Hacettepe Journal of Mathematics and Statistics
Volume 43 (3) (2014), 413423

A note on the basic Lichnerowicz cohomology of
transversally locally conformally Kahlerian
foliations

Cristian Ida*

Abstract

In this paper we generalize the basic Lichnerowicz cohomology on
transversally locally conformally K&hlerian foliations and we study its
relation with basic Bott-Chern cohomology and 0—-th basic Dolbeault
cohomology with values in the associated foliated weight bundle.
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1. Introduction and preliminaries

1.1. Introduction. A locally conformally Kéhler (LCK) manifold M is a com-
plex manifold whose universal cover M has a Kihler metric g such that m (M) acts
on (M ,g) holomorphically and conformally. The fundamental properties of LCK
manifolds were studied by Vaisman, Kashiwada, Dragomir, Ornea and Verbitsky.

The Lichnerowicz cohomology, also known in literature as Morse-Novikov coho-
mology, is a cohomology defined for a smooth manifold M and a closed 1-form 6.
It is defined by twisting the usual differential of the de Rham complex Q° (M) of M;
namely, the Lichnerowicz cohomology is the cohomology of a complex (2° (M), dp),
where dy is defined by dgp = dp — 0 A . This cohomology was originally defined
by Lichnerowicz and Novikov in the context of Poisson geometry and Hamiltonian
mechanics, respectively. Lichnerowicz cohomology is naturally defined for a LCK
manifold with its canonical closed 1-form called the Lee form, [18, 24]. Using
the complex structures, variants of Lichnerowicz cohomology are defined for the
Dolbeault cohomology and the Bott-Chern cohomology. These can be considered
as fundamental invariants of LCK manifolds as established mainly by Vaisman,
Ornea and Verbitsky.
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In a paper by Barletta and Dragomir [2] is introduced a new class of foliations
called transversally locally conformally Kéhler foliations (transversally LCK folia-
tions), which is a foliated version of LCK manifolds roughly in the following sense:
This class of foliations has a LCK structure on the direction transverse to the
leaves. For instance, the simple foliation defined by a C*° submersion f : M — M
of M onto a LCK manifold M is transversally LCK. The case where the dimension
of the leaves is zero corresponds to the original LCK manifolds.

The aim of this note is to extend some theories related to Lichnerowicz coho-
mology and its variants to basic forms on transversally LCK foliations. In this
sense, in the preliminary subsection following [4, 5], we make a short review on
the de Rham and Dolbeault theory for basic forms on transversally (holomorphic)
foliations. The second section is dedicated to study of the basic Lichnerowicz co-
homology of transversally LCK foliations. The relation of this cohomology with
basic Bott-Chern cohomology and 0-th basic Dolbeault cohomology with values
in the foliated weight bundle of a transversally LCK foliation is also studied, ob-
taining a basic version of some known results in the case of LCK manifolds due to
Ornea and Verbitski [18].

1.2. Preliminaries. Let us consider M an (n + m)—dimensional manifold which
will be assumed to be connected and orientable. Differential forms (and in partic-
ular functions) will take their values in the field of complex numbers C. If ¢ is a
form, then @ denote its complex conjugate and we say that ¢ is real if o = .

1.1. Definition. A codimension n foliation F on M is defined by a foliated cocycle
{Ui, @i, fi;} such that:

(i) {U;}, i € I is an open covering of M;
(ii) For every i € I, ¢; : U; — M are submersions, where M is an n—
dimensional manifold;
(i) The maps fi; : @i(Us NU;) = ¢;(U; N Uj) satisfy

(L1) @i =fijop
for every (i,7) € I x I such that U; NU; # 0.

We recall that a plaque of the foliation F is given by any fibre of y; and by
(1.1) we have that, on the intersection U; N Uj;, the plaques defined respectively
by ¢; and ¢; coincide. The manifold M is decomposed into a family of disjoint
immersed connected submanifolds of dimension m called the leafs of F.

The foliation F is said transversally orientable if on M can be given an orien-
tation which is preserved by all f; ;. We denote by T'F the tangent bundle to F
and by I'(¥) the space of its global sections i.e. vector fields tangent to F. Also, a
differential form ¢ is called basic if it satisfies ix = Lxp = 0 for every X € I'(F),
where i x and £ x denote the interior product and Lie derivative with respect to X,
respectively. A basic function is a function constant on the leaves; such functions
form an algebra denoted by F,(M). The quotient QF = TM/TF is the normal
bundle of F. A vector field Y € X(M) is said to be foliated if, for every X € I'(F)
we have [X,Y] € I'(F) and we denote by X(M,F) the algebra of foliated vector
fields on M. The space X(M/F) = X (M, F)/T(F) is called the algebra of basic
vector fields on M.



