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On conditions for univalence of some integral
operators

Daniel Breaz* and Virgil Pescar'

Abstract

In this paper, we obtain new univalence conditions for the integral
operators Fyj5)1(z) and G[js))(2) of analytic functions defined in the open
unit disk.
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1. Introduction

Let A denote the class of functions of the form f(z) = z+ a2 + ... which are analytic
in the open unit disc W = {z : |z| < 1}. Further, by 8 we shall denote the class of all
functions in A which are univalent in U.

Pescar [7], has obtained the following univalence criteria

1.1 Theorem. [7T]Lety € C, f €8, f(2) =2z +a22* + ...

If
zf'(z) — f(2)
2 IV <], Vzell
zf(z)
and
1
vl < '
B 2) | . lzl+laz]
max [(1 |2%) - Izl 1+|a2\lzz\}
then

P [ (19

0
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is in the class S.

1.2 Theorem. [7]Let a, 3,7y €C, f €S, f(2) = z+ az2> + ....

If
A G| vaeu
zf(z) -
Ref > Rea >0
and
1
Iyl < :
1—[z[2Rex 1 |zl+]ag]
g‘l‘%)i [ Rea |Z| 1+\a2|\z\:|
then
1
z B

Gs(2) = ﬁ/tﬂ—l (@)Wdt

0
is in the class S.

We define the next two integral operators

z

Fop(z) = / (flft))al (f“%](t))aw dt,
0

where § € C, [6| ¢ [0,1), s €C, fi € A, i =1,[|d]], cu - ... - aps)) = 0 and

1

Gpy(2) = v/zlt71 (flT(t))al (M)QM dt ) :

v e C, \’y| ¢ [07 1), oy € C, fl € .A, =1, H’y”, Qy Oy = -
In this paper, we obtain new univalence conditions for the integral operators Fj5)(z)
and G“(;H(Z).

2. Preliminary results

In order to derive our main results, we have to recall here the following lemmas:
2.1 Lemma. [2]If the function f is regular in unit disk U, f(z) = z + a22*> + ... and

o |27 (2)
== 76
for all z € U, then the function f is univalent in U.

2.2 Lemma. [5]Let o be a complex number, Rea > 0 and f(2) = z + a22> + ... be a
regular function in U. If

1— ‘Z|2Reo¢ Zf”(Z)
Rea 1(2)
for all z € U, then for any complexr number 5, Ref > Rea, the function

1

z B
Fo(z) = | / 19701 (t)dt

0

<1

<1,

is in the class 8.
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2.3 Lemma. [3]If the function g is regular in U and |g(2)] < 1 in U, then for all
& € U, the following inequalities hold
9(&) —9(2)

1—9(2)g(¢)

<=2

<oz D

and
2

, 1—lg(z
o()] < L)
1— 2|
the equalities hold in the case g(z) = e{5=%, where || = 1 and |u| < 1.
2.4 Remark. [3] For z = 0, from inequality (2.1) we obtain for every £ € U,
9(§) — 9(0)

1—g(0)g(&)

and hence,

€+ 19(0)]
) < S9N
7Ol et
Considering ¢g(0) = a and £ = z, then
|2] + |al
o) < LI

for all z € U.

<&l

3. Main results

3.1 Theorem.Let M > 1,5 € C, |§| ¢ [0,1), a; € C, fori=1,[|d]] and a1-...-oqs)) =
5. Iffi € A, fi(2) = 2+ ab2*> + ..., fori=1,[|8]] and

zfi(2) — fi(2)

<1,Vi=1,[0], z €U, (3.1)

zfi(2)
ar|+ ... + |«
loal 4 Jogan| (3.2)
|ax - oo aga
1
ar -] < 2 69
|z|+el
Mglé}i [(1 — ‘Z‘ ) |Z| 1+\c\|z\]
where
. [181]
. ai1az + ... + aps))ag
C f—
M e - .. - oy

then

z

Fls(2) = / (flT(t))al . (f“%](t))anéu dt

is in the class 8.
Proof. We have f; € A, for all i = 1,[|0]] and @ # 0, for all ¢ = 1, [|9]].

