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Abstract
The main purpose of this paper is to determine the fine spectrum with
respect to the Goldberg’s classification of the operator B(7,3s) defined
by a double sequential band matrix over the sequence space ¢,, where
1 < p < oco. These results are more general than the spectrum of

the generalized difference operator B(r, s) over £, of Bilgi¢ and Furkan
[Nonlinear Anal. 68(3)(2008), 499-506].
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1. Introduction

Let X and Y be Banach spaces, and T : X — Y also be a bounded linear operator.
By R(T), we denote the range of T, i.e.,

RT)={yeY:y=Tz, x € X}.

By B(X), we also denote the set of all bounded linear operators on X into itself. If X is
any Banach space and T € B(X) then the adjoint 7" of T is a bounded linear operator
on the dual X of X defined by (T"f) (z) = f (Tz) for all f € X* and z € X.

Given an operator T' € B(X), the set

p(T) :={A e C:Th =X —T is a bijection}
is called the resolvent set of T and its complement with respect to the complex plain
o(T) i= C\p(T)
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is called the spectrum of T. By the closed graph theorem, the inverse operator
(L.1) ROGT) = (A =T) ", (A€ p(T))

is always bounded and is usually called resolvent operator of T at .

2. Subdivisions of the spectrum

In this section, we give the definitions of the parts point spectrum, continuous spec-
trum, residual spectrum, approximate point spectrum, defect spectrum and compression
spectrum of the spectrum. There are many different ways to subdivide the spectrum of
a bounded linear operator. Some of them are motivated by applications to physics, in
particular, quantum mechanics.

2.1. The point spectrum, continuous spectrum and residual spectrum. Asso-
ciated with each complex number A is the perturbed operator T\ = Al — T, defined on
the same domain D(T") as T. The spectrum o(T, X) consist of those A € C for which T)
is not invertible, and the resolvent is the mapping from the complement o (7, X) of the
spectrum into the algebra of bounded linear operators on X defined by A — T/\_l. The
name resolvent is appropriate, since T;l helps to solve the equation Thx = y. Thus,
=T Ly provided T ! exists. More important, the investigation of properties of T L
will be basic for an understanding of the operator T itself. Naturally, many properties
of T and T;l depend on A, and spectral theory is concerned with those properties. For
instance, we shall be interested in the set of all A’s in the complex plane such that T’y !
exists. Boundedness of T’ 1 is another property that will be essential. We shall also ask
for what A’s the domain of T} 1 is dense in X, to name just a few aspects. A regular
value X of T is a complex number such that T;l exists and bounded and whose domain
is dense in X. For our investigation of T', Ty and T 1 we need some basic concepts in
spectral theory which are given as follows (see [30, pp. 370-371]):

The resolvent set p(T, X) of T is the set of all regular values A of T. Furthermore,
the spectrum o (7T, X) is partitioned into three disjoint sets as follows:

The point (discrete) spectrum o,(T, X) is the set such that T} ' does not exist. An
X € 0,(T, X) is called an eigenvalue of T'.

The continuous spectrum o.(T, X) is the set such that T} ' exists and is unbounded
and the domain of T/\_1 is dense in X.

The residual spectrum o,(T, X) is the set such that T ' exists (and may be bounded
or not) but the domain of T ! is not dense in X.

Therefore, these three subspectras form a disjoint subdivisions

(2.1) o(T,X)=0p(T,X)Uoc(T,X)Uor (T, X).

To avoid trivial misunderstandings, let us say that some of the sets defined above, may
be empty. This is an existence problem which we shall have to discuss. Indeed, it is
well-known that o.(T, X) = 0.(T, X) = 0 and the spectrum o (7', X') consists of only the
set 0p(T, X) in the finite dimensional case.

2.2. The approximate point spectrum, defect spectrum and compression spec-
trum. In this subsection, following Appell et al. [9], we define the three more subdi-
visions of the spectrum called as the approximate point spectrum, defect spectrum and
compression spectrum.

Given a bounded linear operator T' in a Banach space X, we call a sequence (z) in
X as a Weyl sequence for T if ||zx|| = 1 and ||Txk| — 0, as k — oo.

In what follows, we call the set

(2.2) oap(T, X) := {X € C : there exists a Weyl sequence for \I — T'}
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the approximate point spectrum of T. Moreover, the subspectrum
(2.3) o5(T, X) :={\ € C: A\I — T is not surjective}

is called defect spectrum of T.
The two subspectra given by (2.2) and (2.3) form a (not necessarily disjoint) subdivi-
sions

o(T,X) = 0ap(T, X) Uos(T, X)
of the spectrum. There is another subspectrum,
0eo(T, X)={A€C: R\ -T) # X}

which is often called compression spectrum in the literature. The compression spectrum
gives rise to another (not necessarily disjoint) decomposition

o(T,X) =0ap(T, X) Uoeo(T, X)

of the spectrum. Clearly, op(T, X) C 04p(T,X) and 0c0(T, X) C os(T, X). Moreover,
comparing these subspectra with those in (2.1) we note that

or(T,X) = 0eo(T, X)\op(T, X),
c(T,X) = o(T, X)\|op(T,X)Uoco(T, X)].