In this paper a system of local coordinates adapted to the foliation F means
coordinates (z!,...,2" y!,...,y™) on an open subset U on which the foliation is
defined by the equations dz* = 0,7 = 1,...,n. If F is transversally holomorphic
(see the below discussion) z!,..., 2" will be complex coordinates.

We recall that a transverse structure to ¥ is a geometric structure on M in-
variant by all the local diffeomorphisms f; ;. Such a transverse structure can be
considered as a geometric structure on the leaf space M/JF which generally is not
a manifold.

If M is a complex manifold and all f;; are biholomorphic maps then we say
that F is transversally holomorphic. In this case, any transversal to JF inherits
a complex structure. If, moreover, M is endowed with a Hermitian structure
which is preserved by all f; ; then we say that F is Hermitian. In this case f; ;
are in particular biholomorphic maps and isometries. Also, the normal bundle
QF is equipped with a Hermitian metric g ”invariant along the leaves” which
can be writen in a transverse local system of coordinates (z1,...,2") in the form
9 = 9;5(2,2)dz7 © dz*. 1If the associated basic 2-form w = £g.7(2,7)d2? A dz" is
closed then T is called transversally Kdahlerian.

Throughout this paper we consider F to be transversally holomorphic with 2n
codimension. Let Q"(M/JF) be the space of all basic forms of degree r. It is easy
to see that the exterior derivative of a basic form is also a basic form. Indeed,
if o € Q"(M/F) then ixp = Lxp = 0 for any X € I'(F) and, then by Cartan’s
formulas £x = ixd + dix and d? = 0 it follows that ixdy = Lxdy = 0 for any
X € I'(F). Let us denote by dy = d|qe(/5) the restriction of exterior derivative
to basic forms. Then we have dj : Q°*(M/F) — Q*+1(M/F) and the differential

complex
(1.2) 0 — Q°OM/F) 25 QL (M/F) 2 ... 2 Q2 (M/F) — 0

which is called the basic de Rham complex of F; its cohomology is the basic de
Rham cohomology H®(M/F). Now, we consider QcF = QF ®g C the complexified
normal bundle of F. Let J be the automorphism of Q¢ J associated to the complex
structure; J satisfies J? = —Id and then has two eigenvalues i and —i with as-
sociated eigensubbundles respectively denoted by Q''°F and Q%'F = Q1.0F. We
have a splitting QcF = Q*°F @ Q%'F which gives rise to decomposition

AQ:T) = P A@),

ptq=r

where A"(QrF) = ANP(QV*F) @ AY(Q%*F). Basic sections of A" (QLF) are
called basic forms of type (p,q) on (M,F). They form a vector space denoted by
OP9(M/F). We have
(13) Q' M/F)= P 1(M/F).

pt+q=r

As in the classical case of a complex manifold, see [15], the basic exterior derivative
is decomposed into two operators

By : QPI(M/F) = QPHLIM/T) | By - PU(M/TF) — QP (M) ).



We have 97 = 53 =0 and 9,0y + 0p0p = 0. The differential complex

(14) 0 — QPOO/F) 2o i/ F) 25 . 2o e (V/F) — 0

is called the basic Dolbeault complex of F; its cohomology H?-*(M/F) is the basic
Dolbeault cohomology of foliation JF.

2. Basic Lichnerowicz cohomology of transversally locally confor-
mally K&hlerian foliations

2.1. Basic Lichnerowicz cohomology. Let (M, F) be a transversally holomor-
phic foliation and 6 € Q'(M/F) be a closed basic 1-form. Denote by dpg :
Q" (M/F) — Q"1 (M/F) the map dp g = dp — OA.

Since dpf = 0, we easily obtain that dg,e = 0. The differential complex

(21) 0 — QO/T) 24 atove/F) L8 2 v/F) — 0
is called the basic Lichnerowicz complex of (M,JF) and its cohomology groups
H)(M/F) are called the basic Lichnerowicz cohomology groups of (M, F).

