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On soft continuous mappings and soft
connectedness of soft topological spaces
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Abstract

The notion of soft topological space which is defined over an initial
universe with a fixed set of parameters was introduced by Shabir and
Naz. In this paper, the concept of soft continuous mapping between
two soft topological spaces is first proposed. Then the main properties
of soft continuous mappings are studied. Finally, the notion of soft
connectedness of soft topological spaces is proposed, and some related
properties are discussed.
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1. Introduction

Uncertainty is an attribute of information. To solve the complicated problems in
economics, engineering and environment, we cannot successfully use classical methods
because of various uncertainties. A wide range of theories such as probability theory,
fuzzy set theory, intuitionistic fuzzy set theory, rough set theory, vague set theory and
the interval mathematics are well known and often useful mathematical approaches for
modeling uncertainties. Each of these theories has its inherent difficulties as pointed out
by Molodtsov [29]. The reason for these difficulties is, possibly, the inadequacy of the
parametrization tool of the theories. Molodtsov [29] initiated the concept of soft set as
a new mathematical tool for dealing with uncertainties that is free from the difficulties
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that have troubled the existing theoretical approaches. This theory has proven useful in
many fields such as decision making [8,14,26,32,38|, data analysis [50], forecasting [44]
and simulation [28§].

The concept and basic properties of soft set theory were presented in [29,33]. In the
classical soft set theory, a situation may be complex in the real world because of the
fuzzy nature of the parameters. With this point of view, the classical soft sets have been
extended to fuzzy soft sets [30,34], intuitionistic fuzzy soft sets [31], vague soft sets [46],
interval-valued fuzzy soft sets [47] and interval-valued intuitionistic fuzzy soft sets [23].

Algebraic nature of soft sets has been studied by some authors. Maji et al. [33]
presented some definitions on soft sets such as a soft subset, the complement of a soft
set. Based on the analysis of several operations on soft sets introduced in [33], Ali et
al. [3] presented some new algebraic operations for soft sets and proved that certain De
Morgan’s laws hold in soft set theory with respect to these new definitions. Qin and Hong
introduced the concept of soft equality and some related properties were derived in [37].
Kharal and Ahmad [27] introduced the notion of a mapping on the classes of soft sets
which is a pivotal notion for the advanced development of any new area of mathematical
sciences. Babitha and Sunil [7] studied soft set relations and many related concepts were
discussed. As a continuation of [7], kernels and closures of soft set relations, and soft set
relation mappings were studied in [49]. In [39], Sezgin and Atagiin presented a detailed
theoretical study of operations on soft sets. Ali et al. [4] discussed algebraic structures
of soft sets associated with new operations.

Up to the present, soft set theory has also been applied to several algebra structures:
groups [1,2,40], semirings [12], rings [5,6,10], BCK/BCI-algebras [17-19], BCH-algebras
[25], d-algebras [20], Hilbert algebras [21], ordered semigroups [22]|, BL-algebras [51] and
fuzzy semigroup [48]. Xiao et al. [45] proposed the notions of exclusive disjunctive soft
sets and studied some of its operations. Gong et al. [15] studied the bijective soft set with
its operations. Ontology-based (or DL-based) soft set theory was presented in [24]. An
idea of soft mappings is given and some of their properties are studied in [35]. Ge et al.
[16] characterized some properties of topological spaces by using soft set theory. Recently,
in [41], Shabir and Naz proposed the notion of soft topological space (defined over an
initial universe with a fixed set of parameters) and investigated the basic properties.
Tanay and Kandemir [42] studied topological structure of fuzzy soft sets. Cagman et al.
defined the soft topology on a soft set, and presented its related properties in [9]. Shabir
and Naz [41] pointed out that it will be necessary to carry out more theoretical research
to establish a general framework for the practical application of soft topological spaces.
In the present paper, we attempt to make some efforts in this aspect.

This paper will attempt to construct the basic theories about soft continuous mappings
and soft connectedness of soft topological spaces. The rest of this paper is organized as
follows. The next section briefly recalls the notions of soft set, topology and soft topology.
In Section 3, based on soft set mapping, we define soft continuous mapping from one soft
topological space to another soft topological space and give some equivalence character-
izations of soft continuous mapping. Section 4 gives the concept of soft connectedness,
and in Section 4, some related properties are discussed. The last section summarizes the
conclusions and presents some topics for future research.

2. Preliminaries

In this section we will briefly recall the notions of soft set, topology and soft topology.
See especially [11,29,33,41] for further details and background.



2.1. Definition. [29] Let U be a common universe and E be a set of parameters. Let
P(U) denote the power set of U and A C E. A pair (F, A) is called a soft set over U,
where F' is a mapping given by F : A — P(U).

