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Abstract

Let M,be an n-dimensional differentiable manifold of class C*° and
T} (M,) the tensor bundle over M, of tensor of type(l,q). The purpose
of this paper is to define a diagonal lift Pg of a Riemannian metric ¢ of a
manifold M, to the tensor bundle qu(Mn) of M, and and to investigate
geodesics in a tensor bundle with respect to the Levi-Civita connection of
Dy,
Key Words: Tensor bundle, Riemannian metric, Diagonal lift, Levi-Civita connection,
Geodesics.
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1. Introduction

Let M, be an n-dimensional differentiable manifold of class C* and T} (M,) the
tensor bundle over M,, of tensor of type (1,q). If 2° are local coordinates in
a neighborhood U of point x € M,, then a tensor ¢ at x which is an element

of T;(M,) is expressible in the form (8.t ), where tglu are components

i1...04 g

of ¢ with respect to the natural frame. We may consider (z°, tglmiq) = (2%,2") =
(D), i=1,....,n,i=n+1,...,n(1+n9), I =1,...,n(1+n?) as local coordinates

in a neigbourhood 7~ !(U) (wis the natural projection T, (M,) onto My).

Let now M,, be a Riemannian manifold with non-degenerate metric g whose
components in a coordinate neigbourhood U are g;; and denote by I‘?i the Christof-
fel symbols formed with g;; .

We denote by 77 (M,,) the module over F(M,) (F(M,) is the ring of C*° func-
tions in M,,) all tensor fields of class C*° and of type (r, s) in M,,. Let X € 7' (M,,)
and w € T,'(M,). Then “X € T/ (T} (M,)) (complete lift) #X € 73 (T} (M,))
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(horizontal lift) and Vw € 7o (T (My)) (vertical lift) have, respectively, compo-
nents (see [5-7])

Xh
c
X = 1
(tﬁihm Zthlmhgthm (L)
Xh
H q
X =
( Flfnetle - Z anhutil...m...hq
pn=1
14
w =
wﬁl hy )

with respect to the natural frame {0y} = {0, 9;}, ah = tﬁl_“hq in T} (M,,), where
X" and w}jlmhq are respectively local components of X and w.

In each coordinate neighborhood U(x") of M,,, we put

0 n O
Xj:axJ 6jah€%( n), J=1,.
w; = 0 QRde’ ® -+ @ dale

= 0P 00 O ©da™ @ - @ dale € T (M),
J=n+1,...,n(1+n?

Taking account of (1), we easily see that the components of #X; and Yw; are
respectively given by

h
6]’

q

s k k ts )
erjhuthl...s...h _Fjsthl .hq
n=

0

with respect to the natural frame {0 } where (S;-iS the Kronecker delta. We call the
set {#X;,V w;} the frame adapted to the Riemannian connection V in 7=1(U) C
T, (M,). On putting

A =" X;, A7 =" wy
we write the adapted frame as {Ag} = {4;, A5}
It is easily verified that n(1 + n?) local 1-forms

A' = (AY) = (60,0)=dz’, i=1,.

A = (‘Zg-l) - < Zs 151 ZF hiy, 11..45...2 ’ 5k6h1 o 51;) (2)

TX; = (A =

( ot ZF,”“ e >d:v + ool ...5Zf1dxﬁ

= 6t5, ., 1= +1,..., (14 n9)
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form a coframe {:1 oy = {;1 iA ’} dual to the adapted frame {Ag}, i.e. A
a AH _ sa

H B 8-

2. Lift Pg of a Riemannian g to T, (M,)

On putting locally

Dg =Py A9 A +Pgr AT A’ (3)

gjida’ @ dz' + g 671" - §tasth L @6ty

where 677 is the Kronecker delta, we see that g defines a tensor field of type (0, 2)
in T, (M), which is called the diagonal lift of the tensor field g to T, (M,) with

respect to V. From (3) we prove that ”g has components of the form

gji 0
Pg= (Dgﬁa) = ( O] g6t .. §iata ) (%)

with respect to the adapted frame and components

Doy Do
Pg = (Pgs) = ( ngz Dgﬂ )

97i 97

ngi = gjz‘Jrgzrf;jlil "'5jqiq( jmijs.. Jq Zfﬁutél ) '
(F:stqu ZFQ tr 8.1 )
q
D 1 ! l
gj7 = glr(gjm . §dat q<ij ?} a Z ;’;Ntﬁ m”_jq>
H:

q
D = _ J1i1 . .. STqt T 4S s 4r
i = a0 (T8, = D T 0, )
u=1
ngi = ng(Sjlil - 5jq7;q

with respect to the natural frame. The indices a = (4,2), 8= (4,7) = 1,...,n(1 +
n?) and I = (4,7), J = (5,7) = 1,...,n(1 +n7) indicate the indices with respect to
the adapted frame and natural frame respectively.

