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n-coherent rings in terms of complexes
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Abstract

The aim of this paper is to investigate n-coherent rings using complexes.
To this end, the concepts of n-injective complexes and n-flat complexes
are introduced and studied.
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1. Introduction. The notion of coherent rings was first appear in Chase’s paper [[3]]

without being mentioned by name. The term coherent was first used by Bourbaki in [[2]].

Since then, coherent rings have became a vigorously active area of research, see [[13]].
Coherent rings have been characterized in various ways using modules by many authors

such as Chase, Cheatham, Ding, Stone, Stenstrom and Vasconcelos (see [[3, 4, 8, 14, 16]]).

For example, a ring R is left coherent if and only if the direct product of any flat right

R-modules is flat if and only if the direct limit of F P-injective left R-modules is F'P-

injective [[3, 14]]. In [[4], Theorem 1], Cheatham and Stone characterized coherent rings

using the notion of character module as follows:

The following statements are equivalent:

(1) R is a left coherent ring;

(2) A left R-module M is injective if and only if M ™ is flat;

(2) A left R-module M is injective if and only if Mt is injective;

(2) A right R-module M is flat if and only if M7 is flat.

The homological theory of complexes of modules has been studied by many authors

such as Christensen, Enochs, Foxby, Garcfia Rozas, Holm, Liu and Wang. Several char-

acterizations of coherent rings also have been done in various ways using complexes. For

instance, a ring R is right coherent if and only if any complex of left R-modules has a flat
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preenvelope [[12], Theorem 5.2.2]; a ring R is right coherent if and only if the direct limit
of F P-injective complexes of left R-modules is F'P-injective [[17], Proposition 2.30].

The concept of n-coherent rings was introduced by Costa in [[7]]. In [[1]], Bennis
introduced the notion of n-% -coherent rings and gave some characterizations of it using
n-Z -injective and n-2 -flat modules for a class of R-modules 2.

Motivated by the above work, the object of this paper is to characterize left n-coherent
rings using complexes. To this end, we firstly introduce and study n-injective and n-flat
complexes for a fixed positive integer n. We show the following results as our main results
in this note (cf. Theorem 4.11).

1.1. Theorem. Let R be a ring and n a fized positive integer. Then the following are
equivalent:

(1) R is left n-coherent,

(2) Every direct product of n-flat complexes of right R-modules is n-flat;

(3) Every direct limit of n-injective complezes of left R-modules is n-injective;

(4) Ext™(A, liin C") = liin Ext™(A, C%) for every n-presented complex A of left R-modules

and direct system {C"}icr of complexes of left R-modules;
(5) Tory( H D~ A) = H Tor, (D, A) for any family {D*}aen of complezes and any

n- presented comple:r A of left R-modules;

(6) A complex C of left R-modules is n-injective if and only if C* is n-flat;

(7) A complex C of left R-modules is n-injective if and only if CT" is n-injective;

(8) A complex C of right R-modules is n-flat if and only if CT is n-flat;

(9) For any ring S, Hom(Ext" (A, B), D) = Tor,(Hom(B, D), A) for any n-presented
complex A of left R-modules, any complex B of (R,S)-bimodules, any injective complex
D of right S-modules.

The paper is organized as follows:

In section 2 of this article, some notations are given.

In section 3, some isomorphisms are established which will be used to prove the main
results of this paper.

In section 4, we firstly introduce and study n-injective and n-flat complexes for a fixed
positive integer n. We give various equivalent conditions for a ring to be left n-coherent
using n-injective and n-flat complexes.

2. Preliminaries. Throughout this paper, R denotes a ring with unity, R-Mod denotes
the category of R-modules and %' (R) denotes the abelian category of complexes of R-
modules. A complex

—) Cl —> Co C_ 1 —>
of R-modules will be denoted by (C,d) or C. _
We will use superscripts to distinguish complexes. So if {C"}icr is a family of com-
plexes, C* will be

LNy L NS . Ny Il G

Given a left R-module M, we use D™ (M) to denote the complex

e 00— M-S M0 —

with M in the mth and (m — 1)th positions and set M = D°(M). We also use S™(M)
to denote the complex with M in the mth place and 0 in the other places and set
M = S°(M).