In other words, a soft set over U is a parameterized family of subsets of the universe
U. For each € € A, F(e) may be considered as the set of e-approximate elements of the
soft set (F, A).

2.2. Definition. [13] For two soft sets (F, A) and (G, B) over a common universe U we
say that (F, A) is a soft subset of (G, B) if

(1) ACB,

(2) Vee€ A, F(e) C G(e).

We write (F, A)C(G, B).

(F, A) is said to be a soft superset of (G, B) if (G, B) is a soft subset of (F, A). We
denote it by (F, A)D(G, B).

2.3. Remark. In [41], Shabir and Naz cited another notion of a soft subset as follows:
(F,A) is a soft subset of (G,B) iff (1) A C B and (2) Ve € A, F(e) and G(e) are

identical approximations [33].

However, by the analysis of Definition 23, Theorem 1, Proposition 7 and Example 4 et al.

in [41], all of these were obtained based on Definition 2.2 instead of the notion of a soft

subset in [33]. Therefore, in the present paper, we will use the notion given in Definition

2.2.

2.4. Definition. [3,41] The relative complement of a soft set (F, A) is denoted by (F, A)’
and is defined by (F,A)" = (F',A) where F' : A — P(U) is a mapping given by
F'(a) =U — F(a) for all « € A.

Obviously, (F') = F and ((F, A)')" = (F, A).

2.5. Definition. [33] A soft set (F, A) over U is said to be a NULL soft set and is
denoted by @, if F(¢) = for all € € A.

2.6. Definition. [33] The union of two soft sets (F,A) and (G, B) over a common
universe U is the soft set (H,C), where C = AU B and Ve € C,
F(e), ifee A— B,
H(e) = ¢ Gle), ifee B—A,
F(e)UG(e), ifee ANB.
We write (F, A) U (G, B) = (H,C).
2.7. Definition. [36] The intersection of two soft sets (F, A) and (G, B) over a common
(e

universe U is the soft set (H,C), where C = AN B and Ve € C, H(e) = F(e) N G(e).
We write (F, A)N (G, B) = (H,C).

2.8. Proposition. Let (F,A), (G,B) and (H,C) be three soft sets over a common
universe U. Then

(1) (F,A)U((G,B)N(H,C)) = ((F,A)U(G,B))N((F,A)U(H,C)).
(2) ((F, A)1 (G, B)) U (H,C) = ((F, A) U (H,C)) N (G, B) U (H, C)).
(3) (F,A)N((G,B)U(H,C)) = ((F,A)N(G,B))U((F,A)N(H,C)).
(4) (F,A)U(G,B))N(H,C) = ((F,A)n(H,C))U((G,B)N(H,C))
(5) (F,A)N((G,B)N(H,C)) = ((F,A)N(G,B))N(H,C).
(6) (F,A)U((G,B)U(H,C))=((F,A)U(G,B))U(H,C).

Here the first five statements are from [36] and

(6) is from [33]. It is easy to see
that (F, A) N (N, ;(Gi, Bi)) = e, (F, A) N (Gi, Bi)) and (F, A) U (U,¢,(Gi, Bi)) =
U;es((F, A) U (G, Bi)), where J is an index set, (F, A) and (GZ,B ), 1 € J are soft sets
over a common universe U.



2.9. Definition. [11,43] Let X be an initial universe set and 7 be the collection of
subsets of X then 7 is said to be a topology on X if
(1) 0, X belong to T,
(2) the union of any number of soft sets in 7 belongs to T,
(3) the intersection of any two soft sets in 7 belongs to 7.

The pair (X, 7) is called a topological space. The members of 7 are said to be open
sets in X.

2.10. Definition. [11] (1) Let (X, 7) be a topological space. A subset A of X is said
to be a closed set in X, if its complement A’ belongs to 7, where A’ = X — A.

(2) Let (X, 71), (Y, 72) be two topological spaces and f be a mapping from X to Y. If
f7'(B) € 7 for all B € 72 then f is called a continuous mapping from (X, 71) to (Y,
T2), where f~1(B) = {z € X | f(z) € B}.

2.11. Proposition. [43] Let (X, 7) be a topological space. Then (X,T) is connected if
and only if there exists no A, B € 7 — {0} such that ANB=( and AUB = X.

In the following, let X be an initial universe set and E be a non-empty set of param-
eters.

2.12. Definition. [41] Let Y be a non-empty subset of X. Then Y denotes the soft set
(Y, E) over X for which Y(a) =Y forall« € E.

In particular, (X, F) will be denoted by X.

2.13. Definition. [41] Let 7 be the collection of soft sets over X. Then 7 is said to be
a soft topology on X if

(1) @, X belong to T,

(2) the union of any number of soft sets in 7 belongs to T,

(3) the intersection of any two soft sets in 7 belongs to 7.

