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Some subclasses of meromorphic multivalent
functions involving a generalized differential
operator

Yong Sun*!, Yue-Ping Jiang* and Zhi-Hong Liu*

Abstract
Making use of a generalized differential operator which is defined by
means of the Hadamard product, we introduce some new subclasses
of meromorphic p-valent functions and investigate their inclusion rela-
tionships, integral preserving and convolution properties. The results
presented here would provide extensions of those given in earlier works.
Several other new results are also obtained.
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1. Introduction and Preliminaries

Let X, denote the class of functions of the form:

(11)  f(2) =27+ an P (peN:={1,2,3,...}),
n=1

which are analytic in the punctured open unit disk
U':={z: zeC and 0<|z| <1} =TU\{0}.
Let f, g € ¥, where f is given by (1.1) and g is defined by

oo
g(z)=z"P+ Z bp—pz" P,
n=1
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Then the Hadamard product (or convolution) f * g is defined by

(F*9)(2) = 2P+ 3 pbupz" " =t (g % 1)(2).

n=1

Let P denote the class of functions of the form:
p(z) =1+ pn",
n=1

which are analytic and convex in U and satisfy the condition:
R(p(z)) >0 (z €U).

For two functions f and g, analytic in U, we say that the function f is subor-
dinate to g in U, and write

f(z) <g(z)  (z€0),
if there exists a Schwarz function w, which is analytic in U with
w0)=0 and |w(z)|<1 (z€0)
such that
f(2)=gw() (2€0).
Indeed, it is known that (see [12] or [13])
f(z) <g(2) (z€U) = f(0)=9g(0) and f(U)C g(U).

Furthermore, if the function g is univalent in U, then we have the following equiv-
alence:

f(z) <g9(z) (z€U) <= f(0)=g(0) and f(U)C g(U).

Analogous to the operator defined recently by Selvaraj and Selvakumaran [20]
and Aouf et al. [2], we introduce the following integral operator:

M, 0 — 5,
defined by
M3 g f(2) = (f * 9)(2),

A

My f(2) = L+ N)(f *9)(2) + ;Z(f *g)'(2),
(1.2) M3, f(z) =ML, (Mij; f(z)) (6 €N; A= 0).
If f € ¥,, then we have

5 [e'S) n 5
(1.3) M5, f(2) =277+ Z (1 + p) p—pbp—pz" P,
n=1

It easily follows from (1.2) that
Az /
> (M3 0f) (2) = ML F(2) = (14 MM G f(2).
Throughout this paper, we assume that

(1.4)

2w

p, keN, sk:exp(k),
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and
1 k-1 _
(15)  faigie) =7 D elM3 f(eh) =27+ (fET,)
j=0

Clearly, for kK = 1, we have
foa(Xig;2) = M3 4 f(2).

Making use of the integral operator Mi , and the above-mentioned principle of
subordination between analytic functions, we now introduce and investigate the
following subclasses of the class ¥, of mermorphically p-valent functions.

1.1. Definition. A function f € ¥, is said to be in the class Sgyk()\;g; h) if it
satisfies the following subordination condition:

= (M4,1) (@)

(16) - pfo (A g; 2)

=< h(2) (z €0),

where
he?® and fg)k()\;g;z) #0 (ze€U").

1.2. Remark. In a recent paper, Srivastava et al. [21] introduced an investigated
a subclass ¥, x(a, ¢; h) of ¥, consisting of functions which are satisfy the following
subordination condition:

_2(Lp(a,0)f) (2)

< h(z zeU; c#0,-1,-2,...),
o r (@6 2) (z) # )

where h € P,

C
n=1

Lpla,c)f(z) = ppla,c;2) * f(z ( Z (@ - P) f(z)  (zeU),
and
fo(a,c;z) Zs NEZ)#£0 (e U).

The above (u)y, is the Pochhammer symbol defined by
(o=1 and (Wn=pp+1)--(p+n-1)  (neN).