This is a basic version of the classical Lichnerowicz cohomology, motivated
by Lichnerowicz’s work [13] or Lichnerowicz-Jacobi cohomology on Jacobi and
locally conformal symplectic manifolds, see [1, 12]. We also notice that Vaisman
in [24] studied it under the name of ”adapted cohomology” on locally conformal
Kéhler (LCK) manifolds. Some notions concerning to a such basic Lichnerowicz
cohomology of real foliations may be found in [7].

We notice that, locally, the basic Lichnerowicz complex becames the basic de
Rham complex after a change ¢ — efy with f a basic function which satisfies
dpf = 0, namely dpp is the unique differential in Q*(M/F) which makes the
multiplication by the smooth basic function e/ an isomorphism of cochain basic
complexes ef : (Q*(M/F), dy ) — (Q*(M/F), dy).

2.1. Proposition. The basic Lichnerowicz cohomology depends only on the basic

class of 0. In fact, we have the isomorphism Hy_, (M/F) =~ Hy(M/5).

Proof. Since dyg(efp) = eldyg_a, ¢ it results that the map [p] — [ef¢] is an
isomorphism between Hy_, (M/F) and Hy(M/T). O

For the basic Lichnerowicz cohomology, similar basic complexes of Dolbeault
and Bott-Chern type can be defined. Taking into account the decomposition 6§ =
6%9 + %' consider the Hodge components of the basic Lichnerowicz differential
dbﬂ =d, — 0N as

(2.2)  dyg =g+ Obo, Opo =0 —0"°N, Opp =0y — 0" A.

The diferential complex

23) ... 2% graiovyg) 28 araovyg) 28

is called the basic Dolbeault-Lichnerowicz complex of (M,F); its cohomology
groups denoted by Hp*(M/JF) are called the basic Dolbeault-Lichnerowicz co-
homology groups of (M, F).



The differential complex

2.4)  Qr-ta 1/ F) 0% gray/g) 2B grtta(v/g) @ QPatt (V) 7)

is called the basic Bott-Chern-Lichnerowicz complex of (M, F) and its cohomology
groups

9,4 b,
.0 Ker{Q”' — Q.‘"l’.} N KGT{Q.’. > Q.’.+1}
Hpe,(M/T) =

Im{Qofl,ofl 65&’9 Qo,o}

are called the basic Bott-Chern-Lichnerowicz cohomology groups of (M, F).

In the end of this subsection we apply some considerations from [24] for basic
forms and we obtain a relation between a twisted basic cohomology associated to
6 and basic real cohomology of (M, F). For every 6 as above, let us consider now
the auxiliary basic operator Jb = dy — 50/ where 7 is the degree of the basic form
acted on. We notice that c?b is an antideriyation of basic differential forms and it
is easy to see that di = —%9 A dp. Then dy, defines a twisted basic cohomology of
basic differential forms of (M, J), which is given by

Ker Jb

( ) db( / ) Im d, N Kerd,

and is isomorphic to the cohomology of the basic complex (Q®(M/F), dy) consisting
of the basic differential forms ¢ € Q*(M/F) satisfying d2¢o = —0 A dyp = 0.

The basic complex Q2*(M/F) admits a basic subcomplex Q5 (M/F), namely, the
ideal generated by 6. On this subcomplex, c?b = dp, which means that it is a basic
subcomplex of the usual basic de Rham complex of (M, F). Hence, one has the
homomorphisms

(2.6) a:H"(QyM/F)) — Hgb(M/fr"), b: H (Q5(M/F)) — H" (M/F,R).
Now, we can easily construct a homomorphism

(27)  c: HE (M/F) = H™ M (M/F,R).

Indeed, if [p] € H (M/F), where ¢ is dy-closed basic form, then we put ¢([¢]) =
b
[0 A ], and this produces the homomorphism from (2.7). We notice that the

existence of ¢ gives some relation between d; and the basic real cohomology of
(M, F).

2.2. Remark. If we consider the decomposition élv;) = 5;, + 0, we can construct
analogous of homomorphisms a,b and ¢ from (2.6) and (2.7), respectively, for
corresponding basic Dolbeault cohomology.

2.2. Basic Lichnerowicz cohomology of transversally LCK foliations. In
this subsection we consider the notion of transversally locally conformally Kéahle-
rian foliation that is a version of locally conformally Kéhler manifold notion, see
[22, 23, 24], for transversally Kédhlerian foliations, and we investigate some prob-
lems related to basic Lichnerowicz cohomology for such structures.