Given a complex C and an integer m, >_."™ C denotes the complex such that (3™ C); =
C(1—m), and whose boundary operators are (—1)™d;_,,. The mth homology module of C
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is the module H,, (C) = Zn (C)/Bm (C) where Zy,(C) = Ker(6S) and B, (C) =Im (85, 11)-
We set H,,,(C) = H™™(C).

Let C be a complex of left R-modules (resp., of right R-modules), and let D be a
complex of left R-modules. We will denote by Hom (C, D) (resp., C ® D) the usual
homomorphism complex (resp., tensor product) of the complexes C' and D.

Given two complexes C' and D, let Hom(C, D) = Z(Hom (C, D)). We then see that
Hom(C, D) can be made into a complex with Hom(C, D),, the abelian group of mor-
phisms from C to >~ ™ D and with boundary operator given by f € Hom(C, D),, then
6m(f) : € = 27D D with 6,,(f); = (—1)"6P f; for any | € Z. For any complex C,
C* = Hom(C,Q/Z). Let C be a complex of right R-modules and D be a complex of left

R-modules. We define C®D to be B((CC%,DD)). Then with the maps

(C® D)m (C® D)m-1
4)

Bn(C® D) " Bm_1(C® D)
(CQ® D)m
Bm(C® D)’
new functor Hom(C, D) will have right derived functors whose values will be complexes.
These values should certainly be denoted Ext’(C, D). It is not hard to see that Ext’(C, D)

is the complex

<o = Ext'(C, 2™ D) 5 Ext'(C,2"™D) — Ext!(C, 2™ YD) ...
with boundary operator induced by the boundary operator of D. For a complex C' of left
R-modules we have two functors —®C' : €g — 6z and Hom(C, —) : r¢ — %z, where ér
(resp., r%) denotes the category of complexes of right R-modules (resp., left R-modules).
Since —®C : ¥r — %7 is a right exact functor, we can construct left derived functors,
which we denote by Tori(—,C).

, 2@y — i (x) @y,

where x @y is used to denote the coset in we get a complex. We note that the

3. n-Presented complexes and some isomorphisms. In this section, we first in-
troduce and study the concept of n-presented complexes. Moreover, some isomorphisms
which are used to prove the following results are shown.

3.1. Definition ([[10]]). A complex C is called finitely generated if, in the case where we
can write C = >, ; D' with D' € ¥(R) subcomplexes of C, there exists a finite subset
J C I such that C =Y, D"

A complex C is called finitely presented if C is finitely generated and for every exact
sequence of complexes 0 - K — L — C — 0 with L finitely generated, K is also finitely
generated.

3.2. Lemma ([[10]]). A complex C is finitely generated if and only if C is bounded and
Ch, 18 finitely generated in R-Mod for all m € 7Z.

A complex C is finitely presented if and only if C is bounded and C,, is finitely pre-
sented in R-Mod for all m € Z.

It is clear that we have the following results:

3.3. Lemma. Let 0 - A — B — C — 0 be a short exact sequence of complexes. Then
the following statements hold:

(1) If A is finitely generated and B is finitely presented, then C is finitely presented,

(2) If A and C are finitely presented, then so is B;

(3) If R is left coherent ring, and B, C are finitely presented, then so is C.

3.4. Lemma. Let C be a complex. Then the following statements are equivalent:

(1) C is finitely presented,

(2) There exists an exact sequence 0 — L — P — C — 0 of complezes, where P is finitely
generated projective, and L is finitely generated,
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(3) There exists an exact sequence P* — P° — C — 0 of complezes, where P°, P! are
finitely generated projective, and P2, PL are free for all m € Z.

An R-module M is called n-presented if it has a finite n-presentation, i.e., there is an
exact sequence
F,—F1—=...Fi—>Fp—-M-—=0

in which each F; is finitely generated free.
Now, we extend the notion of n-presented modules to that of complexes and charac-
terize such complexes.

