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Some subclasses of meromorphic multivalent
functions involving a generalized differential

operator
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Abstract

Making use of a generalized differential operator which is defined by
means of the Hadamard product, we introduce some new subclasses
of meromorphic p-valent functions and investigate their inclusion rela-
tionships, integral preserving and convolution properties. The results
presented here would provide extensions of those given in earlier works.
Several other new results are also obtained.
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1. Introduction and Preliminaries

Let Σp denote the class of functions of the form:

(1.1) f(z) = z−p +

∞∑
n=1

an−pz
n−p (p ∈ N := {1, 2, 3, . . .}),

which are analytic in the punctured open unit disk

U∗ := {z : z ∈ C and 0 < |z| < 1} =: U \ {0}.
Let f, g ∈ Σp, where f is given by (1.1) and g is defined by

g(z) = z−p +

∞∑
n=1

bn−pz
n−p.
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Then the Hadamard product (or convolution) f ∗ g is defined by

(f ∗ g)(z) := z−p +

∞∑
n=1

an−pbn−pz
n−p =: (g ∗ f)(z).

Let P denote the class of functions of the form:

p (z) = 1 +

∞∑
n=1

pnz
n,

which are analytic and convex in U and satisfy the condition:

<(p (z)) > 0 (z ∈ U).

For two functions f and g, analytic in U, we say that the function f is subor-
dinate to g in U, and write

f(z) ≺ g(z) (z ∈ U),

if there exists a Schwarz function ω, which is analytic in U with

ω(0) = 0 and |ω(z)| < 1 (z ∈ U)

such that
f(z) = g (ω(z)) (z ∈ U).

Indeed, it is known that (see [12] or [13])

f(z) ≺ g(z) (z ∈ U) =⇒ f(0) = g(0) and f(U) ⊂ g(U).

Furthermore, if the function g is univalent in U, then we have the following equiv-
alence:

f(z) ≺ g(z) (z ∈ U)⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

Analogous to the operator defined recently by Selvaraj and Selvakumaran [20]
and Aouf et al. [2], we introduce the following integral operator:

Mδ
λ,g : Σp −→ Σp

defined by
M0
λ,gf(z) = (f ∗ g)(z),

M1
λ,gf(z) = (1 + λ)(f ∗ g)(z) +

λ

p
z(f ∗ g)′(z),

(1.2) Mδ
λ,gf(z) = M1

λ,g

(
Mδ−1
λ,g f(z)

)
(δ ∈ N; λ = 0).

If f ∈ Σp, then we have

(1.3) Mδ
λ,gf(z) = z−p +

∞∑
n=1

(
1 +

nλ

p

)δ
an−pbn−pz

n−p.

It easily follows from (1.2) that

(1.4)
λz

p

(
Mδ
λ,gf

)′
(z) = Mδ+1

λ,g f(z)− (1 + λ)Mδ
λ,gf(z).

Throughout this paper, we assume that

p, k ∈ N, εk = exp

(
2πi

k

)
,
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and

(1.5) fδp,k(λ; g; z) =
1

k

k−1∑
j=0

εjpk Mδ
λ,gf(εjkz) = z−p + · · · (f ∈ Σp).

Clearly, for k = 1, we have

fδp,1(λ; g; z) = Mδ
λ,gf(z).

Making use of the integral operator Mδ
λ,g and the above-mentioned principle of

subordination between analytic functions, we now introduce and investigate the
following subclasses of the class Σp of mermorphically p-valent functions.

1.1. Definition. A function f ∈ Σp is said to be in the class Sδp,k(λ; g;h) if it
satisfies the following subordination condition:

(1.6) −
z
(
Mδ
λ,gf

)′
(z)

pfδp,k(λ; g; z)
≺ h(z) (z ∈ U),

where

h ∈ P and fδp,k(λ; g; z) 6= 0 (z ∈ U∗).

