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Abstract

The authors consider the commutativity and associativity of binary
di-operations on a texture and go on to study the space of real difunc-
tions on a texture and the space of bicontinuous real difunctions on a
ditopological texture space.
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1. Introduction

Let S be a non-empty set. We recall [1] that a texturing on S is a point separating,
complete, completely distributive lattice 8§ of subsets of S with respect to inclusion,
which contains S, @), and for which meet /\ coincides with intersection () and finite joins
V coincide with unions U. Textures first arose in connection with the representation
of Hutton algebras and lattices of L-fuzzy sets in a point-based setting [3], and have
subsequently proved to be a fruitful setting for the investigation of complement-free
concepts in mathematics. The sets

Po=({A€e8|scA}, Q=\/{P.|ueS s¢ P} seES,
are important in the study of textures, and the following facts concerning these so called
p—sets and g-sets will be used extensively below.
1.1. Lemma. [5, Theorem 1.2]

(1) s¢ A = ACQ, = s¢ A" forallse S, AcS.

(2) A" ={s| AZQs} forall Ac 8.

(3) For A; €8, i€ I we have (\,¢, A = Uier A,

(4) A is the smallest element of 8§ containing A forall A€S.
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(5) For A, B€S, if AZ B then there exists s € S with A Z Qs and Ps € B.
(6) A={Qs | Ps L A} forall A€ 8.
(7) A=V{Ps | AZ Qs} forall A€ 8.

Here A® is defined by

Ab:ﬂ{U{Ai\z’eI}|{Ai\z’eI}g8,A:\/{Ai\ie[}}

and known as the core of A € §. The above lemma exposes an important formal duality
in (S,8), namely that between (] and \/, Qs and P,, and Ps Z A and A Z Q5. Indeed,
it is to emphasize this duality that we normally write Ps € A in preference to s ¢ A.

The simplest example of a texture is the discrete texture (X, P(X)) on X, for which
P, ={z} and Q. = X \ {z}, # € X. This texture is closed under set complementation,
but this is certainly not the case in general. A texture that we will consider in the final
section is the real texture (R, R), where R is the set of real numbers and

R ={(—o0,7) |r € R}U{(—00,r] | r € R}U{R,0}.

For this texture P, = (—oo,r] and Q, = (—oo,7), 7 € R.

In the study of textures the ordinary notion of binary relation between sets is replaced
by direlations, which are pairs consisting of a relation and corelation [5]. Defining a
difunction as a special type of direlation, a theory is obtained that resembles in many
respects that of ordinary binary relations and functions between sets. Our aim in this
study is to continue this work by defining di-operations on textures and studying their
commutativity and associativity. In particular a study of di-operations on (R,R) is
presented and applied to the study of spaces of real (bicontinuous) difunctions, that is
difunctions whose range is (R, R).

The reader is referred to [1-7] for background and motivation on textures. For the
benefit of the reader we recall some basic definitions.

For textures (S, 8), (T, T) we denote by S®T the product texturing of S x T [3]. Thus,
S®T consists of arbitrary intersections of sets of the form (AXT)U(SxB), A€ 8§, B € TJ.
For s € S, Ps and Q, will always denote the p-sets and g-sets for the texture (.9, 8), while
for t € T, P; and Q; will denote the p-sets and g-sets for (T, T). We reserve the notation
Py, Qsypy, s €5, t €T, for the p-sets, g-sets in (S x 7,8 ® T). On the other hand,
P(s ) and @(5@ will denote the p-sets and g-sets for the texture (Sx T, P(S)®T). Hence
(see [5]) we have Posy = {s} x P; and Q, ) = [(S\ {s}) x T]U[S x Q¢]. Likewise,
P s and QMS) are the p-sets and g-sets for (7" x S, P(T) ® §). It is easy to verify
that F(s,t) z @(S,’t,) < s=2s and P; € Qu. Again, we will use this fact, and its
companion ﬁ(t,s) g @(t,,s,) <= t=1tand P; Z Q,/, without comment in what follows.
Now let us recall:

