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ÖZET:    ,   boyutlu   Riemannian manifoldunun kotanjant demeti olsun. Bu çalışmadaki 

amacımız kotanjant demette modifiye edilmiş Riemann genişlemesine göre fibre koruyan projektif 

vektör alanlarının karakterizasyonunu yapmaktır.  
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Projective Vector Fields on the Cotangent Bundle with Modified Riemannian Extension 

ABSTRACT: Let     be the cotangent bundle of an   dimensional Riemannian manifold  . The 

purpose of the present paper is give a characterization of fibre-preserving projective vector fields with 

respect to modified Riemannian extension. 
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INTRODUCTION  

Let       be the cotangent bundle over    

and   be a transformation of       . If the 

transformation   preserves the fibres, it is called 

a fibre-preserving transformation. Consider a 

vector field  ̃ on       and the local one-

parameter group {  } of local transformations of 

      generated by  ̃. The vector field  ̃ is 

called an infinitesimal fibre-preserving 

transformation if each    is a local fibre-

preserving transformation of       . A 

transformation   of   is called a projective 

transformation if it preserves the geodesics, 

where each geodesic should be confounded with 

a subset of   by neglecting its affine parameter. 

Furthermore,   is called an affine 

transformation if it preserves the connection.  

We then remark that an affine transformation 

may be characterized as a projective 

transformation which preserves the affine 

parameter together with the geodesics. An 

infinitesimal fibre-preserving transformation  ̃ 

on       is called an infinitesimal fibre-

preserving projective transformation if each    

is a local fibre-preserving projective 

transformation of       .  Let  ̃ be a 

Riemannian or a pseudo-Riemannian metric on 

     . It is well known that  ̃ is an 

infinitesimal projective transformation of  

      if and only if there exist a 1-form   such 

that    ̃  ( ̃  ̃)   ( ̃) ̃   ( ̃) ̃  for any 

 ̃  ̃    
      . Where   ̃ denotes the Lie 

derivation with respect to  ̃. 

Infinitesimal projective transformations on 

tangent and cotangent bundles have been 

researched by some authors {for example see 

(Gezer, 2011; Hasegawa and Yamauchi, 2003; 

Yamauchi, 1998; Yamauchi, 1999.)}. In this 

paper, we aim to research infinitesimal 

projective transformations on the cotangent 

bundle with modified Riemann extension over  

Riemannian manifolds.  

MATERIALS AND METHODS 

Let    be an  -dimensional smooth manifold 

and denote by         its cotangent bundle 

whose fibres are cotangent spaces to  . Then 

     is a   - dimensional smooth manifold and 

some local charts induced naturally from local 

charts on   can be used. Namely, a system of 

local coordinates (    )           in   

induces on     a system of local coordinates 

(            ̅    )  ̅                , 

where   ̅     are the components of covectors    

in each cotangent space   
        with 

respect to the natural coframe {   }.  Let 

 ̃     

   
 and       

  be the local 

expressions in  of a vector field  ̃ and a 

covector (1-form) field    on  , respectively.  

Then the vertical lift   
   of  , the horizontal lift 

  
  ̃  and the complete lift   

  ̃  of  ̃  are given, 

with respect to the induced coordinates, by 

(Yano and Ishihara, 1973). 

 

  
       ̅,                                                  (2.1) 

 

  
  ̃            

     ̅,                             (2.2) 

 

and   
  ̃            

   ̅ where    
 

      ̅  
 

   ̅  and    
   are the coefficients of a 

symmetric (torsion-free) affine connection    on 

 . The Lie bracket operation of vertical and 

horizontal vector fields on      is given by the 

formulas: (Yano and Ishihara, 1973). 

 

                                      

{

[   
  ̃   

  ̃]    
 [ ̃  ̃]    

 (   ( ̃  ̃))

[   
  ̃   

  ]    
    ̃  

[   
     

  ]   

     (2.3) 
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for any  ̃  ̃    
     and       

    , where 

  is the curvature tensor of the symmetric 

connection   defined by  ( ̃  ̃)  [  ̃    ̃]  

 [ ̃  ̃].  

 

The adapted frames {  }  {     ̅}  on each 

induced coordinate neighbourhood        of 

    is given by (Yano and Ishihara, 1973). 

 

     
  ̃            

   ̅

  ̅    
        ̅ 

}                       (2.4) 

 

The indices                    indicate the 

indices with respect to the adapted frame.  

It follows from (2.1), (2.2) and (2.4) that  

  
   (

 
  

) 

and 

  
  ̃  ( 

 

 
) 

with respect to the adapted frame {  }.  The 

straightforward calculations give: 

Lemma 2.1: (Yano and Ishihara, 1973). The Lie 

bracket of the adapted frame of      satisfies 

the following identities:  

[     ]        
   ̅

[     ̅]      
 
  ̅

[  ̅   ̅]   

 

where       
   denotes the Riemannian 

curvature tensor of        defined by  

    
       

       
     

    
     

    
 . 