Sometimes it is useful to relate the spectrum of a bounded linear operator to that
of its adjoint. Building on classical existence and uniqueness results for linear operator
equations in Banach spaces and their adjoints.

2.1. Proposition. [9, Proposition 1.3, p. 28] Spectra and subspectra of an operator
T € B(X) and its adjoint T* € B(X™) are related by the following relations:

0o (T, X") C 0

UP(T*7X*) = 0Oco T7
Oeo(T*, X™) D 0p(T, X).
(T, X) = 0ap(T, X)Uop(T*, X*) = 0p(T, X) U0ap(T", X7).

The relations (c)—(f) show that the approximate point spectrum is in a certain sense
dual to defect spectrum, and the point spectrum dual to the compression spectrum.

The equality (g) implies, in particular, that o(T, X) = 04p(T, X) if X is a Hilbert
space and T is normal. Roughly speaking, this shows that normal (in particular, self-
adjoint) operators on Hilbert spaces are most similar to matrices in finite dimensional
spaces (see [9]).

2.3. Goldberg’s classification of spectrum. If X is a Banach space and T € B(X),
then there are three possibilities for R(T):

(A) R(T)=X.

(B) )

R(T) #
(C)  R(T)#

R(T) = X.
X.

1 T~! exists and is continuous.

(

(2) T~ exists but is discontinuous.
(3) T ! does not exist.
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If these possibilities are combined in all possible ways, nine different states are created.
These are labelled by: A1, A2, As, B1, B2, Bs, C1, C2, Cs. If an operator is in state Co

for example, then R(T) # X and T~ ! exist but is discontinuous (see [22]).

Cs

Ca

C1

Bs

B>

By

As

T*
Az

Ay

Al A2 A3 By By Bs Cl CQ C3

T

Table 1.1: State diagram for B(X) and B(X™) for a non-reflective Banach space X

If X is a complex number such that T\ = Al —T € Ay or T\ = M — T € By, then
A € p(T, X). All scalar values of A not in p(T, X ) comprise the spectrum of T'. The further
classification of o(T, X) gives rise to the fine spectrum of 7. That is, o(T, X) can be
divided into the subsets A20(T, X) = 0, Azo (T, X), B20(T,X), Bso(T, X), Ci0(T, X),
Ca0(T, X), C30(T, X). For example, if Ty = Al — T is in a given state, C> (say), then
we write A € Cao (T, X).

By the definitions given above, we can illustrate the subdivisions (2.1) in the following
table:
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1 2 3

15 T exists N T exists 15 I
and is bounded | and is unbounded | does not exist
A€ op(T, X)
RN -T)=X A€ p(T,X) - A€ 0ap(T, X)
A€ o.(T,X) A€ op(T, X)
RN -T)=X A€ p(T,X) A€ oep(T, X) A€ 0ap(T, X)
)\Eag(T,X) A€os(T,X)
A€o (T,X) A€o (T, X) A€ op(T, X)
R -T)#X A€ os(T,X) A€ 0op(T, X) A€ 0ap(T, X)
)\Goa(T,X) )\GUg(T,X)
A€ oeo(T, X) A€ 0eo(T, X) A € 0eo(T, X)

Table 1.2: Subdivisions of spectrum of a linear operator

Observe that the case in the first row and second column cannot occur in a Banach
space X, by the closed graph theorem. If we are not in the third column, i.e., if A is not
an eigenvalue of T', we may always consider the resolvent operator T’ ! (on a possibly
“thin” domain of definition) as “algebraic” inverse of \I — T

From now on, we should note that the index p has different meanings in the notation
of the spaces ¢, ¢; and the point spectrums o, [B(7,3),¢,], 0,[B(7, )", £;] which occur
in theorems given in Section 3.

By a sequence space, we understand a linear subspace of the space w = CN1 of all
complex sequences which contains ¢, the set of all finitely non—zero sequences, where
N; denotes the set of positive integers. We write ¢, ¢, co and bv for the spaces of all
bounded, convergent, null and bounded variation sequences which are the Banach spaces
with the sup-norm ||z|jcc = supey |zx| and ||z|lw = > 7o, [Tk — Tr+1| while ¢ is not a
Banach space with respect to any norm, respectively, where N = {0,1,2,...}. Also by
£,, we denote the space of all p-absolutely summable sequences which is a Banach space
with the norm [|z||, = (372, \xk|p)1/p, where 1 < p < oco.

Let A = (ank) be an infinite matrix of complex numbers a,x, where n,k € N, and
write

(2.4) (Az)n = ankar 5 (n €N, x € Doo(A)),
k

where Doo(A) denotes the subspace of w consisting of z € w for which the sum exists as a
finite sum. For simplicity in notation, here and in what follows, the summation without
limits runs from 0 to co and we shall use the convention that any term with negative
subscript is equal to naught. More generally if p is a normed sequence space, we can
write D, (A) for the x € w for which the sum in (2.4) converges in the norm of p. We
write

(A1) = {A: A C Du(A)}

for the space of those matrices which send the whole of the sequence space A into p in
this sense.