1.2. Definition. [5, Definition 2.1] Let (S, 8), (T, 7) be textures. Then
(1) r € P(S) ® T is called a relation from (S,8) to (T,7T) if it satisfies
RI r L Q) Ps L Qs = 7L Qo yy-
R2r¢ @(m) = 3¢’ € S such that Ps Z Q. and r € @(S,’t).
(2) ReP(S)® T is called a corelation from (S,8) to (T,7) if it satisfies
CR1 E(s,t) ZR P ZQy = Py LR _
CR2 Pssy £ R = 35’ € S such that Py Z Qs and P(y ) Z R.
(3) A pair (r,R), where r is a relation and R a corelation from (S,8) to (7,7) is
called a direlation from (S,8) to (T, 7).
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Normally, relations will be denoted by lower case and corelations by upper case letters,
as in the above definition.

For a general texture (.5, 8) we define
=15 = \/{ﬁ(&s) ‘ s € S} and I = Is = ﬂ{@(s,s) | s € S}

If we note that i @(S’t) <~ P; Z Q: and P(s,t) Z 1 < P Z Qs then it is trivial
to verify that ¢ is a relation and I a corelation from (5, 8) to (.5,8). We refer to (i, 1) as
the identity direlation on (S,8).

If (r, R) is a direlation from (S, 8) to (T, 7), the inverse (r,R)~™ = (R~ ,r~) of (r, R)
is the direlation from (T, T) to (S, 8) defined by

rT= ﬂ{@(t,s) |r g @(s,t)}
R™ =\/{P(s) | Pioy £ R}

An important concept for direlations, which we will use extensively in this paper, is that
of composition. We recall the following:
1.3. Definition. [5, Definition 2.13] Let (S, 8), (T,7), (U,U) be textures.

(1) If p is a relation from (S, 8) to (T,T) and q a relation from (7', T) to (U, U) then
their composition is the relation g o p from (S, 8) to (U,U) defined by

qop= \/{ﬁ(s,u) | 3t € T withp & @(s,t) and ¢ € @(t,u)}'

(2) If P is a corelation from (5, 8) to (T, 7) and Q a corelation from (7, T) to (U, U)
then their composition is the corelation Q o P from (S, 8) to (U,U) defined by

Qo P =( Q. | 3t € T with P(.s) P and P,y Z Q}.

(3) With p, ¢; P, Q as above, the composition of the direlations (p, P), (g, @) is the
direlation

(4,Q) o (p, P) = (gop,QoP).
It is shown in [5] that the operation of taking the composition of direlations is asso-
ciative, and that the identity direlations are identities for this operation.

The notion of difunction is derived from that of direlation as follows.

1.4. Definition. [5, Definition 2.22] Let (f, F) be a direlation from (S5,8) to (T,7).
Then (f,F) is called a difunction from (S,8) to (T,T) if it satisfies the following two
conditions.

DF1 For s, € S, Ps € Qs = It e T with f £ @(S’ﬂ and Py ) C F.

DF2 Fort,t' e Tandse S, f ¢ @@’t) and ?(s,t’) CF = Py Z Q.

Difunctions are preserved under composition. It is easy to see that the identity dire-
lation (is,Is) on (S,8) is in fact a difunction from (S,8) to (5,8). In this context we
refer to (is, Is) as the identity difunction on (S,8).