From (4) it easily follows that if g is a Riemannian metric in M,,, then Pg is a
Riemannnian metric in qu(Mn).

2.1. Remark. The metric Pg is similar to that of the Riemannian extension
studied by S. Sasaki in the tangent bundle Ty (M,,) (¢ = 0) [8] (see also [9], p.155,
for the frame bundle, see [1, 4]. O. Kowalski [2] studied the Levi-Civita connection
of the Sasaki metric on the tangent bundle. Section 3 in this paper will be devoted
to a study of the Levi-Civita connection of Pg in T (M,).
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From (1) and (2) we see that components of “X, X and Vw :
Cxa ) a CxH Hyo =1 a HyH Vo =2 o Vot

with respect to the adapted frame are given respectively by

X'L’
Cya)
( X)_<tm _var_ q tr viuxm>,

11...1q p=1"i1..m...1q4
Xt
x = ). 5

= ( . )

From (4) and (5) we have
Po("X 1Y) = 9(X,Y) (6)
Py(VwY) =0 (7)
from (6). Hence we have:

2.2. Theorem: Let X,Y € 7, (M,). Then the inner product of the horizontal
lifts X and 7Y to T, (M,) with metric P g is equal to the vertical lift of the inner
product of X andY in M,.

From (4) and (5) we have also

v
Pg("w,Y 0) = (9(wiy, 0i)))s (8)
Q]
v
PoVw,Y) = > glwey, l(VY)i))), (9)
(#)
%
Pg(ex.7Y) = V(9(X,Y) + ) (9((VX) (), (VY) ) (10)
(@)
where (i) = (i1...1q) and «(VX)y = (¢ Vi X" = 30 1 85 ni, Vi, X ™0y

Since the horizontal (or complete) and the vertical lifts to T, (M) of vector
fields in M,, span the module of vector fields in T} (M, ), formulas (6)—(8) (or (8)-

(10)) completely determine the diagonal lift g of the Riemannian metric g to the
tensor bundle T} (M,).

2.3. Remark. We recall that any element g€ T2(T}(My,)) of type (0,2) in the
tangent bundle Ty (M,), (¢ = 0) is completely determined by its action on lifts
of the type ©“X;, ¢ Xy, where X;, i = 1,2 are arbitrary vector fields in M,, ([9],
p.33). Then Pg € T)(T}(M,)) is completely determined by (10) alone.
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3. Levi-Civita Connection of Pg

We now need the components of the non-holonomic object which is important
when we use a frame of reference such as {A}. They are defined by

[A’Y’Aﬁ] = nyélem or,
Q5 = (A Af —AgAfTy A

According to A; = 05 + (), 5, th
components {2, 5" are given by

hy —Ffstil h)aﬁ, A; = 05, the

7 =-;7 = ZZ 1 JsH‘Sn‘SH s Oy e b5y = 5,000

s B q T T
Qij - 7jS = ZH:I Ri]st“tsl...t s Rzgt til (11)
Q=0 =0 =0 =07 =0,

where R, ; [ are components of the curvature tensor of the Riemannian connection

V.

Components of the Riemannian connection determined by the metric Pg are
given by:

Lp e Lo o oo a
Drfyg =5 Py (Ay Dgeﬂ + Ag Dg'ye — A Dg’vﬂ) + 5(9’75 +Q vt & 5’7)’ (12)

where Q% 4 =D g Dgss QE,Y‘S, Dgac are the contravariant components of the

metric ¢ with respect to the adapted frame:

D pay_ [ 9 0 >
g = r 13
G ( 0 g0 by, =

Then, taking account of (11), (12), and (13), we have

Dph h Dph _ N4 t i1 i iq ok
=T, I = e 1th5 oy ---5hq<5r
D h _ 1 _hn mij1 ... SMq] t 10 _ 01t
F 7 29 gGT(S 11 dMala ,u:l Rni?rmtml...t...m ant tml Mg
Dprh _ 1 _hn mii Mgt q t 40 04t
Fij =359 GorO 1 . §ata p=1 anm“t A anttml Mg (14)