We give a short survey concerning with the spectrum and the fine spectrum of the
linear operators defined by some particular triangle matrices over certain sequence spaces.
The fine spectrum of the Cesaro operator of order one on the sequence space ¢, studied
by Gonzalez [23], where 1 < p < oo. Also, weighted mean matrices of operators on
£, investigated by Cartlidge [15]. The spectrum of the Cesaro operator of order one
on the sequence spaces bug and bv investigated by Okutoyi [32, 33]. The spectrum and
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fine spectrum of the Rhally operators on the sequence spaces co, ¢ and ¢, examined by
Yildirim [41, 42, 43, 44]. The fine spectrum of the difference operator A over the sequence
spaces ¢o and ¢ studied by Altay and Bagar [5]. The same authors also worked the fine
spectrum of the generalized difference operator B(r, s) over ¢g and ¢, in [6].

The fine spectra of A over ¢; and bv studied by Kayaduman and Furkan [29]. The
fine spectra of the difference operator A over the sequence spaces ¢, and bv, studied by
Akhmedov and Bagar [2, 3], where bv, is the space of p-bounded variation sequences and
introduced by Bagar and Altay [10] with 1 < p < co. The fine spectrum of B(r,s,t)
over the sequence spaces c¢p and c¢ studied by Furkan et al. [20]. de Malafosse [31]
studied the spectrum and the fine spectrum of the difference operator on the sequence
spaces sr, where s, denotes the Banach space of all sequences = (xx) normed by

lz|ls, = supgen ‘i,’j‘, (r > 0). Altay and Karakug [7] determined the fine spectrum of
the Zweier matrix which is a band matrix as an operator over the sequence spaces {1
and bv. Farés and de Malafosse [19] studied the spectra of the difference operator on
the sequence spaces £, (), where (a,) denotes the sequence of positive reals and £,(«) is
the Banach space of all sequences = () normed by [|zl¢, o) = [>ne; (|n]/om)?] i
with p > 1. The fine spectrum of the operator B(r, s) over ¢, and bv, studied by Bilgi¢
and Furkan [11]. Besides, the fine spectrum with respect to the Goldberg’s classification
of the operator B(r,s,t) defined by a triple band matrix over the sequence spaces ¢, and
bup, with 1 < p < oo studied by Furkan et al. [21]. In 2010, Srivastava and Kumar [36]
determined the spectra and the fine spectra of generalized difference operator A, on ¢,
where A, is defined by (Ay)nn = vn and (A )nt1,n = —vp for all n € N; under certain
conditions on the sequence v = (v,) and they generalized these results by the generalized
difference operator A, defined by Ay = (UnTrn + Vn—1Tn—1)nen for all n € N, (see
[38]).

Recently, Altun [8] have obtained the fine spectra of the Toeplitz operators, which are
represented by upper and lower triangular n-band infinite matrices, over the sequence
spaces co and c. Later, Karaisa [26, 25] have determined the fine spectrum of the gen-
eralized difference operator A(7,3), defined as an upper triangular double-band matrix
with the convergent sequences 7 = (r;) and § = (s;) having certain properties, over the
sequence space £p, where (1 < p < 00).

Quite recently, Akhmedov and El-Shabrawy [4], and El-Shabrawy [28] have obtained
the fine spectrum of the generalized difference operator A, s, defined as a double band
matrix with the convergent sequences a = (ax) and b= (br) having certain properties,
over the sequence spaces ¢ and ¢p. Karaisa and Bagar [13, 14, 27] have determined the fine
spectrum of the upper triangular triple band matrix A(r, s,t) over some sequence spaces.
Yesilkayagil and Bagar [40] have computed the fine spectrum with respect to Goldberg’s
classification of the operator defined by the lambda matrix over the sequence spaces co
and c¢. Finally, Diindar and Bagar [18] have studied the fine spectrum of the matrix
operator A" defined by an upper triangle double band matrix acting on the sequence
space ¢o with respect to the Goldberg’s classification. At this stage, the following table
may be useful:
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a(A,N) op(A, ) oc(A,N) or(A,N) refer to:
7(Ch ) - : : [59]
o(W,c) - - - [35]
O'(Cl,Co) - - - [34]
0'(01700) O'p(ChCo) Uc(Cl,Co) O’T(C1,Co) [1]
o(Cr,bv) - - - [33]
a(C?, o) - - - [16]
a(A,sr) - - - [31]
o(A,co) - - - [31]
a(A,c) - - - [31]
a(AD ¢) op(AM ¢) oo(AW ¢) o (AW ¢) [5]
O'(A(1>,Co) O'p(A(l),Co) UC(A(I),C()) UT(A(I),Co) [5]
o(Brs)l) | op(Brshby) | odBrshb) | on(Blns)b) | N2
a(B(r, s),bup) op(B(r, s), bvp) oc(B(r, s),bup) or(B(r,s),bup) [12]
o(B(r,s,t),4p) | op(B(r,s,t),£p) | 0c(B(r,s,t),4p) | or(B(r,s,t),4p) [21]
a(B(r,s,t),bvp) | op(B(r,s,t),bvp) | oc(B(r,s,t),bvp) | or(B(r,s,t),bvp) [21]
o(Agp,C) op(Aap, ) oc(Agp, ) or(Aap, C) [4]
U(Ay,gl) ap(Al,,El) O'C(A,/,£1) O'»,«(Ay,fﬂ [36]
O—(Aivv CO) O—P(A%wa CO) UC(AIQL‘LH CU) O—T(Aiw CO) [37]
J(AUU7€1) Jp(Auv,fl) O'C(Amhfl) O'T(Auu,fl) [38]
(A, co) op(A, co) (A, co) or(A, co) [40]
O’(A+,Co) O'p(A+,Co) O'C(A+,Co) O’T(A_‘—,Co) [18]

