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Abstract

Complex-valued harmonic functions that are univalent and sense pre-
serving in the unit disk U can be written in the form f = h + g, where
h and g are analytic in U. In this paper, we introduce a class HP (83, «),
(¢ > 0,0 < B < 1) of all functions f = h + g for which Re{az(h'(z) +
g (2)) +h(2)+g(2)} > B, f(0) =1. We give sufficient coefficient conditions
for normalized harmonic functions to be in HP(3, ). These conditions are
also shown to be necessary when the coefficients are negative. This leads to
distortion bounds and extreme points.
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1. Introduction

A continuous function f = u 4+ iv is a complex-valued harmonic function in a
domain D C C if both u and v are real harmonic in D. In any simply connected
domain we can write f = h 4 g, where h and ¢ are analytic in D. See Clunie and
Sheil-Small [1].

There has been interest [2] in studying the class Py of all the functions of
the form f = h + g that are harmonic in U = {z : |z| < 1} and such that for
z €U, Ref(z) > 0, where

hiz)=1+ Z anz™ and g(z) = Z bp 2" (1)

n=1

are analytic in U.

The class Py () of all functions of the form (1) with Ref(z) > 5, 0 < 38 < 1
and f(0) =1 is studied in [4]. Obviously, Py (0) = Py and Py (8) C Py.
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We denote by HP(3,«) the class of all functions of the form (1) that satisfy
the condition

Re{az(h'(z2) +4¢'(2)) + h(z) +g(2)} > B, >0, 0 < B < 1. (2)

Clearly, HP(0,0) = Py and HP(3,0) = Py (). Moreover, if 0 < 8; < 2 < 1,
then HP(B2,a) C HP(B1, ) and if 0 < oy < g, then HP(S3,a2) C HP(S3, ).
We further denote by HR((, «) the subclass of HP(3,a) such that the functions
h and g in f = h + g are of the form

h(z) —I—Zanz and g(z Z (3)

n=1 n=1

with a,, > 0 and b,, > 0 for all n > 1.

2. Main Result

2.1. Theorem: Let f = h+ g be given by (1). Furthermore, let

= n+1
Z (lan|+ba]) <1 (4)

where o > 0 and 0 < 8 < 1. Then f € HP(3, o).

Proof. We show that the inequality (4) is a sufficient condition for f to be in
HP(S,a). According to the condition (2) we only need to show that if (4) holds
then

1= B+az(l'(z) + g'(2)) + h(2) + g(2)]
— 148 —az(W(2) +¢'(2)) — h(z) — g(2)| > 0. ()
Substituting h(z) and g(z) in (5) yields by (4),

1= B+ az(l'(z) +¢'(2)) + h(z) + 9(2)]
= 148 —az(h'(z) +¢'(2)) = h(z) —g(2)| =

Z an + 1)(an + by)z"

2—6—!—2 an+ 1)(an + bp)z

n=1

> 21-8) -2 (an + 1)(lag| + [ba])[=]"

n=1

> { |an|+bn)} o
n=1

The harmonic mappings

o0

f@) =1+ O}n_f - (2" + Yaz™), (6)
n=1
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where

oo

Z(‘mnl + lynl) = 1,

n=1
show that the coefficient bound given by (4) is sharp.
The functions of the form (6) are in HP(S3, a) because

oo

52 2 ol 10l = Dl + ) = 1.

n=1 n=1

The restriction imposed in Theorem 2.1 on the moduli of the coefficients of f =
h + g enables us to conclude for arbitrary rotation of the coefficients of f that the
resulting functions would still be harmonic and f € HP(8,«). Our next theorem
establishes that such coefficient bounds cannot be improved.
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2.2. Theorem: Let f = h+g be given by (3). Then f € HR(S, «) if and only if

> n+1
}: (lan] + [ba]) <

where > 0 and 0 < 3 < 1.

Proof. The if part follows from Theorem 2.1 upon nothing that if f

HP(S,«a) are of the form (3) then f € HR(S, «).
Suppose that f € HR(3, ). Then we find from (2) that

%e{l—Z(an—i—l)(an—i—bn)z"} >0, 2zeU, a>0,0<6<1.

n=1

If we choose z to be real and let z — 17, we get

oo

1= (an+1)(an +by) > B

n=1
or equivalently,

o0

n=1
which is precisely the assertion (7) of Theorem 2.2. O

2.3. Theorem: If f € HR(f,«), then

1-p
<1 1
VCIESNRINEE
and
1
lf(z)]>1- r, |zl <1
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Proof. Let f € HR((, ). Taking the absolute value of f we obtain

FE] < 14 (an +ba)lz]"
n=1

1+ Z(an + by)r

n=1

1—6 an—|—1
bn
14—ozZ ntbn)r

1-p
r?
1+«

IA

IN

IA

1+

and
oo

1— Z(an + b,) 2"

n=1
)

1— Z(an + by)r

n=1

1/(2)

Y

v

1-7 oerl
1—|—az ay + by)r

1-p
— T.
1+«

The bounds given in Theorem 2.3 for the functions f = h+ g of the form (3) also
hold for functions of the form (1) if the coefficient condition (4) is satisfied. The
functions

_ 1-p B 1-8 _
f(z)—1—1+az and f(z) = “17a 2

for 0 < 3 < 1 and a > 0 show that the bounds given in Theorem 2.3 are sharp.

The following covering result follows from the second inequality in Theorem 2.3.

2.4. Corollary. If f € HR(f, «), then
{w s w| < OH_ﬁ} c f(U).

1+«

As HR(f, «) is a convex family, H R(3, &) has a non-empty set of extreme points.

2.5. Theorem: Set

1-0 1-—
"and g,(z) =1 —
om—i—lz and gn(2) an +1

Then f € HR(B, «) if and only if it can be expressed in the form

ho(z) =1— Z" form=1,2,...

Z Anhin + Yngn), 8)
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where A, >0, v, >0 and >0 (A +79n) = 1.
In particular, the extreme points of HR(3, «) are {h,} and {g,}.

Proof. For functions f of the form (8) we have

o0 oo 1—/6 . T
f(Z) = ;()\nhn +7ngn) =1 _7;1 an+ 1()\1'7,2 + Yz )
Then
an+1[1-7 >
n n = n n =1
ST ol n )] DRENED

and so f € HR(f, a).
Conversely, suppose that f € HR(8,«). Set
an+1 an+1
Ap = n and v, = ———
15 ay and 7, 15
Then by Theorem 2.2, 0 < A\, <land 0 <~, <1, (n=1,2,...). Consequently,
we obtain

F(2) = (Anho + Yngn),
n=1

b, forn=1,2,....

as required. O

Following Ruscheweyh [3], we call the set

n=1

Ns(f) = {F:F(z) =1- (|An|z" +|By|z") and

> n(lan = An| + |by — Byl) < 5} .
n=1

the d—neighborhood of f € Py. In particular, for the constant function I(z) =1,
we immediately have

Ns(I) = {f ()= 1= (lanlz" + [balz") and Y~ n|an| + [ba]) < 5}~

2.6. Theorem: Let § = (1 — 3)/a. Then HR(B, o) C Ns(I).
Proof. Let f belong to HR((,a). We have

o0 oo

n(an +b,) = é Z an(ay + by)

n=1 n=1

IN

IN

Hence f(z) € Ns(I).
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