3.5. Definition. Let n > 0 be an integer. A complex C is said to be n-presented if there
is an exact sequence P" — P" ! = P! - P% - C — 0 of complexes, where P is
finitely generated projective, and Py, is free for ¢ = 0,1,--- ,n and all m € Z.

3.6. Remark. (1) A complex C is n-presented if and only if C is bounded and C,, is
n-presented in R-Mod for all m € Z;
(2) A complex C is n-presented if and only if there is an exact sequence of complexes

0-K'"5P"'5...5P 5P 500

where P? is finitely generated projective, PZ, is free for i = 0,1,--- ,n—1 and all m € Z,
K™ is finitely generated;
(3) A complex C is n-presented (n > 1) if and only if there is an exact sequence of
complexes

0—-K—>P—C—0,

where K is (n — 1)-presented and P is finitely generated projective.

3.7. Lemma. Let n > 1 be an integer and 0 - K — P — C' — 0 an exact sequence of
complexes. Then

(1) If P is n-presented and K is (n — 1)-presented, then C is n-presented,
(2) If K and C are n-presented, then so is P;
(3) If C is n-presented and P is (n — 1)-presented, then K is (n — 1)-presented.

Proof. It is similar to the proof of [[13], Theorem 2.1.2] by Remark 3.6 (1). O

Let I be a set. An R-module M is called I-graded if there exists a family {M;}icr of
submodules of M such that M = @ M;. A Z-graded module is simply called a graded
i€l
module. General background about graded modules can be found in [[6]].

3.8. Lemma. Let _{C”}ieI be a family of complezes, D a finitely generated complex.
Then Hom(D, @ C*) =2 @ Hom(D, C*) as complezes.

iel i€l
Proof. Firstly,

ot @ Hom (D, C*) — Hom' (D, @ C*)

i€l i€l

is an isomorphism by x = (z%)ic; — 3. Hom' (D, e%)(z") = 3 e'a?, where = (2%)icr €
i€l iel
(@ Hom' (D, C")); = @ (Hom (D, C")); with z* € Hom (D, C*); and ¢’ : C7 s @ C*
iel iel i€l
is the natural embedding (see [[6],Proposition 2.5.16]). ‘
Secondly, we will show that Hom(D, € C*) = @ Hom(D, C*). We define a morphism
i€l el
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¥ = | @ Hom(D,Ct) : G%@(D,C’) — Hom(D, @ C").
1€

i€l i€l
Then v is a graded isomorphism of graded modules with degreey = 0. On the other
hand, for any (z*)icr € () Hom(D, C")),,
iel

@ Hom(D,C") . @ Hom(D,C") i,
oIl (z%)ier = adie! (2")ier = a(852P ) (2))jep =

™ Hom(D, £")d8em(P:0N) (i) = 32 gi(—1)16" (1) = (—1)! 2 469" (2),

iel iel iel
and

Hom(D, @ C%) ) Hom(D, @ C*) . Hom(D, @ C*)

i€l ’Y(ml)iel =9 i€l a(ﬁﬂl)iel =4 iel (Z Eixi)
el
o ct o @ ct o
= (=Dlocr (D elat) = (=) D8 gigt = (—1)E 3D €469 ().
i€l i€l i€l

Thus « is an isomorphism of complexes, and hence Hom(D, @ C*) = @ Hom(D, C*?).
el icl
(]

3.9. Lemma. Let {C'};cr be any direct system of complezes. Then a ﬁm‘tely‘genemted
complex D is finitely presented if and only if Hom(D,lim C*) = lim Hom(D, C*).
— —

Proof. (=) It follows from Stenstréom [[15], Chap. V, Proposition 3.4].