Table 1.3: Spectrum and fine spectrum of some triangle matrices in certain sequence
spaces.

In this paper, we study the fine spectrum of the generalized difference operator B(7,5)
defined by a double sequential band matrix acting on the sequence space ¢, with respect
to the Goldberg’s classification, where 1 < p < co. Additionally, we give the approximate
point spectrum, defect spectrum and compression spectrum of the matrix operator B(7,s)
over the space £,.

We quote some lemmas which are needed in proving the theorems given in Section 3.

2.2. Lemma. [17, p. 253, Theorem 34.16] The matriz A = (ank) gives rise to a bounded
linear operator T € B({1) from {1 to itself if and only if the supremum of 1 norms of
the columns of A is bounded.

2.3. Lemma. [17, p. 245, Theorem 34.3] The matrizc A = (ank) gives rise to a bounded
linear operator T € B(lss) from Lo to itself if and only if the supremum of €1 norms of
the rows of A is bounded.

2.4. Lemma. [17, p. 254, Theorem 34.18] Let 1 < p < 0o and A € (boo : Loo) N (41 : £1).
Then, A € (€y: {p).

Let ¥ = (rx) and § = (sk) be sequences whose entries either constants or distinct
none-zero real numbers satisfying the following conditions:

lim ry =7,
k— o0

lim sy =s#0
k— o0

i — 7l # |sl.
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Then, we define the sequential generalized difference matrix B(7, ) by

o 0 0 O

So T1 0 O

~ 0 s1 r 0
B(7,3) = o7z

( N) 0 0 S2 T3

Therefore, we introduce the operator B(7,5) from £, to itself by

B(7,8)x = (rexk + Sk—1Tk—1)peo with z_1 =0, where z = (zx) € £p.

3. The Fine spectrum of the Operator B(r,s) on the Operator
sequence space /),

3.1. Theorem. The operator B(7,3) : £, — £ is a bounded linear operator and

(3.1) (Irel” + 1s6[")? < IBF 3p < [I3lloo + [[7]oc-

Proof. Since the linearity of the operator B(7,s) does not hard, we omit the detail.
Now we prove that (3.1) holds for the operator B(7,s) on the space £,. It is trivial

that B(7,3)e™ = (0,0,...,7%,5%,0,0,...) for e¢® € £,. Therefore, we have

IB(F,5)e®)| :
DT = (el + [auf?)”
P
which implies that
(3.2) (Irel?” + |s[") /" < | BF3)]lp-

Let = (zx) € {p, where p > 1. Then, since (sx—1Zx—1), (re@r) € £p it is easy to see
by Minkowski’s inequality that

oo 1/1)
| BFs)z|l, = <Z |sk—1ZK—1 + Tk$kp>
k=0
oo 1/p oo 1/p
< <Z 8k1$k1p> + (Z |7'Ic33k|p)
k=0 k=0
< (lI8lloe + [I7llo0) |zl

which leads us to the the result that
(3.3) 1B, $)llp < lI5lloc + [I7]|oo-

Therefore, by combining the inequalities in (3.2) and (3.3) we have (3.1), as desired. O

3.2. Theorem. Let A ={ae€C:|r—a|<|s|} and B = {rr : k € N,|r — ri| > |s|}.
Then, the set B is finite and o[B(T,5),{p] = AU B.

Proof. We firstly prove that
(34) U[B(?7§)3£P} g AUB

which is equivalent to show that o € C such that |r — a| > |s| and o # r, for all k € N
implies a ¢ o[B(7,35), {p]. It is easy to see that B is finite and {r, € C: k € N} C AU B.
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It is immediate that B(7, ) —al is a triangle and so has an inverse. Let y = (yx) € ¢1.
Then, by solving the equation

[ 70—« 0 0 o To

S0 r —« 0 .. T1

[B(’I’“V,g)—a[]l’ = 0 S1 ro—a ... T2
i (ro — a)xo Yo
soxo + (r1 — @)z Y1
= s121 + (7‘2 — (l).’L’Q = Y2

for x = (x) in terms of y, we obtain

Zo = Yo )

To — &

_ Y1 —So0Yo

e 1"1—Oc+(1"1—04)(7"0—04)7
zy = Y2 + —S1Y1 S0S51Yo ’

ro—a (re—a)(ri—a) (ro—a)(r1—a)(ro — @)