1.2. Remark. In a recent paper, Srivastava et al. [21] introduced an investigated
a subclass Σp,k(a, c;h) of Σp consisting of functions which are satisfy the following
subordination condition:

−z (Lp(a, c)f)
′
(z)

pfp,k(a, c; z)
≺ h(z) (z ∈ U; c 6= 0,−1,−2, . . .),

where h ∈ P,

Lp(a, c)f(z) = ϕp(a, c; z) ∗ f(z) =

(
z−p +

∞∑
n=1

(a)n
(c)n

zn−p

)
∗ f(z) (z ∈ U∗),

and

fp,k(a, c; z) =
1

k

k−1∑
j=0

εjpk (Lp(a, c)f)(εjkz) 6= 0 (z ∈ U∗).

The above (µ)n is the Pochhammer symbol defined by

(µ)0 = 1 and (µ)n = µ(µ+ 1) · · · (µ+ n− 1) (n ∈ N).

It is also easy to see that, if we set

λ = 0, δ = 1, and g(z) = ϕp(a, c; z)

in the class Sδp,k(λ; g;h), then it reduces to the class Σp,k(a, c;h).

More recently, Wang et al. [22] studied a subclass Fq,sp,k(α;α1;h) of Σp consisting
of functions which are satisfy the following subordination condition:

−
z
[
(1 + α)

(
Hq,s
p (α1)f

)′
(z) + α

(
Hq,s
p (α1 + 1)f

)′
(z)
]

p
[
(1 + α)fq,sp,k(α1; z) + αfq,sp,k(α1 + 1; z)

] ≺ h(z) (z ∈ U),



where h ∈ P,

Hq,s
p (α1)f(z) = hq,sp (α1; z)∗f(z) =

(
z−p +

∞∑
n=1

(α1)n · · · (αq)n
(β1)n · · · (βs)n

zn−p

n!

)
∗f(z) (z ∈ U∗),

and

fq,sp,k(α1; z) =
1

k

k−1∑
n=1

εjpk (Hq,s
p (α1)f)(εjkz) 6= 0 (z ∈ U∗).

It is also easy to see that, if we set

λ = 0, δ = 1, and g(z) = (1 + α)hq,sp (α1; z) + αhq,sp (α1 + 1; z)

in the class Sδp,k(λ; g;h), then it reduces to the class F
q,s
p,k(α;α1;h).

1.3. Definition. A function f ∈ Σp is said to be in the class Kδ
p,k(λ; g;h) if it

satisfies the following subordination condition:

(1.7) −
z
(
Mδ
λ,gf

)′
(z)

pϕδp,k(λ; g; z)
≺ h(z) (z ∈ U)

for some ϕ ∈ Sδp,k(λ; g;h), where

h ∈ P and ϕδp,k(λ; g; z) 6= 0 (z ∈ U∗).

1.4. Remark. If we set

λ = 0, δ = 1, and g(z) = ϕp(a, c; z)

in the class Kδ
p,k(λ; g;h), then it reduces to the class Kp,k(a, c;h), which was also

introduced and studied recently by Srivastava et al. [21].
If we set

λ = 0, δ = 1, and g(z) = (1 + α)hq,sp (α1; z) + αhq,sp (α1 + 1; z)

in the class Kδ
p,k(λ; g;h), then it reduces to the class Gq,sp,k(α;α1;h), which was also

introduced and studied recently by Wang et al. [22].

1.5. Definition. A function f ∈ Σp is said to be in the class Hδ
p,k(α, λ; g;h) if it

satisfies the following subordination condition:

(1.8) −(1− α)
z
(
Mδ
λ,gf

)′
(z)

pϕδp,k(λ; g; z)
− α

z
(
Mδ+1
λ,g f

)′
(z)

pϕδ+1
p,k (λ; g; z)

≺ h(z) (z ∈ U),

for some α = 0 and ϕ ∈ Sδp,k(λ; g;h), where

h ∈ P and ϕδ+1
p,k (λ; g; z) 6= 0 (z ∈ U∗).

1.6. Remark. If we set

λ = 0, δ = 1, and g(z) = ϕp(a, c; z)

in the class Hδ
p,k(λ; g;h), then it reduces to the class Kp,k(α; a, c;h), which was

also introduced and studied recently by Srivastava et al. [21].
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1.7. Remark. By suitably specifying the values of p, k, δ, λ, α, g and h, the
classes

Sδp,k(λ; g;h), Kδ
p,k(λ; g;h) and Hδ

p,k(α, λ; g;h)

reduce to the various subclasses introduced and studied in [9, 10, 26, 27]. For
some recent investigations on meromorphic functions, see (for example) the earlier
works [1, 3, 4, 5, 6, 7, 8, 11, 14, 15, 17, 18, 23, 24, 25] and the references cited
therein.

