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Some identities and recurrences relations for the
g-Bernoulli and g-Euler polynomials

Veli Kurt*

Abstract
In this article we prove some relations between two-variable g-Bernoulli
polynomials and two-variable g-Euler polynomials. By using the equal-
ity eq(2) Eq(—2z) = 1, we give an identity for the two-variable g¢-
Genocchi polynomials. Also, we obtain an identity for the two-variable
g¢-Bernoulli polynomials. Furthermore, we prove two theorems which
are analogues of the g-extension Srivastava-Pinter additional theorem.
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1. Introduction Definition and Notation

The classical Bernoulli polynomials By, (z) and the classical Euler polynomials E, ()
are usually defined by means of the following generating functions;

t = "
et_le”:ZBn(x)ﬁ, [t] < 27
n=0

and

2 = t"
zt 1
me —ZEn(il’) nl’ It <,

n=0
respectively. The corresponding Bernoulli numbers B,, and Euler numbers F,, are given
by
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and
1
En:ZQnEn(§)7 ’I’LENOZNU{O},

respectively.

Many mathematicians investigated these polynomials in ([2]-[17]). They proved some
theorems and gave some interesting recurrences relations. Firstly, Carlitz in [2] gave
g-Bernoulli polynomials.

In this work we give some recurrences relations and properties for two-variable g-
Bernoulli polynomials and g-Euler polynomials.

Throughout this paper, we make use of the following notations; N denotes the set of
natural numbers, C denotes the set of complex numbers and ¢ € C with |g| < 1. The
g-basic numbers and g¢-factorials are defined ([2], [7]-[15]) by

a
[a], = : qq =l+q+...4+¢"" (¢#1),

1—
! = [n] =1, 2], (1],

respectively, where [0](1! =landn e N,aeC.
The g-binomial formula is defined ([8], [14]) by

" "I n k=1
(w+y)q:Z{k} g = "My
q

k=0

where [ Z } is the g-binomial coefficient (or Gaussian binomial coefficient) given by
a
{ n ] ) S
k], (@@, _w(a)y [n—EK] k]

The g-exponential functions are given ([1], [8], [12], [13]) by

o = ]! ,g T-G-aga C<l0<t F<g=
and
o0 " Zn oo
Eq(z)ZE q(2)[n}':H(1+(1—q)qkz), 0<lgl <1, zeC.
n=0 k=0

From the last equations, we can easliy see that eq (2) Eq (—2) = 1.
The Jack-derivative Dq is defined ([7], [10], [13], [14]) by
qu(z):M, 0<lgl<1, 0#ze€C.
qz — z
The derivative of the product of two functions and the derivative of the division of two
functions are given by the following equations in [7], respectively.

f(z)\ _ 9(g2)Def (2) — f(q2) Deg (2)
(1) Da <g(2)> - 9(2)g(qz) ’
Dy(f(2)g(2) = f(q2)Dqeg(2)+g(2) Dyf (2).

Carlitz was the first to extend the classical Bernoulli numbers and polynomials, Euler
numbers and polynomials ([2], [3]). Cheon in [5] gave explicit expansions for the classical
Bernoulli polynomials and the classical Euler polynomials. Srivastava et al [16] proved
some formulae for the Bernoulli polynomials and the Euler polynomials. Also, they gave
the addition-formulae between the Bernoulli polynomials and the Euler polynomials.
There are numerous recent investigations on the g-Bernoulli polynomials and g¢-Fuler
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polynomials by many mathematicians, including as Cenkci et al [4], Choi et al [6], Kim
(I8], [9]), Kim et al [10], Luo [11], Luo and Srivastava [12], Srivastava et al ([16], [17]),
Tremblay et al [18] and Mahmudov ([13], [14]).

Mahmudov defined and studied properties of the following generalized g-Bernoulli
polynomials B') (z,y) of order o and g-Euler polynomials &) (z,y) of order a as
follows ([13], [14]).