(=1)*sos152 - Sk_190 Sk—1Yk—1 Yk

TE = e — ,

(ro —a)(ri —a)(re —a) -+ (ry — @) (re —a)(re—1 — @)  TE—

Therefore, we obtain B = (b,y,) = [B(7,3) — al]™* as follows:

[ L 0 0
ro—o
(r _)2(71 ) r ! «a 0
11—« 00— 1—
bn = S0S —s 1
(bri) To—ar1—a) (=)  (m—a)ri—a) ma-a

Then, >, |zx| <>, Sk|yk\, where

gb — 1 Sk SkSkt1 L.
Th — Q@ (e — @) (Th4+1 — @) (rk — a)(rhr1 — @) (Thy2 — @)

- 1 Sk SkSk+1 b
" re—al | (rk—a)(rer —a)| [ (rk — @) (e — @) (Trt2 — @)

SkSk+1 """ Sn+k
(rk — a)(res1 — @) (kg2 — @) -+ (Thgnt1 — @)

for all k,n € N.

Then, since

1 s s2 st
S, = lim SF = |,
el r— a‘ (r—a)? (r—a) + (r—a)rt?
we have
1 s I?
n—oo r—a r—a r—a

since |r — «| > |s|. Then we have

lim lim S, = lim lim S, =S5
n—oo0 k—oo k—o00 n—o00
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and (S*);, € c. Thus,
Do larl < DS lyl S US™) oo D Iyl < oo,
k k k

since y € £1. This shows that [B(7,3) — alI]™" € (41 : £1).
Suppose that y = (yx) € foo. By solving the equation [B(7,5) —al|x =y, for x = (xx)
in terms of y, we get

ums&(wmmo,
keN

where;
Sp = 1 Sk—1 Sk—1Sk—2
TR —Q (rk—1 — @) (1K — @) (rk—2 — @)(Th—1 — @) (1% — @)
S0S1...8Sk—1
_|_ o + .
(ro—a)(ri—a)--(rx — a)

Now, we prove that (Si) € loo. Since limy o0 |sk/(re — )| = |s/(r — a)] = p < 1, then
there exists ko € N such that |si/(re — )] < po with po < 1, for all k > ko + 1,

1 _ _18k—
Sy = {1 + Sk—1 Sk—1Sk—2
I7e — Th—1 — (re—1 — a)(re—2 — @)
4ot Sk—1Sk—2 -+ -Skg+1Skg - - - S0 :|
(Th—1 = @) (rk—2 — @) -+ (Thot1 — @) (Thg — @) - -+ (10 — )
— _ S —
- [1+po+p(2)+"'+p§ ko 4 pk ko Sko—1l
Iri — af [7ko—1 — |
k—ko Skg—1Skg—2---50
bo w%A—wwM4—w~wm—mH
Therefore;
1 _ _
Sk < —— (1 +po+po+pe 0+ P ’“OMko) ,
Irk — af
where
Mho = 1 4 | ko=t ' Sko—1Sko—2 o Sko—15kg—2 - - - SO .
Tho—1 — | [ (Tko—1 — @) (Tko—2 — @) (Tho—1 — @) (Thy—2 — ) =+ (ro — @)

Then, Mko > 1 and so

S, < Mk

(L+po+p3+-+057).

But there exists k1 € N and a real number p; such that m < pi for all kK > ki. Then,
Sk < (Mpiko)/(1—po) for all k > max{ko, k1}. Hence, sup,cy Sk < co. This shows that
lzlloo < 11(Sk)llcollylloo < oo which means [B(F,3) — al] ' € (feo : £oo). By Lemma 2.4,
we have

(3.6) [B(7,3) —ad] " € (£ : £y) for |r—al]>|s| and «# r.
Hence,
(3.7 o[B(7,5),£,) CAUB.

Now we show that AU B C o[B(7,3), {p]. We assume that « # 7 for all k € N and
a € C with |r — a| < |s|. Clearly, B(7,3) —al is a triangle and so, [B(7,3) —al]™" exists.
For ¢® = (1,0,0,...) € £, [B(F,3) — al] 'e® = S° ¢ ¢, and so [B(7,3) — al] ' ¢
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B(¢y). Then, a € o[B(7,5),{p]. Case ri, = a for some k. We then have either o = r or
a = ry # r for some k. We have

[ To — Tk 0 0 Zo
_ S0 rL— Tk 0 x1
[B(Tvg) - T'kl]m = 0 S1 ro — Tk ... T2

(ro — ri)xo
soxo + (r1 — k) x1
s121 + (r2 — 1) T2

Sk—2%k—2 + (The1 — Th)Th—1
Sk—1Tk—1 + (Th — Tk)Tk
SkTk + (Tht1 — Tk)Thp1

Let oo = ri = r for all k and solving the equation [B(7,s) —al]z = 0 we obtain z¢o = 1 =
x2 = -+- = 0 which shows that B(7,3) — al is one to one but its range R[B(7,3) — al] =
{y = (yx) Ew :y € £y, y1 = 0} is not dense in ¢, and o = r € o[B(7,3),£p]. Now let
a = ri for some k. Then the equation [B(7,3) — al]z = 0 yields

Sn—1
Tk — Tn

Tn_1 forall n>k-+1.