In order to establish our main results, we shall also make use of the following
lemmas.

1.8. Lemma. (See [12]) Let ϑ, γ ∈ C with ϑ 6= 0. Suppose that ϕ is convex and
univalent in U with

ϕ(0) = 1 and <(ϑϕ(z) + γ) > 0 (z ∈ U).

If p is analytic in U with p(0) = 1, then the following subordination

p(z) +
zp′(z)

ϑp(z) + γ
≺ ϕ(z) (z ∈ U)

implies that

p(z) ≺ ϕ(z) (z ∈ U).

1.9. Lemma. (See [13]) Let η be analytic and convex univalent in U and let ζ be
analytic in U with

<(ζ(z)) = 0 (z ∈ U).

If q is analytic in U with q(0) = η(0), then the following subordination

q(z) + ζ(z)zq′(z) ≺ η(z) (z ∈ U)

implies that

q(z) ≺ η(z) (z ∈ U).

1.10. Lemma. Let f ∈ Sδp,k(λ; g;h). Then

(1.9) −
z
(
fδp,k(λ; g; z)

)′
pfδp,k(λ; g; z)

≺ h(z) (z ∈ U).

Proof. Making use of (1.5), we have

fδp,k(λ; g; εjkz) =
1

k

k−1∑
n=0

εnpk Mδ
λ,gf(εn+jk z)

= ε−jpk · 1

k

k−1∑
n=0

ε
(n+j)p
k Mδ

λ,gf(εn+jk z)

= ε−jpk fδp,k(λ; g; z) (j ∈ {0, 1, . . . , k − 1}),

(1.10)

and (
fδp,k(λ; g; z)

)′
=

1

k

k−1∑
j=0

ε
j(p+1)
k (Mδ

λ,gf)′(εjkz).



Hence

−
z
(
fδp,k(λ; g; z)

)′
pfδp,k(λ; g; z)

=
1

k

k−1∑
j=0

ε
j(p+1)
k z(Mδ

λ,gf)′(εjkz)

−pfδp,k(λ; g; z)

=
1

k

k−1∑
j=0

εjkz(M
δ
λ,gf)′(εjkz)

−pfδp,k(λ; g; εjkz)
(z ∈ U).

(1.11)

Moreover, since f ∈ Sδp,k(λ; g;h), we have

(1.12) −
εjkz(M

δ
λ,gf)′(εjkz)

pfδp,k(λ; g; εjkz)
≺ h(z) (z ∈ U; j ∈ {0, 1, . . . , k − 1}).

Noting that h is convex and univalent in U, from (1.11) and (1.12), we conclude
that the assertion (1.9) of Lemma 1.10 holds true. �

Let A be the class of functions of the form:

f(z) = z +

∞∑
n=2

anz
n (z ∈ U).

A function f ∈ A is said to be starlike of order α in U if it satisfies the following
inequality:

<
(
zf ′(z)

f(z)

)
> α (z ∈ U; α < 1).

We denote this class by S∗(α). A function f ∈ A is said to be prestarlike of order
α in U if

z

(1− α)2−2α
∗ f(z) ∈ S∗(α) (z ∈ U; α < 1).

We denote this class by R(α). It is clear that a f ∈ A is in the class R(0) if and
only if f is convex univalent in U and that

R(
1

2
) = S∗(

1

2
).

1.11. Lemma. (See [13]) Let α < 1, f ∈ R(α) and φ ∈ S∗(α). Then, for any
analytic function H in U,

f ∗ (φH)

f ∗ φ
(U) ⊂ co(H(U)),

where co(H(U)) denotes the close convex hull of H(U).