Let ¢ € C,a € N and 0 < |g| < 1. The g-Bernoulli numbers %553 and polynomials
%2‘2 (z,y) in z,y of order v are defined by means of the generating functions:

(o) t “ -
(1.2) ;%"’q[n}q!_(eq(ﬂl) s <2
and
oo N e B ¢ a
18 S ew gy = (Ggoy) @@ m e, <

The g-Euler numbers €.°) "¢ and polynomials Q‘S( ¢ (z,y) in z,y of order a are defined by
means of the generating functions:

00 Sein-(Gmer) - M
and

19 e = (o) @@ B, Her

The ¢-Genocchi numbers SISy q and polynomials SISy (m y) in x,y of order a are defined
by means of the generating functions:

o~ (o) 1 2t “ .
2 O <eq<t>+1)’ th<m

n=0 q
and
ZOO " 2t @
@.(na) , = - - t) E, ¢ , <
=0 (&) [n],! (eq(t)+1> €q (wt) Bq (y1) lt) <=

It is obvious that

lim %S{’g (z,y) = BT(la) (z+y),
q—1—
lim €% (z,y) = B (z+y),
q—1—
lim Qﬁﬁb 3 (z,y) = G(na) (z+y)
q—1—
and
DB (z,y) = [0], B, (x,y), DeyBL)(z,y) =[], B, (@),

Dgyeq (zt) = weq(at), Dqily(yt) =yLq (qyt)-
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2. Main Theorems

In this section, we give some relations for g-Bernoulli polynomials %533 (z,y) and
g-Euler polynomials 055321 (z,y) . By applying the derivative operator to g-Bernoulli poly-
nomials and g-Euler polynomials, we have recurrences relations for these polynomials.

2.1. Proposition. The generalized q-Bernoulli polynomials satisfy the following relation.

" n « (e o—
(2.1) Z{ I ] B, (@y) = B (2,y) = [n], B (2,y) .-
=0 q

Proof. From (1.3), we have

Soenpy = (Ggoy) @@ 5o

Z %533 (2,9) © | (eq(t) —1) = t <ﬁ> ) eq (zt) Eq (yt)

n=0 [n]q
S () o 3 - S B ) = e B )
n,q 7y [n]' [TL]I n,q 7y [n]' n,q 7y [n] '
n=0 4 n=0 q n=0 q n=0 q

By using Cauchy product and comparing the coefficient of ﬁn, we have (2.1). i
7

The following equations can be obtained easily from (1.2)-(1.5).

n o r 9

a— n a— n—
(2:2) B (2y) = Do | BT 0,0 @)y
k=0 *- -4q
a— " n | a _
(2.3) B 7 (2y) = | B @ 0BT (0,y),
k=0 *- -q
n = [ n | «@ —
(2.4) @+y)y = | | €, @) €L (0,0),
k=0 * -4q
a— [ n | a o
(2.5) 2¢0 (wy) = b B, (@) € (@),
k=0 *- -4q

where a, 8 € N.

2.2. Theorem. The generalized q-Bernoulli polynomials satisfy the following recurrence
relation.

(2.6) Butiq(z,y) = Bug(z,y)+[n+ 1], {qyBnq (9, y) + q2Bnq (z,9)}

i n+1
- Z [ k } Brq (z,9) qk%wrlfk,q (1,0).
q

Proof. In (1.3), for a = 1, we take the g-Jackson derivative of the generalized ¢-Bernoulli
polynomials B, 4 (z,y) according to t, then we have

. o Ly (e By 1)
> DB (z,9) Ml = Dq.¢ ( eq(t) — 1 ) .

n=0
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By using the equalities (1.1) in the last expression we have

e} £
ZDq,t%n,q (‘T7y) [n} ]
n=0

_ (eq (gat) — 1) Dy, [teq (wt) Eq (ytﬂ — gteq (qzt) Bq (qyt) Dyt [eq (t) - 1}
(eq (t) — 1) (eq (qt) — 1) ’

oo oo
1 TL
E n+ 1] Brii,q (z,y) Ez qyYBn,q (¢, qy) + qxBnq (T,y)

[n],!

