operators on
unbounded the interval [0,00) for suitable functions
defined on the interval [0,0).

N l
n(gi2) = ) Omi(0g (), xe€[0,00),meN,
=0

m+l-1

l
where 9, ,(x) = ( ] )((H;mu)-

Cardenas Morales et al. in 2011 [6] studied Bernstein
type operators described for geC[0,1]by C,,(g o T™) ©
7. Cybeing the classical Bernstein operators and 1
being any function that is continuously differentiable oo
times on [0,1], such that 1(0)=0, t©(1)=1 and t'(x)>0 for
x€[0,1]. In addition, the Durrmeyer type generalization
of processed operators was found in [1]. Moreover Aral
[4] studied simulant alterations of the Szasz -Mirakyan
operators. They offered quantitative type theorems to
explore the degree of weighted convergence with the
help of a weighted modulus of continuity constructed
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using the function 7 of the operators. Moreover in [2] a
durrmeyer type generalization of Szasz operators was
introduced. Many writers have studied in this way, see
[3-10], and the references therein. Very recently Patel
et al. [11] studied generalization of Baskakov
operators.

Set No=NU{0} and let R be the positive real semi-
axis [0,00). Suppose that T is any function satisfying the
conditions:

(p1) T is a continuously differentiable function on R”,
= i "(x)>
(p2) 1(0)=0, Xel[r&go X (x)=1.

The generalized Baskakov operators are defined by

o _ l
Ch(g0) =320 ot ((5)) PrasC, (D)
m+l—-1 ()
;) oy Cmare
the classical Baskakov operators and can be obtained
from Cf, as a particular case 1(X)=x.

where P, ., (x):= (

The general integral modification of (1) to approximate
Lebesgue integrable functions on R* can be defined as
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Crgi0) = am=1) ) Pry(®)
=0

x [y (g o T H(OPm D)L,
2
m+l—1 x!
I ) ((1+x)m+l) and t
is any function with the assumptions (p:) and (p2).

where meN, p,, ;(t) = (

The structure of the article is as follows. In section 2,
we give some lemmas about new operators. Section 3
includings the proof of uniform convergence of the
operators and also a statement concerning the degree of
this uniform cenvergence. Finally, in chapter 4 we find
an asymptotic formula for €7, using Taylor's theorem.

2. BASIC RESULTS

In this section we offer the moments.
Lemma 1. We have

o=

2+ 4mt(x) + m(m + 172 (x)
(m—2)(m - 3) '

CL(1;x) =1,

Ch(T%x) = 4)
6+7(x)(17m—3)+72%(x)(9m?+8m—3)

AT 3. =
Cr(t3x) = (m—2)(m—-3)(m—4)

73(x)(m3+3m?+2m)

+ (m-2)(m-3)(m-4) " ®)

Lemma 2. If we define the central moment of degree
k,

NE k() = Cr((x(®) = 1)) %)
then we have
[m = (ke + 2T, sy () =
(700) + T2 () [P () + ZKT (O 1 (V)]

+(k + D(1 + 27(x))nk, 1 (x).

2r(x) + 1
Nm,1 () = o7 (6)
_ 2[T2(x)(m+3)+7(x)(m+3)+1]
n;rn,z (x) - (m_z)(m_3) (7)
. 72(x)(24m + 24) + t%(x)(35m + 33)
Nm,3 x) =

(m —2)(m = 3)(m — 4)(m - 5)
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7(x)(11m+21)+6)
(m-2)(m-3)(m-4)(m-5)

4(x)(12m? + 252m + 120)
(m—2)(m —3)(m —4)(m —5)

3(x)(24m? + 494m + 210)
(m—2)(m—3)(m—4)(m - 5)

771Tn,4 (x) =

N 2(x)(12m? 4+ 309m + 195) + 7(x)(67m + 105) + 24

(m —2)(m —3)(m —4)(m - 5)

Throughout the article we will utilize the following
function classes. Cg(R")is the space of all real valued
continuous and bounded functions g on R*. Let

Y)=1+T(x).
By(R") = {g:R* > R,|g(x)| = Mg(x),x = 0},

Cy(R™) = {g€ Cy(R™), g is continuous on R*},

C3(R*) = (g € Cy(RM), limyory =28

const.},
P(x)
Ul,l)(R+) = {g € C¢(R+),
% is uniformly continuous on R*},

where M, is a constant depending only on g. Cg(R™) is
the linear normed space with the norm ||g|l =
sup,egr+|g(x)| and the other spaces are normed linear
spaces with the norm

_ Sup,cpt+lg(0)l

3. UNIFORM CONVERGENCE OF (%,

The properties of linear positive operators acting from
CyR" to By, R™. Also Korovkin type theorems have been
introduced in [7-8].

Lemma 3. [7] The positive linear operators L,,, m>1,
act from Cy,R* to By, R™ if and only if the inequality

| L (05 )| < Lntp (),
holds, where [, is a positive constant depending on m.