In the present paper, we aim at proving such results inclusion relationships,
integral preserving and convolution properties for each of the function classes.
The results presented here would provide extensions of those given in a number of
earlier works. Several other new results are also obtained.
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2. A Set of Inclusion Relationships

We first provide some inclusion relationships for the function classes

Sδp,k(λ; g;h), Kδ
p,k(λ; g;h) and Hδ

p,k(α, λ; g;h)

which were defined in preceding section.

2.1. Theorem. Let h ∈ P with

(2.1) <(h(z)) < 1 +
1

λ
(λ > 0; z ∈ U).

Then

Sδ+1
p,k (λ; g;h) ⊂ Sδp,k(λ; g;h).

Proof. By using (1.4) and (1.5), we have

(2.2)

(1+λ)fδp,k(λ; g; z)+
λz

p

(
fδp,k(λ; g; z)

)′
=

1

k

k−1∑
j=0

εjpk Mδ+1
λ,g f(εjkz) = fδ+1

p,k (λ; g; z).

Let f ∈ Sδ+1
p,k (λ; g;h) and suppose that

(2.3) $(z) = −
z
(
fδp,k(λ; g; z)

)′
pfδp,k(λ; g; z)

(z ∈ U),

then $ is analytic in U with $(0) = 1. It follows from (2.2) and (2.3) that

(2.4) (1− λ)− λ$(z) =
fδ+1
p,k (λ; g; z)

fδp,k(λ; g; z)
.

Differentiating both sides of (2.4) with respect to z and using (2.3), we have

(2.5) $(z) +
z$′(z)

p(1 + 1
λ )− p$(z)

= −
z
(
fδ+1
p,k (λ; g; z)

)′
pfδ+1
p,k (λ; g; z)

.

From (2.5) and Lemma 1.10, we find that

(2.6) $(z) +
z$′(z)

p(1 + 1
λ )− p$(z)

≺ h(z) (z ∈ U).

Now, in view of (2.1) and (2.6), an application of Lemma 1.8 yields

(2.7) $(z) ≺ h(z) (z ∈ U).

Set

(2.8) q(z) = −
z(Mδ

λ,gf)′(z)

pfδp,k(λ; g; z)
,

then q is analytic in U with q(0) = 1. We obtain from (1.4) that

(2.9) fδp,k(λ; g; z)q(z) = (1 +
1

λ
)Mδ

λ,gf(z)− 1

λ
Mδ+1
λ,g f(z).



Differentiating both sides of (2.9) and using (2.8), we get

(2.10) zq′(z) +

p(1 +
1

λ
) +

z
(
fδp,k(λ; g; z)

)′
fδp,k(λ; g; z)

 q(z) = −
z(Mδ+1

λ,g f)′(z)

λfδp,k(λ; g; z)
.

Since f ∈ Sδ+1
p,k (λ; g;h), we find from (2.2), (2.3) and (2.10) that

(2.11) q(z) +
zq′(z)

p(1 + 1
λ )− p$(z)

= −
z(Mδ+1

λ,g f)′(z)

pfδ+1
p,k (λ; g; z)

≺ h(z) (z ∈ U).

From (2.1) and (2.7), we observe that

<
(
p(1 +

1

λ
)− p$(z)

)
> 0.

Therefore, from (2.11) and Lemma 1.9, we conclude that

q(z) ≺ h(z) (z ∈ U),

which implies f ∈ Sδp,k(λ; g;h). The proof of Theorem 2.1 is thus completed. �

2.2. Theorem. Let h ∈ P with

(2.12) <(h(z)) < 1 +
1

λ
(λ > 0; z ∈ U).

Then

Kδ+1
p,k (λ; g;h) ⊂ Kδ

p,k(λ; g;h).

Proof. Let f ∈ Kδ+1
p,k (λ; g;h), then there exists a function ϕ ∈ Sδ+1

p,k (λ; g;h) such
that

(2.13) −
z(Mδ+1

λ,g f)′(z)

pϕδ+1
p,k (λ; g; z)

≺ h(z) (z ∈ U).

An application of Theorem 2.1 yields ϕ ∈ Sδp,k(λ; g;h) and Lemma 1.10 leads to

(2.14) ψ(z) = −
z
(
ϕδp,k(λ; g; z)

)′
pϕδp,k(λ; g; z)

≺ h(z) (z ∈ U).