Let (f, F) be a difunction from (S,8) to (T,7), and B € T. Then the inverse image
f7(B) and the inverse co-image F~(B) of B are given by the formulae

(1) f7(B)=V{P:|Vt, f £ Q. = P C B} €S, and

(2) F7(B)={Qs |Vt, Py £F = BC Qi} €8,
respectively [5, Lemma 2.8] It is shown in [5] that for difunctions these sets coincide for
all B € T and that these inverses preserve arbitrary intersections and joins.
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We conclude by recalling the notion of ditopology. A dichotomous topology, or ditopol-
ogy for short, on a texture (5, 8) is a pair (7, k) of subsets of §, where the set of open sets
T satisfies

(1) S,0er,

(2) G, GoeT = G1NG2 €7 and

(3) Gier,iel = V., Gier,
and the set of closed sets x satisfies

(1) S, 0 €k,

(2) Kl, Ko ex = KiUK> €k and

(3) Kier,iel = K, €-s.
Hence a ditopology is essentially a “topology” for which there is no a priori relation
between the open and closed sets. The reader is referred to [1,5-8] for some results on
ditopological texture spaces and their relation with fuzzy topologies.

A subset (§ of 7 is called a base of T if every set in 7 can be written as a join of sets in
0, while a subset 3 of k is a base of k if every set in k can be written as an intersection
of sets in 3.

For the real texture (R, R) mentioned above, we may define a natural ditopology (0, ¢),
called the usual ditopology on (R, R), by

0 ={(-00,s) | s e R}U{R,0}, ¢ = {(—00,s] | s € R} U{R, 0}.
Continuity of difunctions is the subject of the following definition.

1.5. Definition. [6, Definition 2.2] Let (Sk, Sk, Tk, £&), k = 1,2, be ditopological texture
spaces and (f, F') a difunction from (S1,81) to (S2,82). Then

(1) (f, F) is continuous if G € 2 = F~(G) € 1.
(2) (f,F) is cocontinuous if K € kp = [~ (K) € K1.
(3) (f, F) is bicontinuous if it is continuous and cocontinuous.

The reader is referred to [8] for terms related to lattice theory that are not defined
here.

2. The commutativity and associativity direlations

In this section we introduce two direlations which will play an important role in the
study of di-operations on a texture.

2.1. Definition. Let (S, 8) be a texture.
(1) The direlation (¢,C) on (S x S,8 ® 8) defined by

C:\/{F«sl,sg),m,sl)) | 51,82 € S}
9) b
c :ﬂ{Q((S1,S2),(52,31)) | s1,82 € S}

is called the commutativity direlation on (S,8).
(2) The direlation (a, A) from (S x (S x 5),8®(8®8)) to ((SxS5)xS,(8®8)®S)
defined by

@ =\/{P((s1.(s2,55)),((s1,52),53)) | 51, 82,83 € S}

- b
A :ﬂ{Q((sl,(32,53)),((51,52),53)) | 51,82,83 € 57}

is called the associativity direlation on (S, 8).
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It is easy to verify that (¢,C) and (a, A) are indeed direlations. In fact, (¢, C) is the
bijective difunction from (S x 5,8 ® 8) to (S x 5,8 ® §) corresponding, in the sense
of ([7], Lemma 3.8), to the textural isomorphism [1] ¢ : S x S — S x S, (s1,82) —
(s2,51). Likewise, (a, A) is the bijective difunction corresponding to the isomorphism

P:Sx(Sx8)—(Sx%x8)xS, (s1,(s2,53)) — ((s1,52),53).

2.2. Lemma. Let (¢,C) be the commutativity direlation on (S,8). Then coc = isxs
and COC = ]SXS‘

Proof. To prove the first result it is sufficient to show that coc & Q if and
only if Ps;,s5) € Qty,t2)-

=>. We have P, ), .y £ Q((s1,59),(t1,t)) SO that for some (u1,u2) € S x S,
¢ L Q(s1,52),(u1u2)) € L Qur,ua), (¢4 From here, Play o) € Quyuz) and Plus,uy) £
Q1) Hence, P, Z Qu,, Pu, Qt’2 which gives Ps, € Qty, and Py, Z Quyy Puy €
Qti’ which gives Ps, € Qti' On the other hand P(t’l«i/z) Z Q(t1,t5), and we deduce

P, s0) € Qty,t0), as required.