The triple (X, 7, E) is called a soft topological space over X. The members of 7 are
said to be soft open sets in X.

2.14. Definition. [41] Let (X, 7, E) be a soft topological space over X. A soft set (F, E)
over X is said to be a soft closed set in X, if its relative complement (F, E)" belongs to
T.

2.15. Proposition. [41] Let (X,7,E) be a soft topological space over X. Then the
collection 7o = {F(a) | (F,E) € T} for each o € E, is a topology on X.

2.16. Definition. [41] Let (X, 7, E) be a soft topological space over X and (F, E) be a
soft set over X. Then the soft closure of (F, E), denoted by (F, E) is the intersection of
all soft closed super sets of (F, E).

(F, E) is the smallest soft closed set over X which contains (F, E) (see [41]).

2.17. Proposition. [}1] Let (X, 7, E) be a soft topological space over X and (F, E), (G, E)
be two soft sets over X. Then

(5) (F,E)C(G,E) z"mplies (F,E)C(G,E).



3. Soft continuous mappings between soft topological spaces

In this section, we will introduce the notion of soft continuous mapping between soft
topological spaces and discuss some related properties. Let X,Y be two initial universe
sets and E be a non-empty set of parameters. In what follows, the set of all soft sets
over X (resp., Y) will be denoted by S(X) (resp., S(Y)).

In order to give the notion of soft continuous mapping, we first need to introduce the
following notion of soft set mapping and inverse soft set mapping which can be regarded
as special cases of Definitions 8 and 9 in the paper of Kharal and Ahmad [27], called
“Mappings on soft classes".

3.1. Definition. Let f be a mapping from X to Y,

(1) The soft set mapping induced by f, denoted by the notation f7, is a mapping from
S(X) to S(Y) that maps (F, E) to f7((F,E)) = (f7(F), E), where f7(F) is defined
by £~ (F)(e) = {f(2) | = € F(e)}, Ve € E.

(2) The inverse soft set mapping induced by f, denoted by the notation f, is a mapping
from S(Y) to S(X) that maps (G, E) to f<((G, E)), where f~((G,E)) = (f7(G), E)
is defined by fT(G)(e) = {z | f(z) € G(e)}, Ve € E.

3.2. Example. Let X = {hy,ho,hs}, Y = {p1,p2}, and E = {e1,e2}. The mapping f
is given by f(h1) = p1, f(h2) =p1, f(h3) = p2.
(1) If (F,E) € S(X) is defined by {F(e1) = {h1, ha}, F(e2) = {h1, hs}}, then
f7(FE) = (), B) ={f7(F)(er) = {p1}, /7 (F)(e2) =Y} € S(Y).
(2) If (G,B) € S(Y) is defined by {G(e1) = {p2},G(e2) = {p1}}, then
F7UG, E) = (f7(G), B) ={f7(G)(e1) = {hs}, [T (G)(e2) = {h1, h2}} € S(X).

The following Propositions 3.3 and 3.4 give some basic properties of soft set mappings
and inverse soft set mappings which can be regarded as special cases of Theorems 14 and
16 in [27].

3.3. Proposition. [27] Let f be a mapping from X toY, (F1,E), (F2, E) € S(X). Then
(1) [7(@)=2

(2) (Fi,B)C(F2, E) = f7((F1,E))Cf~((F2, E)).

(3) [7((F, E)U (B2, E)) = f7((F, E) U f7((Fe, B)).

(4) [7((F, E) N (B2, E)CF7 (B E) 0 f7 (B2, E)).

3.4. Proposition. [27] Let f be a mapping from X to Y and (G1,E), (G2, E) € S(Y).
Then

(1) J7(®) =@, f(YV)=X.

(2) (G, E)C(G2, E) = [T ((G1, E))Cf ™ ((Ge, E)).
(3) F7((Gr, B) U (G2, B)) = [T ((G1, E) U [T ((G2, B)).
(4) I7((Gr, B) N (G2, E)) = [~ ((Gr, E)) N f7 (G, E)).
(5) (G, B)) = (f~((G1, E)))".

3.5. Proposition. Let f be a mapping from X to Y, (F,E) € S(X), (G,E) € S(Y).
Then

(1) f(f7(F, E)))?(F, E). If f is one-one, then f<(f7((F,E))) = (F,E).
2) [7(fT(G,E))C(G, E). If f is surjective, then f~(f~((G, E))) = (G, E).
Proof. (1) Let f7((F,E)) = (G,E). Then Ve € E, f*(G)(e) = {z | f(z) € G(e)} =
{z | f(z) € {f(t) |t € F(e)}} D F(e), which implies that f< (f~((F,E))) D(F, E).
If f is one-one, notice that {z | f(z) € {f(t) |t € F(e)}} = F(e), thus f~(f~((F, E))) =

(F,E).
(2) Let f7((G,E)) = (F,E). ThenVe € E, f7(F)(e) ={f(z) |z € F(e)} ={f() |
x € {t] f(t) € G(e)}} C G(e), which implies that f~(f* ((G, E)))C(G, E).