2.3. Definition. A locally conformally transversally Kéhlerian foliation, briefly
transversally LCK foliation, is a transversally Hermitian foliation (M, %, g) for
which an open covering {U;} of M exists, and for each i a basic function o; : U; — R
such that g; = e77i(g|y,) is a transverse Kahler metric on Uj.

It is easy to see that 0|y, = dyo; defines a global dy—closed 1-form, and (M, F,w)
has the characteristic property [2]:

(2.8) dw=0Aw,

where w is the basic Hermitian form on (M, F). If we take U; = M, then (M, F,w)
is called globally conformally Kéahlerian foliation. The basic form @ is called the
basic Lee form of (M, F,w). It is exact iff (M, F, w) is globally conformal Ké&hlerian
foliation.

2.4. Example. A simple foliation defined by a C°° submersion f : M — M of
M onto a LCK manifold M is transversally LCK foliation. The case where the
dimension of the leaves is zero corresponds to the original LCK manifolds.

2.5. Remark. If (M, J) is a complex analytic foliated manifold, [20], then simi-
larly to Proposition 1.1 from [22], the foliation F is a transversally LCK foliation
if and only if its transverse bundle QJF has a Kéahler metric which is locally con-
formally with a foliated Hermitian metric, or equivalently (M, F) has a Hermitian
metric which is locally conformally with a bundle-like metric.

Now, if (M, F,w) is a transversally LCK foliation with basic Lee form 6, then
due to (2.8) we have dp gw = 0. Therefore, w represents a cohomology class [w]r,
in the basic Lichnerowicz complex (Q*(M/F),dp ).

2.6. Definition. The basic cohomology class [w];, € H3(M/JF) is called the basic
Lichnerowicz class of the transversally LCK foliation (M, F,w).

This invariant is a basic version of Morse-Novikov class of LCK manifolds, see
[18].

Also, if we consider the decomposition dyg = Opp + 51779 we have Oy pw =
5b’9w = 0 and so w represents a cohomology class [w]gcr in the basic Bott-Chern-
Lichnerowicz complex of (M, F,w).

2.7. Definition. If (M, F,w) is a transversally LCK foliation then the cohomology

class [W]por € Hygy (M/F) is called the basic Bott-Chern-Lichnerowicz class of
(M, F,w).

Thus, for any transversally LCK foliation we have three basic cohomological
invariants:
e the basic Lee class [0] € HY(M/F);
e the basic Lichnerowicz class [w], € HZ (M/F);
e the basic Bott-Chern-Lichnerowicz class [w]pcor € Hygp (M/F).
Now, using an argument inspired from [11], we briefly present an another basic

cohomology associated to transversally LCK foliations which is connected with the
basic Lichnerowicz cohomology of transversally LCK foliations. Let (M, J,w) be



a transversally LCK foliation with basic Lee form . We consider the basic closed
1-forms 6y and 6, defined by
(2.9) 6Hyp=mb and 6; = (m+1)0, m e R.
Denote by Hg (M/F) and Hg (M/F) the basic Lichnerowicz cohomologies of the
basic complexes (Q°*(M/F),dy,) and (Q2°(M/F),dy,), repectively.

Now, let QF(M/F) = QF(M/F) Q=1 (M/F) and dp, : QF(M/F) — QFFH(M/F)
be the basic differential operator defined by
(210) &\17(307 w) = (db,9190 —wA ’(/}7 _db,eow)'
Using (2.8), by direct calculus it follows d?) = 0. Thus, we can consider the basic
complex (Q*(M/F),dp) and H*(M/F) the associated basic cohomology. We have

the following result which relates H*(M/F) with basic Lichnerowicz cohomologies
Hg (M/F) and Hg (M/T).
2.8. Proposition. Let (M, F,w) be aAtmnsversally LCKAfolz'atz'on with basic Lee
form 6. Suppose thati* : QF(M/F) — Q¥ (M/F) and 7§ : QF(M/F) — QF-1(M/F)
are homomorphisms of F,(M, R)-modules defined by
i*(9) = (,0) and 75 (¢, %) =,

for p € QK (M/F) and ¢ € QF~1(M/F). Then:

i) The mappings i* and 7% induce an exact sequence of basic complezes

k
2

¥ e A~y o
0 — (Q*(M/F),dpe,) — (Q*(M/F),dy) — (21 (M/F), —dpg,) — O.
i) This exact sequence induces a long exact sequence