(<) Let {M;};cr be a family of R-modules. Then >~ " M, is a complex for all n € Z
and i € I. Hence Hom(D,lim Y "™ M;) = lim Hom(D, Y ™" M;) for all n € Z, which
— —
implies that
Hom(D, lim M;) = lim Hom(D, M;).
— —
Since Hom(D, lim M;) = Hom(D, lim M;) = Homg(D, lim M;) and Hom(D, M;) = Homg (D, M;),
— — —
we have that HomR(Dk, lim M;) & lim HomR(Dk, M;) for all k € Z, then DFisa finitely
— —
presented R-module. Therefore, D is finitely presented. O

3.10. Lemma. Let {Ci}iej" be a family of complexes, D a finitely presented complex.
Then D® [] C* = [T (D®C") as complezes.
i€l i€l

Proof. Firstly,

a:D® [[C"— [[(D® CY

i€l i€l

is an isomorphism by z — ((D ® 7")(x))ier, where z = d® ¢ € (D ® [] C*); and

iel
7l . T C* — C7 is the natural projection (see [[6], Proposition 2.5.17]).
i€l
Secondly, we will show that D® [[ C* = [[(D®C"). Since we have the following

iel iel
commutative diagram:
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‘ ) (D& -QI Cchy
(De 11 CRCER e 0
i€l
D‘ll le
- (D& 1 o)
(I D& C*) B[ D& OV 0,
iel iel
(P& T1 ¢y, (D& 1 ¢y,
where £ : BL(DQ;,E{_[ &5 — By H1€D®'Ci) is given by the assignment
el i€l

d®c+BDO® [[C) — ald®c)+B([] D& CY)

iel el

for any d® ¢ € (D ® [] C?);. Thus § is a graded isomorphism of graded modules with
i€l
degree 0. Moreover,

D® [] C* )
5 © (d@e+ BD® T[CY)

iel

=B(67(d) ® c) = a(6” (d) ® ¢) = (67 (d) ® 7'(c))iex

and
I1 (D®CY) )
st Bdee+ BIDg ] CY)
i€l
I1 (D&CY) , v
—ger aldg o)+ B(D & T] CY)
i€l
I1 (D®C*) S0 ;
= §iel a(d®c) = (6729 a(d ® ¢))ier = (6°(d) @ 7(c))icr.
Therefore, § is an isomorphism of complexes. O

3.11. Lemma. Letn > 1 be an integer, D an n-presented complex and {C"Ver a direct
system of complexes. Then Ext™ '(D,lim C?) = lim Ext" (D, C%).
— —

Proof. We do an induction on n. If n = 1, then the result follows from Lemma 3.9.

Let n = 2 and D be an 2-presented complex. Then there exists an exact sequence
of complexes 0 -+ L — P — D — 0 with P finitely generated projective and L finitely
presented. Thus there is a commutative diagram with exact rows:

Hom(P, lim C*) ——— Hom(L,lim C*) ——— Ext'(D,limC*) —— 0
— — —

| g !

lim Hom(P, C*) ——— lim Hom(L,C*) ——— limExt'(D,C") — 0.
— — —

Since Hom(P, li_r>n Cch) = li_r}n Hom(P, C*) and Hom(L, li_r>n Ch =~ li_r>n Hom(L, C*) by Lemma
3.9, we have Ext!(D,lim C*) = lim Ext* (D, C").

Ifn > 2, then it foll(;vs from tl?e standard homological method. Therefore, Ext™ (D, hin Ch) =
lim Ext™ (D, C%). O
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3.12. Lemma. Let n > 1 be an integer, D an n-presented complex and {N®}qcr a
family of complexes. Then Tor,—1( ] N%, D)= ] Tor,—1(N%, D).
ael a€el

Proof. We do an induction on n. If n = 1, then the result follows from Lemma 3.10.
Let n = 2 and D be an 2-presented complex. Then there exists an exact sequence
of complexes 0 -+ L — P — D — 0 with P finitely generated projective and L finitely
presented. Thus there is a commutative diagram with exact rows:
0 —— Tori(J] N*, D) —— (][] NYQ®L —— (] N%)QP

acl acl acl

0 —— [] Tori(N®, D) —— [[(N°®L) —— [[ (N°®P).
acl acl acl
Since ([ N*)®L = [[(N®®L) and ([[ N*)®P = [[ (N*®P) by Lemma 3.10, we
aecl ael aecl aecl
have Tory( [[ N, D) = [] Tori (N, D).
a€l acl

If n > 2, then it follows from the standard homological method. Therefore, Tor,—1( [ N, D) =
acl

I1 Torn—1 (N, D). d
acl

3.13. Lemma ([[12]]). Let R and S be rings, L a complex of right S-modules, K a
complex of (R,S)-bimodules and P a complez of left R-modules. Suppose that P is finitely
presented and L is injective as complexes of right S-modules. Then Hom(K, L)@P =
Hom(Hom(P, K), L) as complexes. This isomorphism is functorial in P, K and L.