If f is surjective, notice that {f(z) | € {t | f(¢t) € G(e)}} = G(e), thus
7 G E)) = (G, B). 0

3.6. Definition. Let (X, 71, E) and (Y, 72, E) be two soft topological spaces over X
and Y, respectively, and f be a mapping from X to Y. If V(G,E) € 72, we have
(G, E)) € 71 then f is called a soft continuous mapping from (X, 1, E) to (Y, 72, E).

Next, we will give an example about soft continuous mapping.

3.7. Example. Let X = {h1,ho,hs}, Y = {p1,p2,p3} and E = {e1,e2}.
n={®, X, (F1,E), (Fs, E)}, where (F1,E) and (Fs, E) are two soft sets over X, de-
fined as follows:
Fi(er) = {h2}, Fi(e2) = {m},
Fy(e1) = {h2, hs}, Fa(e2) = {h1, ha}.
Then 71 is a soft topology on X and hence (X, 71, F) is a soft topological space over X.
19={®,Y,(G1, E), (Ga, E)}, where (G1, E) and (G2, E) are two soft sets over Y, de-
fined as follows:
Gi(e1) = {p1}, Gi(e2) = {p=},
Ga(e1) = {p1,ps}, Ga(e2) = {p1,p2}.
Then 72 is a soft topology on Y and hence (Y, 72, E) is a soft topological space over Y.
If f is a mapping from X to Y, defined as follows:
f(h1) = pa, f(h2) =p1, f(h3) = ps,
then it is easy to verify that f<((G,E)) € 7 for all (G,E) € 7. Thus f is a soft
continuous mapping from (X, 71, E) to (Y, 72, E).

3.8. Proposition. Let (X,71,E) and (Y, 72, E) be two soft topological spaces over X
and 'Y, respectively. If f is a soft continuous mapping from (X, 11, E) to (Y, 72, E), then
f is a continuous mapping from (X, (11)a) to (Y, (12)a) for alla € E.

Proof. By Proposition 2.15, (X, (72)a) and (Y, (72)«) are two topological spaces for all

a € E. If B € (72)a, then there exists a soft set (G, E) € 12 such that B = G(«). Since

f is a soft continuous mapping from (X, 71, E) to (Y, 72, E), then f((G, E)) € 71. Thus
f7U(B) = f71(G(a) = {z | f(z) € G(a)} = F7(G)(a) € (11)a,

and by Definition 2.10, f is a continuous mapping from (X, (71)a) to (Y, (72)a)- O

Proposition 3.8 shows that a soft continuous mapping gives a parameterized family of
continuous mappings.

3.9. Example. Let (X, 7, E) and (Y, 72, F) be two soft topological spaces and f be
the soft continuous mapping from (X, 71, FE) to (Y, 72, F) given in Example 3.7. By
Proposition 2.15,

(T1)e; = {0, X, {h2},{h2, hs}} and (71)e, = {0, X, {h1},{h1, h2}} are two topologies
on X,

(72)er = {0,Y, {p1} {pr,ps}} and (72)e; = {0,Y, {p2}, {p1, p2}} are two topologies on
Y.
It is easy to verify that f is a continuous mapping from (X, (71)e,) to (Y, (72)e,) and f
is also a continuous mapping from (X, (71)e,) to (Y] (72)e,).

Now we give an example to show that the inverse of Proposition 3.8 does not hold in
general.

3.10. Example. Let (X, 71, F) be the soft topological space given in Example 3.7 and
Y = {p1,p2,p3}, 2 = {<I>,§~/, (Gs, E)}, where the soft set (G3, E) over Y is defined by
{Gs(e1) = {p1}, Gs(e2) = {p1,p2}}. If f is the mapping from X to Y, given in Example
3.7 then by Proposition 2.15,



(Tl)el = {®7X7 {h2}7 {h27 h3}} and and (Tl)ez = {®7X7 {hl}v {hla h2}}7

(12)e; ={0,Y,{p1}} and (72)e, = {0, Y, {p1,p2}} are two topologies on Y.
It can be easily seen that f is a continuous mapping from (X, (71)e,) to (Y, (72)e,)
continuous mapping from (X, (71)e,) to (Y, (72)e,). However,

f7(Gs, E)) = {f7(Gs)(er) = {ha}, [T (G3)(e2) = {h1,h2}} & 71, which implies
that f is not a soft continuous mapping from (X, 71, F) to (Y, 72, E).