Dph _ 1 q trk kst
Fij -2 (Zu 1 Rzgh“ thl‘..t...hq - Rijt thl..‘hq>

Dyh _ Tk i1 Ja Dph _ DTh
Fij—l“iléhl-néhq? I’ =0, T
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From (5) and (14) we see that PVvyVw, PVux 1Y, PVvy Y and PVux Vw
have, respectively, components of the form

DVVQ VU.) = 0
X'V, YF
4
3 XY ( 21 R oty — Rty ie,)
‘u,:
= "(VxY) - 3R(X)Y) |
%Y](g;...iqgh"glr(smlh e (anZq

q
t 4l I 4t
DVV@ HY — (Hzl anmutml...t...mq - anttml...mq) (15)

q
j t ok
\ EDY Lo, Ohy.tohy
p=1
1 yri, )l hn miji ... §Mqd
2X wj1~--qu gl"‘(g g"mala
q
D \4 _ tgr _ Tyt
VHX w = Zl Rnimutml...t...mq Rnit tml...mq>
=

X0y, g, + Tiwh, )

DVux 7Y =

where R(X,Y’) has components of the form

0
v v q
R(X,Y) = (z Ryl th, o —R
p=1

gk

ijt

with respect to the adapted frame (also the natural frame). Since the horizontal
and vertical lifts to T} (M,,) span the module of vector field in T} (M, ), formulae
(15) completely determine the Riemannian connection PV of the metric Pg.

We will now define the horizontal lift 7V of the Riemannian connection V in
M, to qu(Mn by the conditions

H Vpg_ H H _
{ Vv, 0=0, Vv, Y =0, (16)

Bux Vo=V (Vx0), HVuyxHY =H (VxY)

for any X,Y € T'(M,), w,0 € T} (M,). The horizontal lift #V has the compo-
nents

M = Ty Mg =0, M5 =0, "I =0,

q
HLT  _ pit gmi . gMa N ghigmi L pme . g™
Ty = T 8 g =N gl Tme 6,
c=1

sly Y1 1 i1 g

q
Hyz  _ 1 $1 Sq J1 §51 Se Sq
| L ...5iqf§ RIS NP
c=1

mkq Vi1 k171 iq
Hprr J1 Ji T T 71 \4a
Fms - (amrsa =+ Fmrrsa - chrra)til.“iq

q
+ Z(_amrgzc + FirlLic]-—‘(slr + F:ns]'—‘?ic)t(ill...a...iq

c=1
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MQ

(T, T% 4+ T%, TI)r

mnr= Sic ml(‘ sTr ’Ll...(l...’Lq

1

Q
Il

1 q q
T l J1
+§ ZZ szb + szbrszc)th...r...l...zq ’
b=1 c=1
Hy7 _ T _ 41 l _ 4k
Fmg - 0’ (l‘ —t“ iq’ _tnlll Mg ‘T ts; sq)

with respect to the natural frame in T} (M,).

Since the local vector fields ¥ X; and Vw; span the module of vector fields in
71 (U) C T} (M,), any tensor field of type (1,2) is determined in 7~ '(U) by its
action on HX and Vw;. We now define a tensor field #5 € (73'(M,,)) by

HSHXHY) = H(S(X,Y)), VX,Y € T} (M,)
TS(Vw"Y) = V(Sy(w)), Yw € T} (M,)
HG(HXY 0) = V(Sx(0)), V6 € T} (M,)
HS(Vaw,V 6) = 0,

(17)

where Sx (w), Sx(0) € T;'(M,) and S is called the horizontal lift of S € T, (M,,)
to T} (M,) [5] .

Denote by T and IN’, respectively, the torsion tensors of V and #V. Directly
from the definition of the torsion tensor, we get

Vw,Y0) = Vv,V -H vy Vw—[Vw," 0]
Vw YY) = Ay Y “HVuy Vo — [Vw,7 Y]
TEXEY) = HUuy By “Hvy, HX —[HX HY].

T
T

On other hand, let R denote the curvature tensor field of the connection V. Then
3],

{ [Vw,V 0] =0, [VwaH Y] - 7‘/(va)7 (18)

X1 Y] = [X,Y] + R(X,Y)
Taking into account (16), (17) and (18), we obtain
VwVe) = 0, T wHY)=0
HExHy) =HrHXHYy) - R(X,)Y)

T
T

Therefore we have

3.1. Theorem: When V is a Riemannian connection, ¥V is torsionless if V is
locally flat, i.e. T =0 and R = 0.
We put

Pg=g7"A; @ Ai + 854 05,0,5" A7 @ Ay (19)

Jqlq
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in T, (My).
From (16), we have
HY g A= X°ThA, -
MWy Ay = Xo (0G0, -+ 0 = 3y Ty OF6, 8¢ 637 ) A (20)
"y ,Ai =0, Vv, A7 =0
for any X € 7¢'(M,,), w € T,}(M,). Thus, according to (19) and (20), we obtain

{ Yy P g=P (Vx 9), 1)

Hy, D g=(

Let Vxg = 0, then Vx 9= 0. Thus, taking account of (21), Vxg = 0 and
Dgo,P g 7 =58, we obtain

HVHX Dg = 07

HVVw Dg = 0.