1 n+1 n+1 t’ﬂ

k

+[n+ 1]q {% n,q (.’E y + E [ k :| %k,q (x,y)q SBTL-H—’%Q (170) [’I’L] |}
k=0 q q

n=0

Comparing the coefficient of 5 [l We obtain (2.6). i

2.3. Theorem. The generalized q-Euler polynomials €, q (x,y) satisfy the following re-
lation.

Criiq(@,y) =[n+1],

{yén,q(qmqy)ﬂﬁn,qu 42{ ]quwy)q@n kq(lo)}

Proof. In (1.5), for o = 1, by using the equalities (1.1), the proof can be obtained.

2.4. Theorem. There is the following relation.

(2.7)

—n n+1
(@) . n+1 (@ (1 (@) k
wen =g | 0] { (2 () - B e o) B ).
Proof. From (1.2), we have

Sae - ()
e [n}q! eq(t) —1 €q (— -1

t t
n=0 m m

{<w§_1>%q<:ﬂ> - (o) )
2

[ (o)~ } f? O

~—

=|3

N\S

Using the Cauchy product and comparing the coefficient of ﬁn, we obtain (2.7). 1
7

2.5. Theorem. The generalized q- Euler numbers @5;2 (0,0) satisfy the following relation.

@(a):¥n§+§ n+1 ¢@ 10 + € (0,0)| Brgr1—rig (0,0)m" "
n,q 2[7’7,—"1] k . k,q m n+l—k,q ’ .

94 k=0
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3. Some Relations Between the g-Bernoulli Polynomials and g-
Euler Polynomials

In this section, we prove an interesting relationship between the g-Bernoulli polyno-
mials %gfg (z,y) of order a and g-Euler polynomials esﬁﬁg (z,y) of order a.

3.1. Theorem. There is the following relation between the q-FEuler polynomials and
q-Bernoulli polynomials.

(3.1)

p
} { [ i) ] %(OO (z,0)m" ™" + %ff‘)k 4 (@,0) mk} Crq (0,my).
q T q

Proof. From (1.3), we have

St = son () () e

n=0 [ ]q‘

=52 Cnq (0,my) B (2,0)
2 20 O g 2 i 2 0 g
-i-1 i €n,q (0,my) r i B (,0) t
2 A m" [n],! I n] !
n=0 4 n=0 q
1| t"
=35 Z@nq (0, my) ] ':|
n=0 q
oo p
p (@ r— (o) ( t
X |:Z [ r :| %7‘711 (m,O)m — + Z%p’q x, 0 ]:|
p=0r=0 q
Comparing the coefficient of I, Ve obtain
1« n - p k
%(Q) (z,y) = 3 Z { & } {Z [ . ] mathfrakBﬁfZ) (z,0)m ™" + %;ajk,q (z,0)m™ } Er.q (0, my) .
k=0 q r=0 q

3.2. Theorem. There is the following relation between the q-Bernoulli polynomials and
q-Fuler polynomials.

ey = Z[nzl}
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Proof. From (1.5), we write

t t @
@ ¢ o m ) o (5) — 1 2
Z@ [l eq (L) - 1B (mym> L e ) +1) (at)
_mNo ¢ (@) t
= ;%n,q (0,my) — ,Zmn N Zez N
m oo (a)
_72%7%,1(0 my) Z@ ] '
n=0 q n=0 q
. m ol B (@) r—p (a) tp
=5 Z k,q (0, my) ZZ Q‘an (z,0)m" P — &7/ (,0) DL
k=0 p=0r=0 pfl'

Using the Cauchy product and comparing the the coefficient of o - w7 We obtain (3.2). i
q°

3.3. Corollary. The following relations holds

(3.3)
w0y = o o | | e i (L0) e m 00} e 00
[n+1], = k . 4 \m
and
(3.4)

1 K n+1 1
(o) _ (e) (o) (c)
&= | Lm e (50) - € 0.0} 32, 00,

a k=0
3.4. Corollary. From (3.3) and (3.4), we have

« 1 « «
{%2,3 (m ) + 8,7, (0,0 )} €1 (0,0) € (0,0)
« 1 o o «
_ {e,i,q) <%,0) —e) (0,0)}%131 1q (0,0) B (0,0).
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