<. From Py, s,) € Qiy,t0) We have Ps, € Qy,, so we may take up € S with
e € Quy, Pu, € Qi., k = 1,2. Also we may take uj, € S satisfying Ps, € Quk

Pu;C Z Qu,, k=1,2. We see that ¢ € Q((51752>,(u/2,u/1>> and ¢ Q«ué,u/l)’(ul’uz)), whence

ﬁ((SLSz),(ul,uz)) C coc. But Py, uy) € Qty,t,) Which gives coc & Q((S1;52>,<t1,t2>>7 as
required.

The proof of C o C = Igxs is dual to the above. O

(s1,82),(t1,t2))

2.3. Lemma. Let (a, A) be the associativity direlation on (S, 8) and (a, A)~ = (A7, a")
its inverse. Then

(1) A7 = V{P(((s1.52).59).(51.,(52,59))) | 51,52, 83 € 5}.

(2) @7 = (HQ(((o1,2),58). (51, (2,59 | 51,52, 83 € 57}

) a
(3) aOA =i(sxs)xs and Aoa”™ = I(sxs)xs-
(4) A7 oca=1isx(sxs) and a” 0o A= Isx(sxs)-

Proof. (1) Denote the right hand side by r and suppose first that A~ ¢ r. Then we
have P((sy,(s3,5)).((t1,02),03)) & A With P(e1,60),89),(s1,(s2,53)) & 7. By the definition
of A we have P, t5),t5) € Q(s1,50),53), Whence Py, & Qg for k = 1,2,3. Hence
Po, © Py kb =1,2,3, 80 P(((t1,82),13),(s1,(52,53)) S P(((01,02),83), (81, (1,25))) & 75 Which is a
contradiction.

Con\frsely, if r ¢ A~ we have P(<<51,52)753),_(51,(52,53))) L Q(((s1,59),53),(t1,(t2,t5))) Sab-
i8EyIng P(((s1,52),80),(01,(02,19)) £ AT+ Then Py, (12,63)),((s1,52),55)) & A since Py &
Qu,,, k = 1,2,3, and we obtain the contradiction P(((s,,sy),s5),(t1,(ta,ts))) & AT by [5,
Lemma 2.4 (1)].

(2) Dual to (1).

(3) We need only show a 0 A~ =4, since then Aoa™ = (a0 A7)” =i~ =1.

Suppose first that a o A~ ¢ . Then we have s, t, € S, k =1,2,3 so that ao A~ ¢
Q(s1.52)150):(t1t2)st)) A P(((s1,2),59), (01,0280 € - Now we have i, € S, k =
1,2,3, 50 that P(((sy,05),5,(04.65)5) £ Q((s1.52).50).((11.2),07) A0 uk € S, k= 1,2,3
with A7 Z Q((51,53),50).(un (uzsuz)) 204 & L Q((uy (uz us)) (¢8540 BY (1) and the
definition of a we deduce Ps, ¢ Quk_7 P, ¢ Qtﬁc for k = 1,2,3. Also, P,f;C Z Q1
so P, Z Q¢, and hence P;, C Ps,, k = 1,2,3. But now ﬁ(((sl s2),83),((t1,t2),t3)) &

= s s s s p =

P (((s1,52),53),((s1,52),83)) < %, which is a contradiction. This shows that a 0 A~ C 1.
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Now suppose that ¢ € aoA™. Then we have s, tx € S for whichi Z @(((sl,52),53),((t1,t2),t3))
and P(((s;,s0),83),((t1,t2),t3)) € a o AT. The first gives us Ps, € Qq,, k = 1,2,3.
Choose ux, € S, k = 1,2,3 satisfying Ps, Z Qu, and P,, € Q. Then by (1),
AT € Q(((s1,52),53).(u1,(uz,ug)y) a0d by the definition of @, a & Q(uy (uz,us)).((tr t2),3))"
Hence P(((s1,50),53),((t1,t2),t3)) & @ o AT, which is a contradiction. This verifies that
i Cao AT, as required.