Thus we have

3.2. Theorem: Let M, be a Riemannian manifold with metric g. Then the
horizontal Iift TV of the Riemannian connection V is a metric connection with
respect to Dg.

4. Geodesics in T (M,) with metric g

Let C' be a curve in M, expressed locally by 2 = 2"(¢) and w}jlmhq (t) be a tensor
field of type (1, ¢q) along C. Then, in the tensor bundle qu (M,,), we define a curve
C by
ho— ghp), ph %S 4k — wh t 22
ot =x"(t), 2" = hi...hg —whli.,hq( ) (22)
If the curve C' satisfies at all points the relation

6w’,§ h
_Mete 23
dt ’ (23)

where 0 denotes absolute differentiation, then the curve C is said to be a horizontal
lift of the curve C in M,,. Thus, if the initial condition wilmhq = (wzlmhq)o for
t = to is given, there exists a unique horizontal lift expressed by (22).

We now consider differential equations of the geodesics of the tensor bundle
T}(M,) with the metric Pg. If ¢ is the arc length of a curve 24 = z4(¢) in
T, (My,), equations of geodesics in T} (M,) have the usual form
52 A d2 A d C d B
A A 2 - P — (24)

dt? dt? dt dt

with respect to the natural coordinates (z¢, 2%) = (a?, télqu) in T, (My).
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We find it more convenient to refer the equations (24) to the adapted frame
{4;, A7}. Using (2), we now write

oh = A(h)A dz? = da",

gﬁ:A(ﬁ?AdfﬂA :6tﬁl...hq’

and put
o _ 4o datdat
A dt o dt’
a4 at  dt
along acurve x4 = z4(t), i.e., 2" = 2"(¢), tﬁl_“hq = tﬁln_hq (t) in T, (My,).

If we therefore write down the form equivalent to (24), namely,

49 pp a0

dt(ﬂ) +7 1 ﬁ(%)(%)

with respect to the adapted frame and take account of (14), then we have

52" mii Mgt q n t 40
qt2 +99l6 1. gt ZN:]_ R imy, tml...t...mq_

. l
-R Gtt > dz* dtjln-jq —

nit “mi...mq | dt dt )
d Oty 1 k k do’ da’ (25)
a '1---hq 1 q n _ n x” dx
dt( dt ) + 2 p=1 Rijh,‘,thl...n...hq Rijn thl h dt dt

st j i ot!
q n hy..n..hg \ daf k dz Ohy..hg
+ 21 thu< dat > a tliag—a =0

Since we have
)
Jhdt dt
as a consequence of R(j o = 0, we conclude by means of (25) that a curve
at = xi(t)7 tzl...hq = tﬁ
T, (M,), if and only if

R

=0

h, (1) in T} (M,) with the metric Pg is a geodesic in

T1eee

t t9
p=1 imy, “mi..t..mg

2 _h . .
L 4 gd™1t - gMata (( I R
1

R0 )dzo () (26)

nit “mi...mg dt

d 675]21,,,}”1 +Zq o 6t,;;1,,,hq dz? +Fk 6t5-1,.,jq da? 0 (b)
i dt p=11tjh, —ar  dt i da dr Y

If a curve satisfying (26) lies on the fibre given by 2" = const, then (24, (b))
reduces to

2.4k
d Uy by

az Y
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k _ k k k ko :
so that thy iy = Qhyn, b F bhl...hq’ an, .. h, and bhl...hq being constant. Thus we
have

4.1. Theorem: If the geodesic " = z"(t), t’;bl__ihq = tﬁl...hq (t) lies in a fibre
of qu (M,,) with the metric Pg, the geodesic is expressed by the linear equations
al =ty g = ag g, tb . whereaf , bF , and ¢ are constant.

From (23) and (26), we have
4.2. Theorem: The horizontal lift of a geodesic in M, is always a geodesic in

1 ; )
T, (M,,) with the metric “g.
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