Teorem 1. [7] Let the sequence of linear positive
operators (Ly,), m>1, acting from Cy,R* to By, R* satisfy
the three conditions

limy—oll Ly’ — T"lllp =0,v=0,1,2.
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Then for any function g € Cy,(RY),

limpy, o llLimg — 9”1,1) = 0.

Teorem 2. For each function

g € Cy(R),

Proof. Let's show this first
ChiCyp(RY) = By (R"). Using (3) and (4) we get

2 +4mr(x) + 2(x)m(m + 1)

N
|Ch@ 0 =1+ (m—2)(m —3)
We get
) (m? + 5m + 8)
T (4] 2 (2 _ En 1 A)
Cn@Ws 0l < A+ a5 7
however, since
Icat =1, =0
i €3)
657 =7l = supsen iy
y 3
|G — T”w = m—2

G52, =

m(m+1)t2(x)+4mr(x)+2—(m-2)(m-3)72(x)

SUDxeRr* (1+72(x))(m—-2)(m-3)
10m—4
~ m2-5m+6’
We deduce

liMpo||Chg — g||¢ =0
by Theorem 1.

For our aim we recollect the following theorem proved
in [9].

Teorem 3. [9] Let Lp:Cy(R") > By(R*)be a
sequence of positive linear operators with

ILm (%) = 20llyo = km,

ILn () — Tllw% = lm,

L (72) = 72|l = Ny,
”Lm(T3) - 7:3” 3 = Pm,
V2

where Kk, U, Ny, and py, tend to zero as m—oo. Then
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I () —gll s
vz
< (7 + 4k + 2np) w0, (g; 6)
+ 1 gllypkm

for all g € Cy,(R*), where

S = 24 (ke + 2L + ) (L + k) + ko +
3l,, +3n,, + pm.

Teorem 4. For all g € C,(R"), we get
IGaco)—all 3= 7+

() otz () + (2 ctmmerey

Proof. On account of apply Theorem 3, we must
calculate the sequences k,,, l,;,, n,, and p,;,. Using (3)
and (4) we find

165, =20 yo = ko = 0

and
b = G50 -l
1+ 2t(x)

J(l + Tz(x))(m -2)

= SUPyer*

Also we get

Ny = ||C~7Tn(772) - 12||¢
2+ 4mr(x) + 6(m — 172 (x)
(1+72(x))(m —2)(m - 3)

= SUPyer*

10m
<—.
(m — 4)?

Finally using (5), we have

Pm = ||5&(T3)—T3||¢%

12t3(x)(m? = 2m + 2)

= SUPxeRrt 3
(1+ Tz(x))(f)(m —-2)(m—-3)(m—4)

2(x)(9M? +8m—3) +1(x)(17m—-3) + 6

(1+ Tz(x))(%) (m—-2)m—-3)(m—4)
60m?

< —.

~ (m—4)3
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Using (10), we find result.

4. AVORONOVSKAYA TYPE THEOREM

In this chapter, we find some asymtotic estimates of C7,
by obtaining Voronovskaya type theorem. Let's
remember the following lemma given in [9].

Lemma 4. For every g € Cy (R"), for >0 and for all
u, x>0,

lg(w) —g(x)| <
W +p) (2+ (5w g.0)

holds.

Teorem 5. Let g € Cy,(R™), x€l and suppose that the

first and second derivatives of get™ exist at 1(x). If the
second derivative of got' is bounded on R*, then we
have

limmom|Ch(g; x) — g(x)] =

(1+21(0))(g o)’ @) + (1 +7(x0) + T*())(g
o7 )" (T (x)).

Proof. By the Taylor expansion of got! at the point
T(x)ER", there exists £ lying between x and t such that

g@) = (getHE®) = (g HEM) +
(gt ENE®) —(x)

+(((g o D" @) (V) —(x))*)/2)
+ ¥ (O ) = T(x)?,

where
V() =
<(9 o1 1)"(2(§)) — (g o T‘l)"(T(X))>

> (12)

We get

m[Ch(g; ) —g(N)] = (g°
T (1)) (x(6) — (%))

+(((g o ™" (2())mCE (1) — 1(x))*)/2)
+ mCE (0 (O (T () — T(x)% ).

Using (6) and (7), we have

limy,emCE(T(t) — 1(x); x) = 1+ 27(x).
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limmqoomffn(((r(t) —
T(x))z;x) =2(1+7(x) + 7%(x)).

Let calculate the last term.

ImCE (v (D1 () — T(x)% x)|.

Since lim;_,, Y (t) = 0 for every >0, let >0 such that
lvx(®)| < € for every t>0. Cauchy-Schwarz inequality
applied we have

LMo omC (12 (D1 (2 () — T(x))% %) <
elimpm-emCh ((2(t) — T(x))? )

+ (33 im0 — 160D ).
Since
Lt ey M (2(8) = ()% ) = 0,
we get

LM omC (112 (D1 (T() — T(x))% x) = 0.
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