Let

(2.15) q(z) = −
z(Mδ

λ,gf)′(z)

pϕδp,k(λ; g; z)
(z ∈ U).

By using (1.4), (2.15) can be written as follows:

(2.16) ϕδp,k(λ; g; z)q(z) = (1 +
1

λ
)Mδ

λ,gf(z)− 1

λ
Mδ+1
λ,g f(z).

Differentiating both sides of (2.16) and using (2.2)(with f replaced by ϕ), we find
that

(2.17) q(z) +
zq′(z)

p(1 + 1
λ )− pψ(z)

= −
z(Mδ+1

λ,g f)′(z)

pϕδ+1
p,k (λ; g; z)

(z ∈ U).
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Combining (2.13) and (2.17), we obtain

(2.18) q(z) +
zq′(z)

p(1 + 1
λ )− pψ(z)

≺ h(z) (z ∈ U).

Combining (2.12), (2.14) and (2.18), we deduce from Lemma 1.9 that

q(z) ≺ h(z) (z ∈ U),

which shows that f ∈ Kδ
p,k(λ; g;h). �

By carefully selecting the function h involved in Theorem 2.1 and Theorem 2.2,
we can obtain a number of useful corollaries.

2.3. Corollary. Let 0 < α 5 1, −1 5 B < A 5 1 and

(2.19) h(z) =

(
1 +Az

1 +Bz

)α
(z ∈ U).

If λ >
[(

1+A
1+B

)α
− 1
]−1

, then

Sδ+1
p,k (λ; g;h) ⊂ Sδp,k(λ; g;h) and Kδ+1

p,k (λ; g;h) ⊂ Kδ
p,k(λ; g;h).

Proof. The analytic function h defined by (2.19) is convex univalent in U (see [21]),
h(0) = 1 and h(U) is symmetric with respect to real axis. Thus h ∈ P and

0 <

(
1−A
1−B

)α
< <(h(z)) <

(
1 +A

1 +B

)α
(z ∈ U; 0 < α 5 1; −1 5 B < A 5 1).

Hence, by using Theorem 2.1 and 2.2, we have the corollaryllary. �

2.4. Corollary. Let 0 < α < 1 and

(2.20) h(z) = 1 +
2

π2

(
log

(
1 +
√
αz

1−
√
αz

))2

(z ∈ U).

If λ > π2

2

(
log
(

1+
√
α

1−
√
α

))−2
, then

Sδ+1
p,k (λ; g;h) ⊂ Sδp,k(λ; g;h) and Kδ+1

p,k (λ; g;h) ⊂ Kδ
p,k(λ; g;h).

Proof. The function h defined by (2.20) is in the class P (see [19]) and h(z̄) = h(z).
Therefore

1

2
< h(−1) < <(h(z)) < h(1) = 1+

2

π2

(
log

(
1 +
√
α

1−
√
α

))2

(z ∈ U; 0 < α < 1).

Hence, by using Theorem 2.1 and 2.2, we have the corollary. �

2.5. Theorem. Let h ∈ P with

(2.21) <(h(z)) < 1 +
1

λ
(λ > 0; z ∈ U).

Then

Hδ
p,k(α2, λ; g;h) ⊂ Hδ

p,k(α1, λ; g;h) (0 5 α1 < α2).



Proof. For f ∈ Hδ
p,k(α2, λ; g;h), there exists a function ϕ ∈ Sδp,k(λ; g;h) satisfying

ϕδ+1
p,k (λ; g; z) 6= 0 such that

(2.22) −(1− α2)
z(Mδ

λ,gf)′(z)

pϕδp,k(λ; g; z)
− α2

z(Mδ+1
λ,g f)′(z)

pϕδ+1
p,k (λ; g; z)

≺ h(z) (z ∈ U).

Put

q(z) = −
z(Mδ

λ,gf)′(z)

pϕδp,k(λ; g; z)
(z ∈ U).