It is also easy to see that, if we set
A=0,0=1, and g¢g(2)=¢p(a,cz)

in the class Sg’k()\; g; h), then it reduces to the class X, x(a, c; h).
More recently, Wang et al. [22] studied a subclass I (a; a5 h) of X, consisting
of functions which are satisfy the following subordination condition:

z [(1 +a) (HE* () f) (2) + o (HE(an + 1) f)’ (Z)]

_ < h(2) (z € 0),
p[(1+ ) fens2) + affi(an + 152)]




where h € P,

HE (00) () = B (s )+ (2) = (Zp+ > Zn.p)*ﬂz) (zeU),
and

O (on;2) = % d_ell(HP (e f)(elz) #0 (2 V).
n=1

It is also easy to see that, if we set
A=0,6=1, and g(z) = (1 +a)h)*(a1;2) + ahl (a1 + 1; 2)
in the class Sg,k()\; g; h), then it reduces to the class ?ZZZ(Q; ag; h).

1.3. Definition. A function f € ¥, is said to be in the class Kg’k()\;g;h) if it
satisfies the following subordination condition:

!
2 (M3,0) )

7 -
) k(X 95 2)

=< h(2) (z € )

for some ¢ € Sfm()\;g; h), where
he? and gog’k()\;g; z)#0 (2e€U").
1.4. Remark. If we set
A=0,0=1, and g¢g(z)=¢p(a,cz)

in the class ngk()\; g; h), then it reduces to the class X, 1 (a, ¢; h), which was also
introduced and studied recently by Srivastava et al. [21].
If we set

A=0,6=1, and g(z) = (1 +a)h)®(a1;2) + ahl®(c1 + 1; 2)

in the class iKi)k()\; g; h), then it reduces to the class G7

ar(@; s h), which was also
introduced and studied recently by Wang et al. [22].

1.5. Definition. A function f € ¥, is said to be in the class J{g,k(a, Ay g;h)if it
satisfies the following subordination condition:
li I
2 (M,0) ) 2 (ME) @)
(1.8) —(1-a)— —a—5 =< h(z) (z € U),
ey (A g3 2) e,y (Aig;2)

for some o = 0 and ¢ € Sgk()\;g; h), where
he?® and @ij}l()\;g;z) #0 (ze€U").
1.6. Remark. If we set
A=0,0=1, and g¢g(z)=pp(a,cz)

in the class f]{gyk(/\;g; h), then it reduces to the class K, x(a;a,c; h), which was
also introduced and studied recently by Srivastava et al. [21].
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1.7. Remark. By suitably specifying the values of p, k, §, A\, a, g and h, the
classes

8% k(Nigsh), K (Nigsh) and  HO 4 (o, X;gih)
reduce to the various subclasses introduced and studied in [9, 10, 26, 27]. For
some recent investigations on meromorphic functions, see (for example) the earlier
works [1, 3, 4, 5, 6, 7, 8, 11, 14, 15, 17, 18, 23, 24, 25] and the references cited
therein.

In order to establish our main results, we shall also make use of the following
lemmas.

1.8. Lemma. (See [12]) Let ¥, v € C with ¥ # 0. Suppose that ¢ is conver and
univalent in U with

p(0)=1 and R@We(z)+7v) >0 (ze€l).
If p is analytic in U with p(0) = 1, then the following subordination

zp'(2)
p(z) + () + 7 < () (z€U)
implies that
p(2) <p(z)  (z€0).

1.9. Lemma. (See [13]) Let n be analytic and convex univalent in U and let ¢ be
analytic in U with
R(¢ ( ) (z € ).

) 2
If q is analytic in U with q(0) = n(0), then the following subordination
q(z) + C(Z)zCI'(Z) <n(z) (z€0)
implies that
qa(z) <n(z)  (z2€l).
1.10. Lemma. Let f € Sg’k(/\;g;h). Then
/
z (f;f,k(A; 9 Z))

(1.9) 'UZERI55*<M@ (z € V).

Proof. Making use of (1.5) we have

Frr(Nigiglz) = kZ e Mo f(er T 2)

(1.10) B R .
= e 2 ()
n=0

*‘?I;Jp g,k(AMg,Z) (]€{07177k71})3

and

k—
(f2 (N gs2 Z PTG, f) (e)2).
7=0

w\»—‘



Hence

!
Z (f;f,k()\;g;Z)) 1 ! ai(p+1)z(M§79f)'(Eiz)
5 = 5
pfpr(Aigiz k 4 —pf) (ANig; 2
(1.11) fp7k( 9 2) =0 | fp,k( g )
152 6.2, f) (£4.2)
= 5 3 (z €U).
iz ~Phpr(Xigierz)
Moreover, since f € Sgk()\;g; h), we have
& (w8 (gl
iz —FEMGI G g o k1)),

prl(Nigselz)