To=T1=x2=--=2rp—1 =0 and =z, =

This shows that B(7,3) — al is not injective for a = 7y such that |a —r| > |s|. Therefore
[B(7,3) — aI]™! does not exist. So i € o[B(7,3),£p] for all k € N. Thus,

(3.8) AUB C o[B(F,3), ).
Combining the inclusions (3.7) and (3.8), we get o[B(7,3),¢p] = AU B.
This completes the proof. O

Throughout the paper, by € and 8D we denote the set of constant sequences and the
set of sequences of distinct none-zero real numbers, respectively.

0 , 7,5€¢C,

3.3. Theorem. 0,[B(7,53),4,] = { ? 53 c 8D

Proof. We prove the theorem by dividing into two parts.
Part 1. Assume that 7,5 € €. Consider B(7, §)z = ax for z # 6 = (0,0,0,...) in £;.
Then, by solving the system of linear equations

X0 = axo
sxo+rr1 = ax1
ST1+rr2 = Q2

STp—1+T1rrr = Qg

Case oo = r. Let xn, is the first non zero entry of the sequence = (z,) and a = r, then
we get STpg + T%no+1 = QTng+1 Which implies x,,, = 0 which contradicts the assumption
Zn, 7 0. Hence, the equation B(7,s)z = ax has no solution z # 6.

Part 2. Assume that 7,5 € 8D. Then, by solving the equation B(7,3)x = ax for
z #6=1(0,0,0,...) in £, we obtain (ro — a)zo = 0 and (rg+1 — @)xg+1 + skxr = 0 for all
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k € N. Hence, for all o« ¢ {ry : k € N}, we have x, = 0 for all k € N, which contradicts our
assumption. So, a ¢ 0,[B(7, ), £,]. This shows that o,[B(7,3),{,] C {ry : k € N}\{r}.
Now, we prove that

a € 0p[B(7,3), £p] if and only if a € B.
Let o € 0,[B(T,5),¢p]. We consider the case & = rg and a = ry, for some k > 1. Then,

by solving the equation B(7, )z = ax for z # 6 = (0,0,0,...) in £, with a =g

808182 ...8k—1

forall k>1
(ro —r&)(ro — rie—1)(r0 — Tk—2) - =+ (10 _rl)l’o ' -

TE =

which can expressed by the recursion relation

Sk—
ap = —=1 g,y forall ke N.
TO — Tk
Therefore, since
P P
. x . Sk— S
lim k = lim kol = <1,
k—oo | Tp—1 k—oo |TEL — To T —To0
P
But || #1. Thena=ro € {rr : k €N, |rx — 7[> [s[} = B.
If we choose a = ry, # r for all k € Ny, then we get zo =1 =22 =--- =x_1 =0 and

SnSn—1Sn—2...S8k
(re = rng1) (e —m0) (T — 1) -+ (Th — Tht1)

Tnt1 = zr forall n>k

which can also be expressed by the recursion relation

s
Tpil = ————2, forall n>k.
Tk — Tn+1
Therefore, we have
p p p
. x 1 . S S
lim |22 = lim n = <1.
n—oo Tn n—=o0 | 'ny1 — Tk T—Tk

But |-~ ’ #1. Thena =1, € {ry : k € N, |riy—r| > |s|} = B. Thus 0,[B(7,5), {,] C B.
Conversely, let a € B. Then, there exists k € N, a = r, # r and
lim Sn = s <1,
n—o0 | 'ny1 — Tk T—Tk
so we have z € £,. Thus B C 0,[B(7,5),{p]. This completes the proof. O
s e | {a€Cir—al <|s|} , r,see,
3.4. Theorem. o,[B(7,35)",{;] = { {acC:fr—al<|sJUB . F3csD.

Proof. By solving the equation B(7, )" f = of for 6 # f € £;, = £,, we derive the system
of linear equations

rofo+sofi = afo
rifi+sife = afi

rofe+s2fs = afa

Tho1fe—1+sk—1fr = afk
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This gives fr = (aﬂ'k*l) fr—1 for all k > 1. Therefore, we have

Sk—1
ax—Tr—1

(3.9) |fl =

‘We also prove this theorem by dividing into two parts.
Part 1. Assume that 7,5 € € with 7, = r and s, = s for all kK € N. Using (3.9), we
get

|fe—1| for all k€ Nj.

Sk—1

_ k
fk:(asr) fo forall ke Nj.

Then, since

fk+1 a—rl|?

Tx
the series 377, [ fu|? = Sone, [(—7)/s7% 71| fo| converges by the ratio test, i.e., f € £q.