N (T5)" e —gk=1
... Hj (M/F) — H*(M/F) =5 Hy~'(M/F) == HyP'(M/F) ...,

where the connecting homomorphism —6*=1 is defined by
(2.11) (=" Nl = [pAwl, V] € Hy ' (M/F).
From the above proposition, we obtain

2.9. Corollary. Let (M,F,w) be a transversally LCK foliation with basic Lee
form 0 and such that the basic Lichnerowicz cohomology groups Hé“o (M/F) and
Hé“l (M/F) have finite dimension, for all k. Then, the basic cohomology group

H*(M/F) has also finite dimension, for all k, and
Hg, (M/T)
Im §+—2

where 6% : Hy (M/F) — H(§1+2(M/9") is the homomorphism given by (2.11).

(2.12) H*(M/F) = @ ker 61,

2.10. Corollary. Let (M, F,w) be a transversally LCK foliation with basic Lee
form 0 such that the dimensions of the basic cohomology groups Hg (M/F) and

Hf (M/F) are finite, for all k. If the basic Lichnerowicz class [w]r vanish then,
for all k, we have

(2.13) H*M/F) = HE (M/F) ® HEH(M/F).



2.3. Basic Bott-Chern cohomology of transversally LCK foliations. In
this subsection we present a link between basic Bott-Chern cohomology, basic
Lichnerowicz cohomology and 0-th basic Dolbeault cohomology with values in the
associated foliated weight bundle of a transversally LCK foliation (M, F,w). The
notions are introduced by analogy with the corresponding notions in the case of
LCK manifolds, [18].

Let us consider further (M, F,w) to be a transversally Kéhlerian foliation. Then
the basic Kihler form w determines the basic Kihler class [w] € HY1(M/F), and
the difference of basic Kéahler forms which have the same basic Kéhler class is
measured by a basic potential f:

W) — W = abgbf

see Proposition 3.5.1. from [4]. (This also follows from d,0;-Lemma for transver-
sally Kéhler foliations, [17]). Thus the space of all basic Kéhler structures on a
transversally holomorphic foliation (M, F) is locally modeled on H*(M/F,R) x
(Fp(M)/const). A similar local description exists for the set of all basic LCK-
structures on a given transversally holomorphic foliation, if we fix the basic coho-
mology class [6] of a basic Lee form. Using the basic Bott-Chern-Lichnerowicz class
Wiser € Hyep (M/F) of a basic LCK form w, similarly to [18], we can obtain that
the difference of two basic LCK forms in the same basic Bott-Chern-Lichnerowicz
class is expressed by a basic potential, just like in transversally Kéhler case, and
the set of all basic LCK structures on a given transversally holomorphic foliation
(M, F) is locally parametrized by

(2.14)  Hpe (M/F) x (Fo(M)/Ker dyodf ),

where db’gdgﬂ = —2\/—7181,’951,’9.

In order to find a connection between basic Bott-Chern cohomology, basic Lich-
nerowicz cohomology and 0-th basic Dolbeault cohomology with values in the
associated foliated weight bundle of a transversally LCK foliation (M, F,w), we
briefly recall some definitions concerning to foliated bundles and basic connections,
see [5, 9, 14].

Let G < P — M be a principal bundle with structural group G C GL(n,C).
The group G acts on P on the right and on its Lie algebra § by the adjoint
representation Ad i.e., for g € G and X € G, Ady(X) = gXg~'. We say that
a principal G-bundle P — (M, J) is a foliated principal bundle if it is equipped
with a foliation Fp (the lifted foliation) such that the distribution TF p is invariant
under the right action of G, is transversal to the tangent space to the fiber, and
projects to TF. A connection w on P is called adapted to Fp if the associated
horizontal distribution contains TFp . An adapted connection -y is called a basic
connection if it is basic as a §-valued form on (P, Fp).

Let us consider now F — (M, F) be a complex vector bundle defined by a
cocycle {U;, gi;, G} where {U;} is an open cover of M and g¢;; : U;NU; - G C
GL(n,C) are the transition functions. To such a vector bundle we can always
associate a principal G-bundle P — (M, JF) whose fibre is the group G and the
transition functions are g;; (viewed as translations on G). The complex vector
bundle £ — (M, F) is foliated if E is associated to a foliated principal G-bundle
P — (M, F). Let Q*(M, E) denote the space of forms on (M, F) with values in E.