Noting that A is convex and univalent in U, from (1.11) and (1.12), we conclude
that the assertion (1.9) of Lemma 1.10 holds true. O

Let A be the class of functions of the form:
o0
f(z)zz—l—Zanz" (z € ).
n=2

A function f € A is said to be starlike of order « in U if it satisfies the following
inequality:

!
%(Zf(z)>>oz (z€U; a<l).
f(z)
We denote this class by 8*(«). A function f € A is said to be prestarlike of order
ain U if
__
(1— )220

We denote this class by R(«). It is clear that a f € A is in the class R(0) if and
only if f is convex univalent in U and that

x f(z) € 8"(a) (z€eU; a<l).

1 1
R()=5'(3)
1.11. Lemma. (See [13]) Let a < 1, f € R(«) and ¢ € 8*(a). Then, for any
analytic function H in U,
200 W) c o (w)

where co(H (U)) denotes the close convex hull of H(U).

In the present paper, we aim at proving such results inclusion relationships,
integral preserving and convolution properties for each of the function classes.
The results presented here would provide extensions of those given in a number of
earlier works. Several other new results are also obtained.
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2. A Set of Inclusion Relationships
We first provide some inclusion relationships for the function classes
8% x(Ngih), Ko p(Nigih) and KO (o, Asg;h)
which were defined in preceding section.
2.1. Theorem. Let h € P with
@2.1)  R(h(z) <1+ % (A>0; z€D).
Then
805 (N gih) € 8 (X g; h).
Proof. By using (1.4) and (1.5), we have

(2.2)
(LN 032147 (g5 2) ;g;pMHka> S (g 2)

Let f € Si;l()\; g; h) and suppose that

' wz‘“‘pggxg) e
(0

then w is analytic in U with w(0) = 1. It follows from (2.2) and (2.3) that

0+1
A g; 2
(24)  (1—)) —Aw(z) = M.
o r(Ngi2)
Differentiating both sides of (2.4) with respect to z and using (2.3), we have
!
0+1
' z ([ (Nig:2)
(25) @)+ G Z=vy ) :
p(1+5) —pw(2) Plok (Aig:2)

From (2.5) and Lemma 1.10, we find that
2w’ (2)
p(1+ %) — pw(z)
Now, in view of (2.1) and (2.6), an application of Lemma 1.8 yields
(2.7)  w(z) < h(z) (z €U).

Set

(2.6) w(z)+ =< h(z) (z € ).

2(M3 4 1) (2)
pfor(Xgi2)’
then ¢ is analytic in U with ¢(0) = 1. We obtain from (1.4) that

(29)  Fouig () = (14 10, () — M5 £ (2)

(28) q(z) = -



Differentiating both sides of (2.9) and using (2.8), we get

, pk/\gv 2L ) (2)
(2.10)  2¢'(2) + p(l—%—x)—i— g = Afpk(gA )
Since f € Sij,;l(/\;g; h), we find from ( (2.10) that
2q'(2) _ (M6+1 )( )
(2.11) q(2) + T p—— 5“()\ 07) =< h(2) (z € U).

From (2.1) and (2.7), we observe that

1
§R(p(1 + X) — pw(z)) > 0.
Therefore, from (2.11) and Lemma 1.9, we conclude that
q(z) < h(z)  (2€D),
which implies f € Sg,k()\; g; h). The proof of Theorem 2.1 is thus completed. O
2.2. Theorem. Let h € P with

(2.12) R(h(z)) <1+ % (A>0; z€U).
Then

KO (Nigih) € KD p(Nsgih).

Proof. Let f € fK‘SH()\;g;h) then there exists a function ¢ € 85“()\;9; h) such
that

2(MSE) (2)
(2.13) —m <h(z) (z€D).

An application of Theorem 2.1 yields ¢ € Sg’k(/\; g; h) and Lemma 1.10 leads to

z (soi,k(k; 9 Z))/

(2.14) ¥(z) = — e hz) (z€D)
Let
§ ’
215) g() = - 0BG

ped (X g5 2)
By using (1.4), (2.15) can be written as follows:

1 1
(216) (g a(2) = (1 4+ 1IME,, F(2) — (ML (2).