If « € C with | — r| = |s], then the ratio test fails. But, since limy_oo |fx| = |fo| # 0
the series > 72 | fe|? is divergent. This means that f € ¢, if and only if fo # 0 and
|r — a| < |s|. Hence, op[B(7,35)*,6;] = {a e C: |r—a| <|s|}.

lim
k—o0

q ‘

< 1 provided ‘ﬂ’ <1
s

Part 2. Let 7,5 € 8D. It is clear that for all k € N, the vector f = (fo, f1,...... , fx,0,0, ...

is an eigenvector of the operator B(7,s)* corresponding to the eigenvalue « = 7, where
fo#0and f, = (M) faoi forall k€ {1,2,3,...,n}. Thus B C 0, [B(F,3)", £5]. If

Sn—1

|r — a| < |s| and a = r, by taking into account (3.9), since
q q
. k L= TR r—oa|?
lim i = lim = ‘ <1,
k—oo k—1 k—oc0 Sk—1 S

the ratio test gives that f € £,. If o € C with |r — a| = |s|, the ratio test fails. But
one can easily find a decreasing sequence of positive real numbers f = (fi) € ¢4 such
that limg—eo (| fe/fe—1]) = 1, for example f = (fx) = (1/k%). Hence, |r — a| < s implies
fely.

Conversely, we have to show that f € £, implies |r—a| < s. If the condition |r—a| < |s|
does not hold, then |r — «| > |s| which implies that > 7- | fx|? is divergent. This means
that f € £, if and only if fo # 0 and |r — o] < |s|. Hence,

op[B(F8)" 6y ={acC:|r—a| <|s|} UB.
This completes the proof. O
3.5. Lemma. (22, p. 59] T has a dense range if and only if T is one to one.

3.6. Lemma. [22, p. 60] The adjoint operator T* of T is onto if and only if T is a
bounded operator.

{aeC:lr—al<|s|]} , FseC,

3.7. Theorem. o,[B(7,3),{,] = { {acC:lr—al<|s|} 738D

Proof. We prove the theorem by dividing into two parts.

Part 1. Let 7,5 € €. We show that the operator B(7,5) — ol has an inverse and
R(B(7,s) — al) # £, for a satisfying |r — a| < |s|. For a # r B(7,s) — o is triangle so
has an inverse. For a = r, the operator B(7,s) — al is one to one by Theorem 3.3. So it
has a inverse. By Theorem 3.4, the operator [B(7,5) — al)]* = B(F,s)" — ol is not one
to one for a € C such that |r — a| < |s|. Hence the range of the operator B(7,s) — al is
not dense in ¢, by Lemma 3.5. So, 0[B(7,3),4,] = {a € C: |r — a| < |s|}.

Part 2. Let 7,5 € 8D with rp, — r and s — s as k — oo for a € C such that
|r — a] < |s|. Then, the operator B(7,s) — al is triangle with « # ry for all k € N. So,
the operator B(7,5) — al has an inverse. By Theorem 3.3 the operator B(7,3) — ol is
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one to one for a = ry, for all k € N. Thus, [B(7,5) — al]™" exists. But by Theorem 3.4,
[B(7,3) — al]" = B(7,5)" — al is not one to one with € C such that |r — a| < |s|.
Hence, the range of the operator B(7,s) — al is not dense in £,, by Lemma 3.5. So,
or[B(7,38),4p) ={a € C:|r—a| <|s|}.

This completes the proof. O

{a€C:|r—al=|s]} , 7,5€C,
0

3.8. Theorem. o.[B(7,3),{,] = { 53 c 8D

Proof. We prove the theorem by dividing into two parts.

Part 1. Let 7,5 € C for a € C such that |r — «| = |s|. Since o[B(7,3), ;] is the
disjoint union of the parts o, [B(7,3), £p], 0r[B(T,5), £p] and oc[B(7,35), £p], we must have
0c|B(T,3),6p) ={a e C:|r—al =|s|}.

Part 2. Let 7,5 € 8D. It is known that 0, [B(7, 5), £p], 0 [B(7, 5), £p] and o.[B(7,5), £p]
are mutually disjoint sets and their union is o[B(7, 3), £,]. Therefore, it is immediate from
Theorems 3.2, 3.3 and 3.7 that o[B(7,5),{,] = 0p[B(7,5), 4] U 0.[B(T,5), ] and hence
oc|B(7,3), 4] = 0.

This completes the proof. O

3.9. Theorem. When |r — a| > |s| for a # ri, [B(F,5) —al] € A;x.

Proof. We show that the operator B(7,s) — ol is bijective and has a continuous inverse
for a € C such that |r — «| > |s|. Since a # ri, then B(7,5) — al is a triangle. So, it has
an inverse. The inverse of the operator B(7,3) — al is continuous for a € C such that
|r — | > |s|, by equation (3.6). Thus for every y € £, we can find that = € ¢, such that

[B(7,3) — allz =y, since [B(F,3) —al]™' € (fy: 0y).
This shows that the operator B(7,3) — af is onto and so B(7,5) — al € A;. O

3.10. Theorem. Let 7,5 € C with r, = r and sy = s for all k € N. Then, r €
O-[B(?vg)ﬂgp]cl'

Proof. We have o,[B(7,3),4,] = {a € C:|r —a| <|s|}, by Theorem 3.7. Clearly, r €
a-[B(7,8),£p]. Tt is sufficient to show that the operator [B(¥,3) — I]™" is continuous.
By Lemma 3.6, it is enough to show that [B(7,s) — Ir]" is onto and for given y = (yx) €
4, = {4, we have to find « = (zx) € ¢4 such that [B(¥,s) — Ir]"z = y. Solving the system
of linear equations

Sor1 = Yo

S$1Z2 = Y1

S2x3 = Y2
Sk—-1Tk =  Yk-1

one can easily observe that sxx = yr—1 for all £ > 1 which implies that (xx) € ¢4, since
y = (yr) € €q. This shows that [B(7,s) — Ir]* is onto. Hence, r € o[B(7,5), £,|Ch. O

3.11. Theorem. Let7,5 € C withry, =71 and sy = s for allk € N and o € 0,[B(T, 3), £p]
for all v # a. Then, a € o[B(7,5),£,]C2.