Since ϕ ∈ Sδp,k(λ; g;h), it follows from (2.14) to (2.17)(using in the proof of Theo-

rem 2.2) and (2.22) that

(2.23)

q(z)+
α2zq

′(z)

p(1 + 1
λ )− pψ(z)

= −(1−α2)
z(Mδ

λ,gf)′(z)

pϕδp,k(λ; g; z)
−α2

z(Mδ+1
λ,g f)′(z)

pϕδ+1
p,k (λ; g; z)

≺ h(z) (z ∈ U).

In light of (2.14) and (2.21), we thus observe that

1

α2
<
(
p(1 +

1

λ
− pψ(z)

)
> 0 (z ∈ U).

Hence, by (2.23) and Lemma 1.9, we have

(2.24) q(z) ≺ h(z) (z ∈ U).

Since 0 5 α1

α2
< 1 and h is convex univalent in U, we deduce from (2.22) and (2.24)

that

− (1− α1)
z(Mδ

λ,gf)′(z)

pϕδp,k(λ; g; z)
− α1

z(Mδ+1
λ,g f)′(z)

pϕδ+1
p,k (λ; g; z)

=

(
1− α1

α2

)
q(z)

+
α1

α2

(
−(1− α2)

z(Mδ
λ,gf)′(z)

pϕδp,k(λ; g; z)
− α2

z(Mδ+1
λ,g f)′(z)

pϕδ+1
p,k (λ; g; z)

)
≺ h(z) (z ∈ U).

(2.25)

Thus f ∈ Hδ
p,k(α1, λ; g;h). The proof of Theorem 2.5 is evidently completed. �

3. Integral Preserving Properties

In this section, we prove some integral preserving properties of the subclasses

Sδp,k(λ; g;h) and Kδ
p,k(λ; g;h).

3.1. Theorem. Let h ∈ P with

(3.1) <(h(z)) <
<(c)

p
(z ∈ U; <(c) > p).

If f ∈ Sδp,k(λ; g;h), then the function defined by

(3.2) F (z) =
c− p
zc

∫ z

0

tc−1f(t)dt

is also in the class Sδp,k(λ; g;h), provided that

F δp,k(λ; g; z) 6= 0 (z ∈ U∗).
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Proof. Let f ∈ Sδp,k(λ; g;h)), we then find from (3.2) that

(3.3) cMδ
λ,gF (z) + z(Mδ

λ,gF )′(z) = (c− p)Mδ
λ,gf(z).

By using (3.3), we get

(3.4) cF δp,k(λ; g; z) + z
(
F δp,k(λ; g; z)

)′
= (c− p)fδp,k(λ; g; z).

Let

χ(z) = −
z
(
F δp,k(λ; g; z)

)′
pF δp,k(λ; g; z)

.

Then χ is analytic in U, with χ(0) = 1, and from (3.4) we observe that

(3.5) c− pχ(z) = (c− p)
fδp,k(λ; g; z)

F δp,k(λ; g; z)
.

Differentiating both sides of (3.5) with respect to z and using Lemma 1.10, we
obtain

(3.6) χ(z) +
zχ′(z)

c− pχ(z)
= −

z
(
fδp,k(λ; g; z)

)′
pfδp,k(λ; g; z)

≺ h(z).

In view of (3.6), Lemma 1.9 leads to χ(z) ≺ h(z). If we let

(3.7) κ(z) = −
z(Mδ

λ,gF )′(z)

pF δp,k(λ; g; z)
,

then κ is analytic in U with κ(0) = 1. It follows from (3.3) that

(3.8) F δp,k(λ; g; z)κ(z) = −c− p
p

Mδ
λ,gf(z) +

c

p
Mδ
λ,gF (z).

Differentiating both sides of (3.8) and using (3.7), we get

(3.9) zκ′(z) + (c− pχ(z))κ(z) = (c− p)
z(Mδ

λ,gf)′(z)

−pF δp,k(λ; g; z)
.

Since f ∈ Sδp,k(λ; g;h)), from (3.5) and (3.9), we deduce that

(3.10) κ(z) +
zκ′(z)

c− pχ(z)
=

c− p
c− pχ(z)

z(Mδ
λ,gf)′(z)

−pF δp,k(λ; g; z)
= −

z(Mδ
λ,gf)′(z)

pfδp,k(λ; g; z)
≺ h(z).