Next, we will give some equivalence characterizations of soft continuous mappings.

3.11. Proposition. Let (X, 71, E) (resp., (Y, 72, E)) be a soft topological space over X
(resp., Y) and f be a mapping from X to'Y. The following conditions are equivalent:
(1) f is a soft continuous mapping from (X, 71, E) to (Y, 72, E).

(2) For each soft closed set (G, E) inY, f~((G,E)) is a soft closed set in X.

(3) For each soft set (F,E) over X, {7 ((F,E))Cf~((F,E)).

(4) For each soft set (G, E) over Y, f((G,E))Df<((G, E)).

Proof. (1) = (2) Let (G, E) be a soft closed set in Y. Then (G, E)’ be a soft open set
in Y. By (1) and Proposition 3.4, f<((G1, E)") = (f~((G1, E)))’ is a soft open set in
X. Hence f((G, E)) is a soft closed set in X.

(2) = (3) Let (F,E) be a soft set over X. By Proposition 2.17 (2), f7((F, E))

(
Cf~((F,E)). Then by Propositions 3.4 (2) and 3.5(1), (F, E)C (7 ((F, E))) Cf(f~ ((F, E))).

Since f=((F, E)) is a soft closed set in Y, then by (2),
FE(f~((F,E))) is a soft closed set in X. Thus (F, E)Cf* (f~((F, E))). Also by Propo-
sitions 3.3 (2) and 3.5 (2),

FTWE BN (T~ (FLE))C((F,E)). So f7((F, E)Cf~((F, E)).

(3) = (4) Let (G, E) be a soft set over Y. By (3), Propositions 3.5 (2) and 2.17 (5),
(G, EN)Cf~(f~((G,E))C(G,E). Then by Propositions 3.4 (2) and 3.5 (1),
FoUG, BN (f7(f (G, EN)DF((G, B)).

(4) = (1) If (G, E) is a soft open set in Y, then (G, E)’ is a soft closed set in Y. By (4)
and Proposition 2.17 (3), f<((G, E))Cf* ((G, E)’). Obviously, f<((G, E))>f" (G, E)).
Thus f<((G,E)) = f<((G,E)"), which implies that f“ ((G,E)") = (f“((G,E)))" (by
Proposition 3.4 (5)) is a soft closed set in X. Therefore, f ((G, E)) is a soft open set in
X. So f is a soft continuous mapping from (X, 1, E) to (Y, 72, E). O

4. Soft connectedness of soft topological spaces

In this section, we will introduce the notion of soft connectedness of soft topological
spaces and discuss some related properties.

4.1. Definition. Let (X, 7, E) be a soft topological space over X. If there exists no
(F,E),(G,E) € T — {®} such that (F,E)N(G,E) = ® and (F,E)U (G, E) = X, then
(X, 1, E) is called soft connected.

2. Definition. [41] Let X be an initial universe set, E be a set of parameters and
7={®,X}. Then 7 is called the soft indiscrete topology on X and (X, 7, E) is said to
be the soft indiscrete space over X.

4.3. Example. Any soft indiscrete space is soft connected.

4.4. Example. Let X = {hi,ho,hs} and E = {e1,ea}. 7 = {®, X, (F\, E), (F2, E),
(F3, E)}, where (F1, E), (F2, E), and (F3, E) are three soft sets over X, defined as follows:
Fi(er) = {ha}, Fi(e2) =0,
Fy(e1) = {h1, ha}, Fa(ez) =0,



Fg(el) = X, F3(€2) = @
Then (X, 7, E) is a soft topological space over X. It is easy to verify that there exists
o (F,E),(G,E) € T — {®} such that (F, E)N (G, E) = ® and (F,E) U (G, E) = X, so
(X, 7, E) is soft connected. By the definition of 7, we have 7, = {0, X, {h2}, {h1,hs}},
and 7., = {0, X}. Obviously, (X, 7,) is not connected, but (X, 7e,) is connected.
It is worth pointing out that this example shows that (X, 7, F) is soft connected but
(X, 7o) (o € F) may not be connected.

4.5. Remark. (X, 7, F) may not be soft connected even if (X, 7,) is connected for every
parameter a € F.

4.6. Example. Let X be a non-empty initial universe set and £ = {e1,e2} be the set
of parameters. 7 = {®, X, (F, E), (G, E)}, where (F, E) and (G, E) are two soft sets over
X, defined as follows:

F(el) = @, F(eg) = X,

G(e1) = X, G(e2) = 0.
Then (X, 7, E) is a soft topological space over X. Obviously, (F, E), (G, E) € T — {®},
(F,E)N(G,E) = ® and (F, E)U(G, E) = X, so (X, 7, E) is not soft connected. However,
Tey = Tes = {0, X} (indiscrete topology), which implies that (X, 7e,) and (X, 7e,) are
connected.