Let us consider     equipped with the modified 

Riemannian extension ( ̃   ) for a given torsion-

free connection   on  . In adapted frame {  }, 

the modified Riemannian extension ( ̃   )  
 and 

its inverse ( ̃   )
  

 have in the following forms: 

(Gezer et al., 2015). 

( ̃   )  
 .

     
 

  
  

/ 

              ( ̃   )
  

 .
   

 

  
     

/, 

where     are the components of the symmetric 

      tensor field   on      . Then the 

quadratic differential form of this metric is 

( ̃   )       
        

       .   

Lemma 2.2: (Gezer et al., 2015). The Levi-

Civita connection  ̃ of the modified Riemannian 

extension   ̃     is given by; 

     ̃  ̅
  ̅   

    ̃  ̅
    

     ̃  
  ̅      

   ̅

    ̃  
      

    {      
  

 

 
(                 )}   ̅ 

 

Lemma 2.3: Let  ̃ be a fibre-preserving vector 

field of     with the components (     ̅). 

Then, the Lie derivatives of the adapted frame 

and the dual basis are given as follows:  

 

 

i.   ̃        
     (        

     
 ̅    ̅   

 )  ̅ , 

ii.   ̃  ̅   (     
    ̅ 

 ̅)  ̅, 

iii.   ̃  
           , 

iv.   ̃    (        
    ̅   

  (    ̅)  
 )    (     

  (  ̅  ̅)  
 )   . 

{For tangent bundles see (Gezer, 2011; Hasegawa and Yamauchi, 2003; Yamauchi, 1998; Yamauchi, 1999)}. 
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RESULTS AND DISCUSSION  

Theorem 3.1: Let         be a Riemannian 

manifold and     its cotangent bundle with the 

modified Riemannian extension. Then  ̃ is an 

infinitesimal projective transformation with the 

associated 1- form   on      if and only if there 

exist 

    
 
   

    ,   

          
    ,  

        
      satisfying 

 

1)         ̅  (
 

   
  (   

 )  ) 

2)   ̅      
     

3)       
      

     
 
     

  

4)   (    
 )    (      

 )  (   
 )    

      
      

    
     

    
     

    

5)          (   
 )         

                      
    

        

where  ̃         ̅  ̅ ,   
 
   ̅ 

 ̅  and                       . 

Proof: 

1) (   ̃)(  ̅   ̅)    ( ̃  ̅
  ̅)   ̃  ̅

(    ̅)   ̃     ̅   ̅      ̅   ̃   (  ̅)  ̅  

                              ̃  ̅
(     

    ̅ 
 ̅)  ̅   ̃

(     
    ̅ 

 ̅)  ̅
  ̅    ̅  ̅    ̅  ̅  

                               ̅(  ̅ 
 ̅)  ̅  (  ̅  

    ̅  
 )  ̅  

                               ̅(  ̅ 
 ̅)    ̅  

    ̅  
                                                                                      (3.1) 

2) 
 
(   ̃)(     ̅)    ( ̃  

  ̅)   ̃  
(    ̅)   ̃      

  ̅         ̃   (  ̅)    

   (    
   ̅)   ̃  ̅

[ (     
    ̅ 

 ̅)  ̅]   ̃
* (   

 )   (        
     

 ̅   ̅   
 )  ̅+

  ̅      ̅    ̅      

 [      
 
      

    
 
 (  ̅ 

 ̅)   
 
     

     
 

   (     
 
)    (  ̅ 

 ̅)       
 
   
  

      (  ̅ 
 ̅)   

      
     

 
]  ̅  (    

 )  ̅  (  ̅  
 )   

from which we get 

                                                    ̅  
      ̅                                                                              (3.2) 

and  

      
 
      

    
 
 (  ̅ 

 ̅)   
 
   (     

 
)    (  ̅ 

 ̅)       
 
   
  (  ̅ 

 ̅)   
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   ̅  ̅   

 
      

    
 
 (  ̅ 

 ̅)   
 
   (     

 
)    (  ̅ 

 ̅)       
 
   
  

(  ̅ 
 ̅)   

       
 
   

 [      
    (  ̅ 

 ̅)]  ̅  (    
 )  ̅  

       
    (  ̅ 

 ̅)      
 
 

where   ̅ 
 ̅    

 
. In this case, 

                                                     
      

      
 
                                                                    (3.3) 

substituting the equation (3.2) into the equation (3.1) it follows that,  

  ̅(  ̅ 
 ̅)    

                                                           ̅      
                                                                            (3.4) 

substituting the equation (3.4) into the equation (3.3), we have;  

      
    (  ̅     

     )      
 
 

                                                       
      

      
 
                                                                  (3.5) 

contracting   and   in (3.5),  

      
      