3.14. Lemma. (1) Let R and S be rings, n a fized positive integer, A an n-presented
complex of left R-modules, B a complex of (R,S)-bimodules, C an injective complex of
right S-modules. Then Hom(Ext" '(A, B),C) = Tor,_1(Hom(B, C), A).

(2) Let R and S be rings, n a fized positive integer, A a complex of left R-modules, B
a complex of right (R,S)-bimodules, C an injective complex of right S-modules. Then
Ext" (A, Hom(B, C) = Hom(Tor, (B, A), C).

Proof. (1) We do an induction on n. If n = 1, then the result follows from Lemma 3.13.

Let n = 2 and A be an 2-presented complex. Then there exists an exact sequence of
complexes 0 - K — P — A — 0 with P finitely generated projective and K finitely
presented in ¥ (R). Thus we have the commutative diagram with exact rows by Lemma
3.13:

0 —— Hom(Ext'(A, B),C) ——— Hom(Hom(K, B),C) ——— Hom(Hom(P, B),C)

0 —— Tor,(Hom(B,C),A) —— Hom(B,C)® K —— Hom(B,C)® P.

Hence, M(@l (A,B),C) = Tor, (Hom(B, C), A).

If n > 2, then it follows from the standard homological method. Therefore, Hom(Ext™ *(A, B), C) =
Tor,,—1 (Hom(B, C), A).

(2) It follows by similar arguments since Hom(A® B, C) = Hom(A, Hom(B, C)) for
any complex A, B and C. ]

3.15. Remark. It is not hard to see that

Hom(D, J] €*) = ] Hom(D, C*),

i€l i€l



528

Dg @ C" = P(DaC"),

ie€l i€l
Ext™(D, [] C") = J] Ext™(D,C"),
iel el

and

Tor, (P N*, D) = @ Tor,(N“, D)

acl acl

for a fixed positive integer n, any complex D and any family {C*}ic; of complexes by
analogy with the proof of the results above.

4. n-Injective complexes and n-flat complexes. In what follows, if A is n-presented,
i.e., there is a finite n-presentation F™ — F*" ! — ... 5 F' - F% 5 A — 0, we will
write K = A, K'=Ker(F° — A), K'=Ker(F'"* — F'"2) for 2 < i < n. Clearly, each
K'is (n — i)-presented for 0 < i < n.

A complex FE is said to be F P-injective if Ext'(P,C) = 0 for any finitely presented
complex P, if and only if Ext'(P, C) = 0 for any finitely presented complex P [[17]]. A
complex F is flat if and only if Tor;(F,C) = 0 (Tor;(F,C) = 0 for any i > 1) for any
complex C if and only if Tor;(F, P) = 0 (Tor;(F, P) = 0 for any i > 1) for any finitely
presented complex P [[9]].

To characterize left n-coherent rings for a fixed positive integer n, we introduce the
following definitions.

4.1. Definition. (1) A complex C is called n-injective if Ext™(D,C) = 0 for any n-
presented complex D; -
(2) A complex C is called n-flat if Tor,(C, D) = 0 for any n-presented complex D.

4.2. Remark. (1) It is obvious that a complex D is 1-injective (resp. 1-flat) if and only if
D is FP-injective (resp. flat); and any n-injective (resp. n-flat) complex is n + 1-injective
(resp. n + 1-flat). However, the converse is not true in general (see Example 4.12).

(2) It is clear that the class of all n-injective complexes and the class of all n-flat complexes
are closed under extensions and summands.