The following proposition gives some equivalence characterizations of soft connected-
ness.

4.7. Proposition. Let (X, 7, E) be a soft topological space over X. Then the following
conditions are equivalent:

(1) (X,7,E) is soft connected.

(2) There exists no (F, E), (G, E) € 7' —{®} such that (F,E)N(G,E) = ® and (F, E)U
(G,E) = X, where 7' = {(F,E)' | (F,E) € 7}.

(3) There exists no (F, E),(G,E) € S( ) —{®} such that ((F,E)N(G,E))U(F,E)N
(G,E)) = @ and (F, E) U (G, E) =

(4) There exists no (F,E) € S(X ) {<I> X} such that (F,E) e TN 7.

Proof. (1) = (2) Assume there exist (F,E),(G,E) € 7" — {®} such that (F,E) N
(G, E) = ® and (F, E)U(G, E) = X. Then Ve € E, F(e)NG(e) = ) and F(e)UG(e) =
Thus Ve € E, F'(e) = X — F(e) = G(e) and G'(e) = X — G(e) = F(e), which implies
that (F,E) = (G,E) € 7 — {®} and (G,E) = (F,E) € 7 — {®}. Then there exist
(F,E), (G, E) € 7—{®} such that (F, E)N(G, E) = ® and (F, E)U(G, E) = X. However,
(X, 1, E) is soft connected. This is a contradiction.

(2) = (3) Assume there exist (F,E),(G,E) € S(X) — {®} such that ((F,E) N
(G,E)U((F,E)N(G,E)) = ® and (F, E)U(G, E) = X. Obviously, (F, E)N(G, E) = ®.
By Propositions 2.8 and 2.17, (G,E) = (G,E)N X = (G,E) N ((F,E) U (G,E)) =
(G, E)N(F,E)U((G, E)N(G, E)) = (G, E), which implies that (G, E) is a soft closed set.
By using the same methods, we can show that (F, E) is also a soft closed set. Hence there
exist (F,E), (G, E) € 7" — {®} such that (F,E) N (G,E) = ® and (F,E) U (G, E) = X.
This is a contradiction. So (3) holds.

(3) = (4) Assume there exists (F,E) € 7 N1’ — {®, X}. If take (G, E) = (F, E)’
then (F, E), (G, E) € N7’ —{®} (C S(X) —{®}). Besides, we have ((F, E)N (G, E))U
((F, E)N(G,E)) = (F,E)n(G,E) = ® and (F, E)U(G, E) = X. This is a contradiction.

o (4) holds.

(4) = (1) Assume (X, 7, E) is not soft connected. Then there exist (F, E), (G, E)
€ 7 — {®} such that (F, E) N (G, E) = ® and (F, E) U (G, E) = X. It is easy to see that




(F,E) = (G,E) and (G, E) = (F,E). Thus (F,E),(G,E) € rN1' — {®,X}. This is a
contradiction. O

4.8. Definition. (1) The difference (H, E) of two soft sets (F, F) and (G, E) over X,
denoted by (F,E) — (G, E) (or (F,E)\ (G, E)) is defined as H(e) = F(e) — G(e) for all
ec L.

(2) Let (F,E) be a soft set over X and Y be a non-empty subset of X. Then the soft
subset of (F, E) over Y denoted by (¥ F, E) is defined as ¥ F(e) = YN F(e), foralle € E.
In other words (Y F,E) =Y N (F, E).

(3) Let (X, 7, E) be a soft topological space over X and Y be a non-empty subset of
X. Then 7v = {(¥* F,E) | (F,E) € 7} is said to be the soft relative topology on Y and
(Y, 7y, E) is called a soft subspace of (X, T, F).

In fact, 7v is a soft topology on Y.

4.9. Proposition. Let (Y, 7y, E) be a soft subspace of a soft topological space (X, T, E).
If (Z,(1v)z, E) is a soft subspace of (Y,7v,E) then (Z,(1v)z, E) is also a soft subspace
of (X,7,E).

Proof. (tv)z ={Y N(F,E)| (F,E) €1}z
={ZNYN(F,E) | (F,E) et}
={ZN(F,E) | (F,E) € 7}
So (Z,(1vy)z, ;7)7—1Zsa soft subspace of (X, 7, E). O

4.10. Definition. Let (X, 7, E) be a soft topological space over X and Y be a non-empty
subset of X. If (Y, 7y, E) is soft connected then Y is called a soft connected subset of X.

Let (Y, 7y, E) be a soft subspace of a soft topological space (X, 7, E). For a soft set
(F,E) € S(Y), (F,E) and (F, E), will denote the soft closures of (F, E) in (X, 7, E) and
(Y, 1y, E), respectively.