Let g be the function g(z) = (h(z)) o (M> WH, z € U. We have g(0) = 1.

z z

Consider the function

1 Fiis (2)

h(z) = ’ ’
M o . aqsp| - Fjg(2)

z e U.
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The function h(z) has the form:

1 N HORIIO)

= (0%
M ’Oq C ~aH5|]| o ! z2fi(2)

1 [ls1]

h(0) = ——
) M o - aqey | 4

aiaé.
By using the relations (3.1) and (3.2) we obtain that |h(z)| < 1 and

‘ozm%—l—...—%-a“guagéu‘ |

h(0)] =

cl.
M o - aqa|

Applying Remark 2.4 for the function h we obtain

1 R R L2 N T 1< IV
M‘al-...-a“(;u‘ F[/|5H(Z) - 1+|C||Z"
and
Fisp (2) |2] + ||
1—]2?) 2 2 < May - .- 1—|2)?) |2 =12 vz € U.(3.4
Consider the function H : [0, 1] — R defined by
x+|c
H(il}):(l—l’Q)l’ﬁ, fl’:|Z|
We have
1 3 142
H(=)=2. 0 H 0.
(2) 8 2ap 07 Hz) >
Using this result and from (3.4) we have:
Flsh(2) 2| + |c|
1—|2]*) - 2- fio] <M . 1—1z%)- |,V U.(3.5
(1—1z2*) - 2 i) | S |on s max (1—12[) - |2| IR € U.(3.5)

Applying the condition (3.3) in the form (3.5) we obtain that

Fiisp(2)

SR Fiisy (2)

and from Lemma 2.1 we obtain that F}5; € 8.

<1,Vzel,

3.2 Theorem. Let M >1,~,8 € C, |y| ¢1[0,1), as € C, fori=1,[]7]], a1 -...-an =
(Y] If fi € A, fi(2) = 2+ ab2® + ..., for i =1,[]]] and
z2fi(2) — fi(2)
z2fi(2)

<1, V=11 z €U, (3.6)
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M < M, (3.7)
|ar - .- gy
Rey > Red > 0,
1
o - ] < > ,(3.8)
- |zl +lel
M max [(1 [2I7) - 12 1+|cuz\]
where
B arad + ...+ agypay”’
C| = ,
Mlon -.... oy |
then
7 g
(AN Fipon )\ 10
Gy (2) = v/t” ! (¥ % dt
0

is in the class 8.
Proof. We consider the function

z

h(z) = O/ (flT(t))al e (M)QM dt.

Define the function

_ 1 ()
M’Cm -...~OéH,y|]| h/(Z)
The function p(z) has the form:

p(2) ,z€U.

[I~1] /
_ 1 2fi(2) = fi(2)
N M |CM1 Caet OéH.Y|]| ;al Zfz(Z) '

By using the relations (3.6) and (3.7) we obtain |p(z)| < 1 and

‘ala% + ...+ a[w]agw

p(0)] = ‘ =ld.
M o - .- ey

p(2)

Applying Remark 2.4 for the function h we obtain

"
! [ < o
M|a1a[|w‘ h(z) 1+|CHZ|
and
1— |Z‘2Re6 h”(Z) 1— |Z|2Re5 |Z| + |C|
Red h’(z) 7M‘Oé1 Ot[ym! Rod |Z| 1—|—‘C| |Z|,Vz€u(3 9)

Consider the function @ : [0, 1] — R defined by

1— zQRetS x4 |C|
Q@) = Red '$'1+|c|x’m_
We have Q (1) > 0= m[%)i] Q(z) > 0.
z€|[0,

KR
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Using this result in (3.9), we have:

1— ‘Z|2Reé
Reé

zh"'(2)
h(z)

Applying the condition (3.8) in the relation (3.10), we obtain that

1— ‘Z|2Re6

IR
L+ ef 2]

,Vz € U.(3.10)

1— ‘Z|2Re5 zh"(z)
Red K (2)
and from Lemma 2.2, we obtain that G, € 8.

<1,Vzel
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