(3) A complex C is n-injective if and only if Ext™(D,C)=0 for any n-presented complex
D.

(4) If R is a left coherent ring and C is an n-flat (resp. n-injective) complex, then
Tor;(C, F) = 0 (resp. Ext’(F,C) = 0) for each n-presented complex F and i > 1.

4.3. Proposition. Let {C'}icr be a family of complezes of R-modules. Then

(1) H C' is n-injective if and only if each C* is n-injective;
(2) Zé}jBi is n-flat if and only if each B* is n-flat.

i€
Proof. (1) It follows from the isomorphism Ext™ (N, H C") = H Ext™(N,C"), where N
is a complex of R-modules. L ‘ < j ‘

(2) It follows from the isomorphism Tor, (@ B*, N) = P Torn(B*, N), where N is a
complex of R-modules. “ ! O

4.4. Proposition. Let C be a complex of right R-modules and n a fized positive integer.
Then C is n-flat if and only if Ct is n-injective.
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Proof. Tt follows from the isomorphism Ext™(D,C™") 2 Tor,(C, D)t for any complex
D. (]

4.5. Lemma. A complex C is n-injective if and only if, for every n-presentation F" —
Frl 5 0. 5 F1 5 F° 5 A — 0 of a complez A, every f: K™ — C can be extended a
map g: F*~t = C.

Proof. We have an exact sequence of complexes 0 — K" — F"~! — K" ! - 0, and
an isomorphism Ext™(A,C) = Ext' (K™™', C) for any complex C. Therefore, the result
follows by definition of n-injective complexes. O

4.6. Lemma. Consider the commutative diagram with exact rows in € (R):

f1 f2

M, Mo M3 0
0 Ny 2 Ny — 2o N,

Then the following assertions are equivalent:
(a) there exists o : Mz — Ny with ags = ¢3;
(b) there exists B : Ma — N1 with f18 = ¢1.

Proof. (b)=(a) If 3 : M2 — Ni has the given propery, then ¢18f1 = gip1 = v2/f1,
ie. (p2918)fi = 0. Since f2 is the cokernel of fi, there exists a : M3 — N2 with
afs = o — gi18. This implies gaafo = gap2 — 92918 = gaw2 = @3 f2. f2 being epic we
conclude gaa = (3.

(a)=-(b) is obtained similarly. O

4.7. Proposition. The class of all n-injective complexes and the class of all n-flat com-
plexes are closed under pure subcomplezes.

Proof. Let C1 be a pure subcomplex of an n-injective complex C. For any finite n-
presentation F* — F" ' — ... 5 F' 5 FY 5% A - 0of A and any map f: K" — Ci,
by Lemma 4.5 and Lemma 4.6, we get the following diagram with exact rows:
0——=K"—‘sprt Pognt o
fl /kl / lz
j q

0 c,—1>cC C/CL —0

where ¢ and j are inclusion maps. So (' is n-injective by Lemma 4.5 again.

Let S be a pure subcomplex of an n-flat complex C. Then the pure exact sequence
0— S — C — C/S — 0 induces the split exact sequence 0 — (C/S)" — CT — ST — 0.
Thus ST is m-injective since Ct is n-injective by Proposition 4.4. So S is n-flat by
Proposition 4.4 again. O

4.8. Lemma. Let {C*%}icr be a family of complezes. Then
(1) @ C" is a pure subcomplez of [] C*;

i€l i€l
(2) TI C* is a pure subcomplex of [ (CH)TT.

i€l i€l
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Proof. (1) Since for any finitely presented complex P, we have ([[ C")®P = [[(C'®P)
il i€l
by Lemma 3.10. Thus we get the following commutative diagram:

(@ CcHer ——([I CaP

i€l i€l

0—— P(C'®P) — [[(C'®P).
iel icl
Hence, @ C" is a pure subcomplex of [] C".
i€l iel

(2) Tt is similar to the proof of (1) since C* is a pure subcomplex of (C*)™ for each
1€ 1. O
4.9. Lemma. The following are equivalent for a bounded complex C of right R-modules:
(1) C is finitely generated,
(2) COI, A — [, (C®AY) is an epimorphism for every family {A*}s of complexes
of left R-modules.