Combining <(h(z)) < <(c)
p and χ(z) ≺ h(z), we find that

<(c− pχ(z)) > 0.

Therefore, from (3.10) and Lemma 1.9, we have κ(z) ≺ h(z), which implies that
F ∈ Sδp,k(λ; g;h)). �

By arguments similar to those used in the proofs of Theorems 2.2 and 3.1, the
following result can be proved. We omit the details involved.



3.2. Corollary. Let h ∈ P with

<(h(z)) <
<(c)

p
(z ∈ U).

If f ∈ Kδ
p,k(λ; g;h) with ϕ ∈ Sδp,k(λ; g;h), then the function

F (z) =
c− p
zc

∫ z

0

tc−1f(t)dt

belongs to the class Kδ
p,k(λ; g;h) with

G(z) =
c− p
zc

∫ z

0

tc−1ϕ(t)dt

provided that Gδp,k(λ; g; z) 6= 0 (z ∈ U∗).

4. Convolution Properties

At last, we prove the convolution properties associated with the function classes

Sδp,k(λ; g;h) and Kδ
p,k(λ; g;h).

4.1. Theorem. Let h ∈ P with

(4.1) <(h(z)) < 1 +
1− α
p

(z ∈ U; α < 1).

If f ∈ Sδp,k(λ; g;h),

(4.2) φ ∈ Σp and zp+1φ(z) ∈ R(α).

Then
f ∗ φ ∈ Sδp,k(λ; g;h).

Proof. Let f ∈ Sδp,k(λ; g;h)) and suppose that

(4.3) ρ(z) = zp+1fδp,k(λ; g; z) (z ∈ U).

Then ρ ∈ A and

(4.4) H(z) := −
z(Mδ

λ,gf)′(z)

pfδp,k(λ; g; z)
≺ h(z) (z ∈ U).

By using Lemma 1.10, we find that

(4.5)
zρ′(z)

ρ(z)
= p+ 1 +

z
(
fδp,k(λ; g; z)

)′
fδp,k(λ; g; z)

≺ p+ 1− ph(z) (z ∈ U).

In view of (4.1) and (4.5), we have

(4.6) <
(
zρ′(z)

ρ(z)

)
> α,

that is, that
ρ ∈ S∗(α).

For φ ∈ Σp, it is easy to verify that

(4.7)
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zp+1
(
Mδ
λ,g(f ∗ φ)(εjkz)

)
= (zp+1φ(z))∗

(
zp+1Mδ

λ,gf(εjkz)
)

(j ∈ {0, 1, . . . , k−1})

and

(4.8) zp+2Mδ
λ,g(f ∗ φ)′(z) = (zp+1φ(z)) ∗

(
zp+2(Mδ

λ,gf)′(z)
)
.

Making use of (4.3), (4.4), (4.7) and (4.8), we find that

Φ(z) :=
zMδ

λ,g(f ∗ φ)′(z)
p
k

∑k−1
j=0 ε

jp
k Mδ

λ,g(f ∗ φ)(εjkz)
= −

(zp+1φ(z)) ∗
(
zp+2(Mδ

λ,gf)′(z)
)

p(zp+1φ(z)) ∗
(
zp+1fδp,k(λ; g; z)

)
=

(zp+1φ(z)) ∗ (ρ(z)H(z))

(zp+1φ(z)) ∗ (ρ(z))
(z ∈ U).

(4.9)

Since h is convex univalent in U, it follows from (4.2), (4.4), (4.6), (4.9) and Lemma
1.11 that

Φ(z) ≺ h(z) (z ∈ U).

Hence

f ∗ φ ∈ Sδp,k(λ; g;h).

�

By similarly applying the method of proof of Theorem 4.1, we can get the
following result.

4.2. Corollary. Let h ∈ P with

<(h(z)) < 1 +
1− α
p

(z ∈ U; α < 1).

If f ∈ Kδ
p,k(λ; g;h) with ϕ ∈ Sδp,k(λ; g;h),

φ ∈ Σp and zp+1φ(z) ∈ R(α).

Then

f ∗ φ ∈ Kδ
p,k(λ; g;h).
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