Proof. Tt is sufficient to show that the operator [B(7,3) —Ia] ™" is discontinuous for r # «
and « € 0.[B(7,3),4,]. It is obvious that the operator [B(7,3) — Ia]™" is discontinuous
for r # a and « € C such that |r — a| < |s| with 7, # «, by (3.5). O
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3.12. Theorem. If 7,5 € 8D and « € 0.[B(7,3),{p], then a € o[B(T,3), £p]C>.

Proof. Tt is sufficient to show that the operator [B(7,3) — Ia]™! is discontinuous for
a € 0,[B(7,3),£,]. By (3.5), the operator [B(7,3) — Ia]™" is discontinuous for 7 # «
and a € C with |r — af < |s|. O

3.13. Theorem. Let 7,5 € C with r, = r, s = s for all k € N. Then, the following
statements hold:

(i) oap[B(7,3), ] = A\ {r}.
(11) s [B(?f’?, g)v Kp] = ‘A
(111) Oco [B(Fa 5), KP} =A°.
Proof. (i) From Table 1.2, we get
UGP[B(R §)7 KP] =0 [B(E 3,)7 ZP] \U [B(?a :9,)7 EP} Ch.
We have by Theorem 3.10 and Theorem 3.2 that
Oap[B(7,5), £p] = (AUB)\{r} = A\{r}.
(ii) Since the following equality
s [B(?, g)a EP} = U[B(?7 ‘sv)a gp}\o- [B(?7 g)7 ép] As

holds from Table 1.2, we derive by Theorem 3.2 and Theorem 3.3 that o5[B(7,5), {,] = A.
(iii) From Table 1.2, we have

0s[B(F,3),6p] = 0 [B(F,3),£,] C1 U [B(F,3),£,] C2 U [B(7,3),6,] Cs

and since o [B(7,5),4,] C5 = 0 by Theorem 3.3 it is immediate that o.0[B(7,3), £p] =
or [B(T,35), ¢p]. Therefore, we obtain by Theorem 3.11 that oco[B(7,3), ] = A°. O

3.14. Theorem. Let 7,5 € 8D. Then
UGP[B(F7 g)?‘gp] = 0—5[3(?’ g)v ép] = O—CO[B(Fv g)v EP] =AUB.

Proof. We have by Theorem 3.4 and Part (e) of Proposition 2.1 that
O'P[B*(ﬁg,)?E;} = UCO[B(R:%%KP] = {a €C: |r— Oz‘ < ‘8|} .

Furthermore, because of ¢,[B(7,3), £,] = {rr} by Theorem 3.3 and the subdivisions in
Goldberg’s classification are disjoint, we must have

o [B(7,3),6,) As = o | B(7,3), 6,] Bs = 0.

Hence, o [B(7,3), £p] Cs = {ri}. Additionally, since o [B(7,3), ] C1 = 0 by Theorem 3.7
and Theorem 3.12, we have

o |B(7,35),4p] = 0 [B(7,3),£,] C2 Uo [B(T,5), £p] Cs.
Therefore, we derive from Table 1.2 that
Tap[B(7, ), L] [B(7,5), L] \o [B(7,5), £p] C = 0 [B(T,5), 4]

05[B(77,§)7€p] = U[B(?vg)’ep] \U[B(?vg)vgp]/h:U[B(?vg):gp]
05[3(77’;)761)] = O'[B(Fvg)veplcbUU[B(??‘?LZP]C?):U[B(?:g%ép}‘
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4. Conclusion

In the present work, as a natural continuation of Akhmedov and El-Shabrawy [4] and,
Srivastava and Kumar [38], we have determined the spectrum and the fine spectrum of
the double sequential band matrix B(7,s) on the space £,. Many researchers determine
the spectrum and fine spectrum of a matrix operator in some sequence spaces. In addition
to this, we add the definition of some new divisions of spectrum called as approximate
point spectrum, defect spectrum and compression spectrum of the matrix operator and
give the related results for the matrix operator B(7,s) on the space £, which is a new
development for this type works giving the fine spectrum of a matrix operator on a
sequence space with respect to the Goldberg’s classification.

Finally, we should note that in the case rr = r and s = s for all £ € N since the
operator B(7,3) defined by a double sequential band matrix reduces to the operator
B(r,s) defined by the generalized difference matrix our results are more general and
more comprehensive than the corresponding results obtained by Furkan et al. [12] and
Bilgi¢ and Furkan [11], respectively. We record from now on that our next paper will be
devoted to the investigation of the fine spectrum of the matrix operator B(7,35) on the
space bvp.
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