Proof. (1) = (2) Let 0 = K — F — C — 0 be an exact sequence of complexes with F'
finitely generated projective. Then we have the following commutative diagram:

K@[[ A —— FR[[,A —— OB[[,4 —— 0
HA(K@AA) R HA(F@A’\) ey HA(C@A’\) — 0

with exact rows. But 7 is isomorphism by Lemma 3.10. So 7¢ is onto.
(2) = (1) Since C is bounded, we can assume that C has the following form:

e — 00— Cp — Cpeg — - —C1 — Cp — 00— -+ .

It is enough to prove that C; is finitely generated in R-Mod for j = 1,--- ,m. Let
{M;}icr be a family of left R-modules. Then

CO[IM)m =B C: (][] Mi)m—rt =Cr @ [[ M;

el tez i€l il
and
el icl tez i€l
. Sm+1 Sm, 82 51
CR[IM: =0 S5 Cu][Mi—= - 2C1[[Mi —0—---.
i€l i€l i€l
HC®% _>OUL+>1HCm®MZU_m>2>HCI®Ml£>O_>
i€l i€l i€l
Hence C® [] M; and [](C®M;) have the following form:
el i€l
% [1 M -
i€l
Crm-1® [1 M; C1@ [1 M;
2 0= O @ [ My — ——e— — =~ 2 0=
i€l
[[(CeM,):

i€l
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[T (Crn—1®M;) [T (C1®M;)
=0 —J[CneM) — e ..

Imo Imo
iel m 2

50—

Since C® [] Ms — [[(C®M;) is epic, C, @ [] Ms — [[(Cm ® M;) is epic, then
iel iel iel iel

Cr, is finitely generated in R-Mod by [[11], Lemma 3.2.21]. If we replace the complex

M; with M;, we have Cy,_1 is finitely generated in R-Mod. If we replace M; with

-—=0—> My — My — Mz — 0 — ---, we have C,,,_2 is finitely generated in R-Mod.
We continue the process, we can get C) is finitely generated in R-Mod for j =1,--- ,m
by [[11], Lemma 3.2.21]. O

4.10. Lemma. The following are equivalent for a bounded complex C of right R-modules:
(1) C is finitely presented,

(2) CRI[, A — [1,(C®A?Y) is an isomorphism for every family {A*}a of complezes
of left R-modules.

Proof. (1) = (2) It follows by Lemma 3.10.

(2) = (1) C is finitely generated by the Lemma 4.9 above. Solet 0 - K — F —
C — 0 be exact with F finitely generated projective. It now suffices to show that K is
finitely generated. But for any A, we have a commutative diagram:

K[ A —— Fe[[,A —— CQ[[,A* —— 0

HA(K®A)\) —— HA(F®A>\) BE— HA(C®A>\) — 0

with exact rows where 7 and 7¢ are isomorphisms. So 7x is onto and hence K is finitely
generated by Lemma 4.9.

A ring R is left coherent if and only if the direct limit of F'P-injective complexes of left
R-modules is F'P-injective [[17]]. Now we will give some characterizations of n-coherent
rings using the results above.

4.11. Theorem. Let R be a ring and n a fired positive integer. Then the following are
equivalent:

(1) R is left n-coherent;

(2) Every direct product of n-flat complexes of right R-modules is n-flat;

(3) Every direct limit of n-injective complezes of left R-modules is n-injective;

(4) Ext™ (A, liin Ch) = liin Ext™(A, C%) for every n-presented complex A of left R-modules

and direct system {C"}icr of complexes of left R-modules;
(5) Tory( H D~ A) H Tor, (D%, A) for any family {D*}aea of complexzes and any

n- presented complea: A of left R-modules;

(6) A complex C of left R-modules is n-injective if and only if C" is n-flat;

(7) A complex C of left R-modules is n-injective if and only if CT" is n-injective;

(8) A complex C of right R-modules is n-flat if and only if C*T is n-flat;

(9) For any ring S, Hom(Ext™ (A, B), D) = Tor,(Hom(B, D), A) for any n-presented
complex A of left R-modules, any complex B of (R,S)-bimodules, any injective complex
D of right S-modules.