Now we discuss some basic properties about soft connectedness.

4.11. Proposition. Let (X,7,E) be a soft topological space over X. IfY is a soft
connected subset of X, then there exists no (F,E),(G,E) € T — {®} such that (F,E)N
(G,E)=® and (F,E)U(G,E)=Y.

Proof. 1f there exist (F, E), (G, E) € T —{®} such that (F, E)N(G,E) = ® and (F,E)U
(G,E) =Y, then (F,E) =Y N(F,E) € 7v—{®} and (G, E) =Y N (G, E) € 7v—{P}.
However, Y is a soft connected subset of X. This is a contradiction. O

The following example shows that the inverse of Proposition 4.11 may not hold in
general:

4.12. Example. Let X = {a,b,c}, Y = {b,c}, and E = {e1,e2}. 7 = {@,)?,(FhE),
(F», E), (F5,E)}, where (F1, E), (F2, E), and (F3, E) are three soft sets over X, defined
as follows:

Fi(e1) = {a,b}, Fi(e2) = {a,c},

Fy(er) ={a,c}, Fa(e2) = {a, b},

Fs(e1) = {a}, Fs(e2) = {a}.

Then (X, 7, E) is a soft topological space over X.

By Definition 4.8, we have

Y(Fi,E) =H{ YFl(el) ={b}, " Fi(e2) ={c} },
Y(Fp, BE) ={ Y Fa(er) = {C} Y Fo(e2) = {b} },
Y(F3,E) = { Y Fs(e1) = 0, Y Fa(e2) =0 } = .



Then 7y = {®,Y, Y (F\, E), Y (F2, E)}.

It is easy to verify that there exists no (F, E), (G, E) € 7 — {®} such that (F,E) N
(G,E) = ® and (F,E)U(G, E) =Y. However, ¥ (F1, E), ¥ (F2, E) € v —{®}, ¥ (F1, E)N
Y(Fo, E)=® and ¥ (F1,E)U Y (F2,E) =Y, ie. (Y,7v, E) is not soft connected.

By Proposition 4.11, we can easily show the following corollary:

4.13. Corollary. Let (X, 7, E) be a soft topological space over X and Y be a soft con-

nected subset of X. If there exist (F,E), (G, E) € T such that (F,E)N (G, E) = ® and

YC(F,E)U(G,E) then YC(F,E) or YC(G, E).

4.14. Lemma. [41] Let (Y, 7y, E) be a soft subspace of a soft topological space (X, T, E)

and (F,E) be a soft set over X, then (F,E) is soft closed in Y if and only if (F,E) =

Y N (G, E) for some soft closed set (G, E) in X.

4.15. Proposition. Let (X, 7, E) be a soft topological space over X and Y be a non-

empty subset of X. Then Y is a soft connected subset of X if and only if there exists
o (FE),(G,E) € S(Y) — {®} such that (F,E)N (G, E))U((F,E)N(G,E)) = and

(F,E)U(G,E) =Y.

Proof. For all (F,E),(G,E) € S(Y) — {®}, by Definition 2.16, Proposition 2.8 and
Lemma 4.14, we have

(F,E)N(G,E)y = (F,E)N(({(H,E) | (H,E) € (rv)', (H,E)>(G, E)})*
= (F.E)n (DY N (@, )I(Q E) €7, (Q,E)2(G, E)})Y
= (R E)NY) N (N{(@ B) | (@, B) €7, (Q E)S(G, E)})
= (F,E)Nn(N{(Q E) | (@ E) € 7,(Q, E)3(G, E)})

=(F,E)N(G,E).
Similarly, we can show that (F, E), N (G,E) = (F,E)N (G, E).
By Proposition 4.7, (Y, 7y, E) is soft connected if and only if there exists no (F, E), (G, E) €
S(Y)—{®} such that ((F, E)N(G, E), )U((F, E),N(G, E)) = ® and (F, E)U(G,E) =Y.
Then (Y, 7y, E) is soft connected if and only if there exists no (F, E), (G, E) € S(Y)—{®}
)
G

such that ((F,E) N (G,E)U ((F,E)N(G,E)) =® and (F,E)U(G,E) =Y, ie Y is
a soft connected subset of X if and only if there exists no (F, E), (G, E) € S(Y) — {®}
such that ((F, E)N (G, E))U((F,E)N(G,E)) =® and (F,E)U(G,E) =Y. O

4.16. Proposition. Let (X, 7, E) be a soft topological space over X and Y be a soft
connected subset of X. If there exist (F, E), (G, E) € S(Y') such that ((F,E)N (G, E))U
(F,E)N(G,E))=® and YC(F,E)U (G, E) then YC(F, E) or YC(G, E).