Differentiating both sides of (2.16) and using (2.2)(with f replaced by ), we find
that

2q'(2) (M6+1f)/(z)
P+ 5 —p0(x)  pelil(Aigiz)

(2.17) q(z) + (z €U).
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Combining (2.13) and (2.17), we obtain
2q'(2)
p(L+5) = p(2)

Combining (2.12), (2.14) and (2.18), we deduce from Lemma 1.9 that
q(z) <h(z)  (z€),
which shows that f € K;k()\; g; h). O

(2.18) q(z) +

=< h(z) (z €U).

By carefully selecting the function h involved in Theorem 2.1 and Theorem 2.2,
we can obtain a number of useful corollaries.

2.3. Corollary. Let0 <a <1, -1<B<AZ<1 and

(1+Az)a (zeD)

(219) h(z) = ({75

«@ —1
IfA> [(%) - 1}  then
8 (Nigih) C 80 (Nsgih) and  KDHN(Asgih) € XD (A gih).

Proof. The analytic function h defined by (2.19) is convex univalent in U (see [21]),
h(0) =1 and h(U) is symmetric with respect to real axis. Thus h € P and

1-A\® 1+ A\
O<(1—B) <§R(h(z))<<1+B) (2€U; 0<a<1; -1<B<AZ).

Hence, by using Theorem 2.1 and 2.2, we have the corollaryllary. O
2.4. Corollary. Let 0 < a <1 and

(2.20) h(z) =1+ % (log (1*\/\/2‘;))2 (z € V),

If A > %2 <log (ifg))_z, then

85 (A gih) C 8, (Nigsh) and  K)EN(Aigih) € XD (N gih).

Proof. The function h defined by (2.20) is in the class P (see [19]) and h(Z) = h(z).

Therefore
% < h(=1) <R(h(z)) < h(1) = 1+% (log (1 i_ g)) (z€eU; 0<a< ).

Hence, by using Theorem 2.1 and 2.2, we have the corollary. 0

2.5. Theorem. Let h € P with
1
(2.21) R(h(2)) <1+ X (A>0; z€ ).
Then
HO (a2, A gih) CHO p(an, Agih) (0 ay < o).



Proof. For f € J—Cg’k(ag, A; g5 h), there exists a function ¢ € Si,k(/\§ g; h) satisfying
@iﬁcl()\; g;z) # 0 such that

23, 0)'(2) 2 ) (2)

) —(1-a — h(z z € U).
(222) - 2)p<p§,k(/\;9;2) 2p<pf;,+;§(k;g;z)< @ eh)
Put

2(M5 4 ) (=)

ale) = el (Mg 2) (el

Since ¢ € Si)k()\; g; h), it follows from (2.14) to (2.17)(using in the proof of Theo-
rem 2.2) and (2.22) that

(2.23)

az2q'(2)  (l-u Z(Mi,gf)’(z)i z(M‘;fglf)’(z)
i 3)—p(z) (1)

< h(z)

Q2
pe)  (Nsgiz) T pedtt(Nig:2)
In light of (2.14) and (2.21), we thus observe that

;2§R<p(1 + % —p¢(z)> >0 (zeD)

Hence, by (2.23) and Lemma 1.9, we have
(2.24) q(z) < h(z) (z € ).

Since 0 = &1 < 1 and h is convex univalent in U, we deduce from (2.22) and (2.24)
that

—(1— _
(1-o) P (X g5 2) alpsof,fkl (X 952)
o 2(M3,F)(2) (M35 ) (2)
2= : — d h U).
- ( ( Q)ng,k()\;g;z) angoijcl()\;g; 2) <h(z) (z€0)

Thus f € J'ngk(al, X; g; h). The proof of Theorem 2.5 is evidently completed. [

2(M8 "z 2(VETLFY (2 a;
OB,010) ORI (.

(2.25)

(e5)]

3. Integral Preserving Properties
In this section, we prove some integral preserving properties of the subclasses
Spu(Aigih) and I (A g; h).
3.1. Theorem. Let h € P with

(3.1) R(h(z)) < R(e) (z € U; R(e) > p).

If f € 8‘;7,6()\;9; h), then the function defined by

(3.2) F(z):c_p/ztc_lf(t)dt

C
z 0

1s also in the class Sg,k()\;g; h), provided that
FpeXgiz) #0 (€U

(z €.
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Proof. Let f € Si’k()\;g;h))7 we then find from (3.2) that
(33) M5 F(2) +2(M3 ,F)'(2) = (¢ = p)M3 4 f (2)-
By using (3.3), we get
!