Proof. (1) = (4) It follows by Lemma 3.11.

(4) = (3) It is trivial.
(3) = (1) Let A be an n-presented complex of left R-modules. It is sufficient to
show that K™ is finitely presented. Let {C"}:;er be a family of n-injective complexes of
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left R-modules, where T is a directed set. Then lim C* is n-injective by (3), and hence
—
Ext' (K™, 1lim C*) = Ext™ (A, lim C*) = 0.
— —
Thus there is a commutative diagram with exact rows:

Hom (K™%, lim C?) — 5 tim Hom (K™ ', C%)
— —

! l

Hom(F™!,lim C*) —2— lim Hom(F"~*,C")
— —

l !

Hom(K™, lim C*) — lim Hom(K™, C%)
— —

! !

0 0

Since both K™™' and F™~! are finitely presented, f; and fa are isomorphisms by Lemma
3.9. Hence f3 is an isomorphism. K™ is finitely generated, so K™ is finitely presented by
Lemma 3.9. Thus A is (n + 1)-presented. Therefore, R is left n-coherent.

(1) = (5) It holds by Lemma 3.12.

(5) = (2) It is obvious.

(2) = (1) Let A be an n-presented complex of left R-modules. We will show that K™~*
is 2-presented. For any family {A’};c; of n-flat complexes of right R-modules, [] A* is

i€l
an n-flat complex. Thus the exact sequence of complexes 0 — K™ — "~ — K"~ ! 0
gives rise to the following commutative diagram with exact rows:
0 —— (J[TAYRK™ —— ([[ AHYQF" ! —— ([[ AHD®K™™! —— 0

iel el iel

¢1l 4>2JV ¢3J,
0 —— [I[(A®K") —— [[(A®F"") —— [[(A®K") —— 0.
il el iel
By Lemma 4.10, ¢2 and ¢3 are isomorphisms, and hence ¢; is an isomorphism. Thus
K™ is finitely presented, and so K™ ' is 2-presented, hence A is n + 1-presented.

(6) = (7) Let C be a complex of left R-modules. If C is n-injective, then C™ is n-flat
by (6), and so C™™ is n-injective by Proposition 4.4. Conversely, if C** is n-injective,
then C is a pure subcomplex of Ct* (see [[12], Proposition 5.1.4]). So C' is n-injective
by Proposition 4.7.

(7) = (8) If C is an n-flat complex of right R-modules, then C* is an n-injective
complex of left R-modules by Proposition 4.4. Hence CT ' is n-injective by (7). Thus
C** is n-flat by Proposition 4.4. Conversely, if CT" is n-flat, then C is n-flat by
Proposition 4.7. '

(8) = (2) Let {C"}icr be a family of n-flat complexes of right R-modules. By Propo-
sition 4.3, @ C" is n-flat, so () C)™ = ([] C*")* is n-flat by (8). But @ (C*)" is

iel iel i€l iel
a pure subcomplex of [] (C*)" by Lemma 4.8, and so (] (C)")t = (P (CH)T =0
iel el iel
splits. Thus [] (C”')Jr+ =~ (6 (C”')Jr)+ is n-flat. Since [ C* is a pure subcomplex of
i€l i€l i€l
[1(CH*" by Lemma 4.8, [] C* is n-flat by Proposition 4.7.
iel i€l
(1) = (9) It follows from Lemma 3.14.
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(9)= (6) Let S=%Z, D =Q/Z and B = C. Then
Tor,(CT, A) = Ext™(A,C)*"
for all n-presented complexes A of left R-modules by (9), and hence (6) holds. O

4.12. Example. If R is n + 1-coherent but not n-coherent, then we can form a direct

limit lim C* of n-injective complexes {C"};cr, which is not n-injective but is necessary
—

n + l-injective; we can also form a direct product [] C* of n-flat complexes {C"}icr,

ael
which is not n-flat but is necessary n + 1-flat.
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