Proof. If there exist (F, E), (G, E) € S(Y') such that ((F, E)N(G, E))U((F, E)N(G, E)) =
® and YC(F, E) U (G, E) then by Propositions 2.8 and 2.17, we have
(YN (F,E)N(Y N (G E)))UY N (FE)NY NG E)))

C(YN(FE)N(G,E)U((F,E)n (Y N(G,E)))

=Y N((F,E)n (G E)U((F,E)n (G, E))

=Yno

= .

Besides, we have Y N (FE)Y Y N(G,E) € S(Y), and (Y N (F, E))U (Y N (G, ))
Y N ((F,E)U(G,E)) =Y. Since Y is a soft connected subset of X, Y N (F,E) = ® o
Yﬁ(G E) = @ by Proposition 4.15. If YN(F, E) = ® then by (YN(F, E))U(YN(G, ))
Y, we have YC(G, E). Similarly, if Y N (G, E) = ® then Y C(F, E).

oo

(ry) = {V — (W,E) | (W, E) € 7 }.
I ={X - (V,E)| (V,E) € T}



4.17. Proposition. Let (X, 1, E) be a soft topological space over X, Y be a soft connected

subset of X and Z be a non-empty subset of X. If YCZCY then Z is also a soft connected
subset of X.

Proof. Assume that Z is not a soft connected subset of X. By Proposition 4.15, there
exist (F, E), (G, E) € S(Z)—{®} (C S(Y)) such that ((F, E)N(G, E))U((F, E)N(G, E)) =
® and (F,E)U (G,E) = Z. Then YC(F,E) U (G,E). Since Y is a soft connected

subset of X, we have YC(F,E) or YC(G, E) by Proposition 4.16. If Y C(F, E), then

ZN(G, B)C(F,E)N(G,E) = ® for ZCYC(F, E). Thus (G, E) = ZN(G, E) = ®. This is
a contradiction. Similarly, if Y C(G, E) then (F, E) = ®. This is also a contradiction. [

The following proposition shows that the soft connectedness is an invariant property
under a soft continuous mapping.

4.18. Proposition. Let f be a soft continuous mapping from soft topological space
(X, 71, E) to soft topological space (Y, 72, E). If (X, 71, E) is soft connected and f(X) # 0
then f(X) is a soft connected subset of Y.

Proof. Assume f(X) is not a soft connected subset of Y. By Proposition 4.15, there exist
(F,E),(G,E) € S(f(X)) — {2} (C ﬁ@* {®}) such that ((F, E)N(G,E))U((F,E)N
(G,E))=® and (F,E)U (G, E) = f(X). Then f((F,E)), [~ (G, E)) € S(X) — {2}
and by Propositions 3.11 and 3.4,

(TEE) N (G E)) U (F((F E) N (G, E)))

CUT(FE)N (G, E)) U ((FE)Nf((G, E)))

=/ ((FE)N(G,E)) U((F,E)N (G, E)))

=f7(®)

= ®.

Besides, by Propositions 3.4, and 3.5, we have o

FT(FEB) U (G E) = [“(FE)U(G,E) = [ (f(X)) = [~ (f7(X) = X.

It follows that (X, 71, F) is not soft connected. This is a contradiction. So f(X) is a
soft connected subset of Y. O

To illustrate the idea of Proposition 4.18, we give the following example:

4.19. Example. Let X = {hi,ha,hs}, Y = {p1,p2,ps} and E = {e1,e2}. 7 =
{‘D,)?,(Fl,E)7(F2,E)}, where (F1,E) and (Fz, E) are two soft sets over X, defined
as Fl(el) = {hg}, F1(€2) = (D, F2(61) = {h17h3}, Fg(eg) = @ Then (X,Tl,E) is a SOft
topological space over X and it is easy to verify that (X, i, E) is soft connected.

Let 2 = {®,Y, (G, E)}, where (G, E) = {G(e1) = {p1},G(e2) = {p2,p3}}. Then
(Y, 2, E) is a soft topological space over Y.

If f: X — Y is a mapping defined as f(h1) = f(h2) = f(hs) = p1, obviously, f is
a soft continuous mapping from (X, 71, E) to (Y, 72, E). In this case, f(X) = {p1} # 0
and it is easy to verify that f(X) is a soft connected subset of Y.

5. Conclusion

In this paper, we construct the basic theories about soft continuous mappings and
soft connectedness of soft topological spaces. We also give some examples to explain
these new notions. Moreover the concepts and some results proposed in this paper can
be extended into fuzzy cases. In our future study on soft topological spaces, may be the
following topics should be considered:

(1) To discuss soft basis, soft sub-basis of soft topological spaces,



(2) To study soft compactness of soft topological spaces,
(3) To describe the real world application of soft topological spaces.
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