      
 
 

from which, we obtain; 

                                                           
 

 
(    

 )                                                                             (3.6) 

3)
 
(   ̃)(     )    ( ̃  

  )   ̃  
(    )   ̃      

            (  )    

   *   
    ,      

  
 

 
(                 )-   +   ̃  

* (   
 )   (        

     
  

   ̅   
 )  +   ̃

* (   
 )   (        

     
       

 ) 
 
+
              

from which; if writing, 

                       

if necessary actions are taken, 

       
      

     
    (   

 )  (   
 )   

      
     

      
      

                                     (3.7) 
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and  

         
    

     
 ̅   

    ̅   
    

      (      
 )  

 

 
           ̅    

          
    

  

(  ̅ 
 ̅)      

  
 

 
     

      
 

 
(  ̅ 

 ̅)     (   
 )      

  
 

 
(   

 )         
        

  

          
    (   

 ̅)      
 ̅    

    ̅(     
 )          

    
  (   

 ̅)   
    ̅   

    
  

    
        

  
 

 
    

                                                                                                           (3.8) 

From this formula:    
     

     
    , we can write in (3.7),  

       
     

 (   
     

   )    (   
     

   )     
 (   

     
   )     

 (   
     

   )  

    
      

   

        
     

     
      

 (   
   )    (   

 )         
     

     
      

 (   
 )     

    
    

    
     

      
    

        
      

  

 [       
     

    
           

     
    

   ]⏟                          
      

 

 [  (   
 )     

     
      

 (   
 )]⏟                      

  (   
 )

     
      

   

       
    (   

 )      
      

  

where, we contracting both sides with   
 
, 

                                                                
 

⏟    
 

   (   
 )          

 
⏟
  

 

                                                            (   
 )          

                                                             
 

     
  (   

 )                                                                (3.9) 

from (3.6) and (3.9), we have  

                                                         
 

 
(    

 
)  

 

   
  (   

 ) 

                                                                 
 
 

 

   
  (   

 )                                                            (3.10) 

from (3.8) we obtain, 
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⏟          

 

    
 ̅   

    ̅   
    

 
⏟            

 

     (      
 )  

 

 
           ̅    

          
    

  

(  ̅ 
 ̅)      

  
 

 
     

      
 

 
(  ̅ 

 ̅)     (   
 )      

  
 

 
(   

 )     

    
        

             
 

⏟        
 

   (   
 ̅)      

 ̅    
    ̅(     

 )⏟                      
 

   

         
    

 
⏟        

 

 (   
 ̅)   

    ̅   
    

 
⏟              

 

     
        

  
 

 
    

                                    

 

if these expressions are used;     (   
 ̅),       (      

 )  

 

  (   
 ̅)      (      

 )      (      
 )  

 

 
           ̅    

          
    

  

(  ̅ 
 ̅)      

  
 

 
     

      
 

 
(  ̅ 

 ̅)     (   
 )      

   

 
 

 
(   

 )         
        

      
        

  
 

 
    

          

 

From this formula:    
     

     
     

 

  (   
 ̅)      (      

 )     (      
 )⏟          

 

 
 

 
        ⏟        

 

   ̅    
          

    
 

⏟          
 

 

(  ̅ 
 ̅)      

  
 

 
     

     ⏟        
 

 
 

 
(  ̅ 

 ̅)     (   
 )      

  (   
   )      

 
⏟          

 

  

 
 

 
(   

 )     
 

 
(   

   )    ⏟                    
 

     
        

      
          

  

    
        

  (   
   )      

 
⏟          

 

 
 

 
    

      ⏟          
 

 
 

 
(   

   )        

hen necessary index changes are made and these expressions are used; 

   
 

 
(         (   

 )         
      )           (      

 ) 
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  (   
 ̅)      (      

 )      (      
 )  

 

 
[         (   

 )         
      ]  

(   
 )      

      
        

      
        

      
          

    ̅    
  (  ̅ 

 ̅)      
  

 

 
(  ̅ 

 ̅)        

where equation (3.4) is used and if necessary actions are taken, 

        
             (      

 )      (      
 )  

 

 
[         (   

 )         
      ]  (   

 )      
      

        
      

        
  

    
          

      
     

        
    

       
  

 

 
  

         

   [  (    
        

      )    (      
      )  (   

 )    
      

      
      

        
    

     
  

  
     

 ]  
 

 
[         (   

 )         
                      

    
     ]     

if we used equation (3.3) we get; 

  (    
 )    (      

 )  (   
 )    

      
      

    
     

    
     

    

and  

         (   
 )         

                      
    

        

 

CONCLUSION 

Let     be the cotangent bundle of an  

  dimensional Riemannian manifold  . We  

give a characterization of fibre-preserving 

projective vector fields with respect to modified 

Riemannian extension   ̃   .  
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