If a connection form ~ on P is adapted, then we say that an associated covariant
derivative operator V on Q*(M, E) is adapted to the foliated bundle. We say that
V is a basic connection on F if in addition the associated curvature operator V?2
satisfies ixV? = 0 for every X € I'(F). Note that V is basic if the principal
connection 7 associated to V is basic. Let I'(F) denote the smooth sections of E,
and let V denote a basic connection on E. We say that a section s : M — F is
a basic section if and only if Vxs = 0 for all X € I'(F). Let V, denote the basic
connection and I'y(E) denote the space of basic sections of E.

Now, let us consider F to be a foliated complex line bundle over the transver-
sally holomorphic foliation (M, F) with a flat basic connection V;,. We denote by
QP-1(M/F, E) the set of all basic (p, ¢)—forms on (M, F) with values in E. Consider
the basic complex

s Qe oy T, B) PERE graov g, E)

(2.15) EEE qriLa /g, B) @ QP (OM/T, E) — ...

where 9, g and 0, g denote the (1,0) and (0, 1)-parts of the basic connection
operator Vy, : Q*(M/F, E) — Q*T1(M/F, E). The cohomology of (2.15) denoted
by H%ZL(M/F, E) is called the basic Bott-Chern cohomology of (M, F) with values
i E.

2.11. Definition. Let (M,F,w,0) be a transversally LCK foliation, and E its
foliated weight bundle, that is, a trivial complex foliated line bundle with the flat
basic connection d — 6. Consider w as a closed basic (1, 1)-form on (M, F) with
values in E. Tts basic Bott-Chern class [w]po € Hyo(M/F, E) is called the basic
Bott-Chern class of the transversally LCK foliation (M, F,w,0).

Now, similarly to [18], we give a characterization of Hpg5(M/F, E) in terms of
basic Lichnerowicz cohomology of (M, F, 6) and 0-th basic Dolbeault cohomology
of the foliated weight bundle E.

The 0-th basic Dolbeault cohomology with values in a foliated bundle E can
be realized as cohomology of the complex

(2.16) Ty(E) = Q*OM/7, E) 25 01 (m/F, E) 228 02 (v, B) 25 .

If E has a flat basic connection, then 9  : Q%Y (M/F, E) — QV1(M/F, E) induces
a map

o
(217) HOY(M/F,8) =5 HyL(M/F, E)

from the 0-th basic Dolbeault cohomology with values in the underlying holo-
morphic foliated bundle (denoted as &) to the basic Bott-Chern cohomology with
values in F. The basic complex

vl,O vl,O vl,O
(2.18) TW(E) = Q¥°(M/TF, E) - Q"°(M/F, E) = Q*°(M/F,E) > ...
computes the 0-th basic Dolbeault cohomology with values in holomorphic foliated
bundle & with a holomorphic structure defined by the complex conjugate of the
V})’O—part of the basic connection. When the foliated bundle F is real, we have

& ~ &. Then the cohomology of the basic complex (2.18) is naturally identified



with HO*(M/F,€). The map 9y : QLOM/F, E) — QLL(M/F, E) defines a
homomorphism
I
(2.19) HOI(M/T, &) =5 HyL(M/TF, E)
which is entirely similar to (2.17).

Following step by step the proof of Theorem 4.7. from [18], we obtain an
analogous result for basic cohomologies, which allows to compute the basic Bott-
Chern cohomology classes in terms of 0-th basic Dolbeault cohomology and basic
Lichnerowicz cohomology.

2.12. Theorem. Let (M, F) be a transversally holomorphic foliation and Er a

trivial real foliated line bundle with flat basic connection dy, — 6, where 0 is a real

closed basic 1-form. Denote by E its complexification, and let & be the underlying

holomorphic bundle. Then there is an exact sequence

% p+0y 5
H

(2.20) HOY(M/F, &) ® HOL(M/T, €) Hyo(M/F, E) 2 HZ(M/TF),

where Hg (M/F) is the basic Lichnerowicz cohomology, v a tautological map, and
the first arrow is obtained as a direct sum of (2.17) and (2.19).

From the above theorem, we immediately obtain

2.13. Corollary. Let (M,F,w,0) be a transversally LCK foliation, E the corre-
sponding flat foliated weight bundle, and & the underlying holomorphic foliated bun-
dle. Asume that H*Y(M/F, &) = 0 and HZ(M/F) = 0. Then Hys(M/F, E) = 0.
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