(34)  cFpr(Ngiz) + 2 (Fp(higi2) = (e —p)fpr(Xigi2).
Let

!
z (Fﬁ,k(k;g; Z))

PEp (X g5 2)

Then x is analytic in U, with x(0) = 1, and from (3.4) we observe that

£ (% g5 2)
E(N\ig;2)

x(z) = —

(3.5)  c—px(z) = (c—p)

Differentiating both sides of (3.5) with respect to z and using Lemma 1.10, we
obtain

(2) z (f,‘f,k(/\; 9; 2))/

(3.6) X&)+ = 5= e ho).
P,k 95
In view of (3.6), Lemma 1.9 leads to x(z) < h(z). If we let
4 /
(3.7)  r(z) = _AME,F) (%)

PFS (X g;2)’
then k is analytic in U with x(0) = 1. It follows from (3.3) that

c—p c
(38)  Fpuhigi2)r(z) = - ) M3 g f(2) + gMi,gF(z)-

Differentiating both sides of (3.8) and using (3.7), we get
S, ) (2)
—pF) (A g5 2)
Since f € Sg,k()\;g;h))7 from (3.5) and (3.9), we deduce that

zk/(z)  c—p 2(M3 ,f)(2) B _Z(Mﬁ,\,gf)l(z) ;
(3.10) w(z) + c—px(2)  c—px(2) —pF2 (Ngi2)  pfop(Nigiz) < he)-

(3.9)  zr'(2) + (e = px(2))K(2) = (c = p)

Combining R(h(z)) < % and x(z) < h(z), we find that

R(c —px(2)) > 0.
Therefore, from (3.10) and Lemma 1.9, we have k(z) < h(z), which implies that
Fe Sg,k()\;g; h)). O

By arguments similar to those used in the proofs of Theorems 2.2 and 3.1, the
following result can be proved. We omit the details involved.



3.2. Corollary. Let h € P with
R
R(h(2)) < ;C) (z € U).
If fe Kg’k()\;g;h) with ¢ € Sg,k()\;g; h), then the function

Flz)="2 /O L F(t)dt

ZC

belongs to the class Kg7k(A;g; h) with

Gz) =2 /0 =1 (t)dt

ZC

provided that Gg,k()\;g; 2)#0 (2 € U).

4. Convolution Properties
At last, we prove the convolution properties associated with the function classes
Spe(Xigih) and K (A g h).
4.1. Theorem. Let h € P with
(4.1) R(h(z)) <1+ 1_Ta (z€U; a<l).

If f €8 (g h),
(42) ¢e€%, and 2PTe(z) € R(a).
Then
fro €8y (Ngh).

Proof. Let f € Sg,k()\;g;h)) and suppose that

(43)  p(z) =2 h(Ngi2) (2 € D).
Then p € A and

2(M3 ,F)'(2)
Cpf2(Nigi2)
By using Lemma 1.10, we find that

!/
20/ (2) z (f,‘f,k(A;g; Z))
p(2) 0 (X g 2)
In view of (4.1) and (4.5), we have

o w(ZE) >

that is, that

(44) H(z):= =< h(z) (z € ).

(4.5) =p+1+ <p+1—ph(z) (z €U).

p € 8 (a).
For ¢ € X, it is easy to verify that

(4.7)
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(MG, (f + 0)(e2)) = (710 (#F108 4 flele)) (e 0,1,

and
(4.8) 2P 4 (f * 0)(2) = (2P 9(2)) * (P2 (M3 4 1) (2)) -
Making use of (4.3), (4.4), (4.7) and (4.8), we find that

by MO (200, 1)(2)
(4.9) RS e M, (f * 9)(eh) p(2PT1g(2)) * <ZP+1f£,k(>\;g; 2))
) s pRHE)
= ey s ) CEU

Since h is convex univalent in U, it follows from (4.2), (4.4), (4.6), (4.9) and Lemma
1.11 that
O(2) < h(z) (z €U).
Hence
Fro €8y (Nigih).
O

By similarly applying the method of proof of Theorem 4.1, we can get the
following result.
4.2. Corollary. Let h € P with
1—
R(h(z)) <14+ —2=  (2€U; a<l).
p

If f € XD, (A g;h) with o € 8) (X g5 1),
peY, and 2PTl¢(z) € R(a).

Then
froeX(Ngih).
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