(4) Dual to (3). O

3. Commutativity and associativity of di-operations

Let us begin by making precise the notion of di-operation on a texture (5, 8).

3.1. Definition. Let (5, 8) be a texture. Then a difunction (0,0) from (S x S,8 ® §)
to (5, 8) is called a (binary) di-operation on (S, 8).

In this section we define the commutativity and associativity of di-operations in terms
of the commutativity and associativity direlations. However, the definitions do not rely
on the fact that a di-operation is a difunction and so we will define these concepts for
general direlations from (S x 5,8 ® 8) to (S, 8).

3.2. Definition. Let (r, R) be a direlation from (S x S,8 ® 8) to (S,8). Then
(1) ris commutative if r =roc.
(2) R is commutativeif R= Ro C.
(3) (r,R) is commutative if r and R are commutative. In particular a binary di-

operation (0,0) on (S,8) is commutative if it is commutative as a direlation
from (S x 5,8 ®8) to (S5,8).

In this definition (¢, C) is the commutativity direlation on (S, 8). The above definition
gives rise to the following commutative diagram.

(¢,©0)

(Sx8,898) (SxS,8®8)

(r,R)
(r,R)

(5,8)

The definition of associativity requires a notion of product for direlations. This is detailed
in the next lemma.

3.3. Lemma. Let (Sk,8k), (Tk,Tk) be textures and (v, Ri) direlations from (Sk,Sk) to
(Tk,‘Tk), k= 1,2. Then
(1) 11 x 12 = \V{P(s1,50),(t1,02)) | T € @(Skatk)’ k = 1,2} is a relation from (S1 X
52,81 ® 52) to (Tl X T2, T1 ® 3—2)
(2) Ri X Ry = ﬂ{@((ﬂ’sg)’(thtg)) | Pisptr) € Ri, k = 1,2} is a corelation from
(Sl X 52,81 ® 82) to (T1 X Ts,T1 ®‘T2).
(3) (r1,R1) X (r2, R2) = (r1 X 72, R1 X R2) 1is a direlation from (S1 x S2,81 ® 82)
to (Th x T2,T1 ® T2). In particular, if (ri, Rx), k = 1,2 are difunctions then
(r1, R1) x (r2, R2) is a difunction.

Proof. Straightforward. O
Now we may give:

3.4. Definition. Let (r, R) be a direlation from (S x S,8 ® 8) to (S5,8). Then

(1) r is called associative if 7o (i X r) =710 (r X i) oa.
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(2) R is called associative if Ro (I x R) = Ro (R x I) o A.

(3) (r,R) is called associative if r and R are associative. In particular a binary
di-operation (0,0) on (.5, 8) is associative if it is associative as a direlation from
(S xS5,8®8) to (S,8).

In this definition (a, A) is the associativity direlation and (7, ) the identity direlation
on (5,8). The associativity of (r, R) may be illustrated by the following commutative
diagram.

(Sx(5x5),80 (88— L (5x5)x5,(808)®8)

(iXT,IXR)L /
rXi,RxTI)

(SxS,8®8)

It will be useful to have point-based characterizations of commutativity and associativity,
and these are the subject of the following two theorems.

3.5. Theorem. Let (r, R) be a direlation from (S x S,8 ® 8) to (S, 8).
(1) r is commutative if and only if
r¢ @((31’32)’3) <~ rg a((s%sn’s) Vs1,82,8 €S.
(2) R is commutative if and only if
?((51,52),5) Z R <— F((SZ’SI),S) Z RVs1,82,8 €S.
Proof. Straightforward. O

3.6. Theorem. Let (1, R) be a direlation from (S x S,8 ® 8) to (S,8).
(1) 7 is associative if and only if the following are equivalent ¥V s1, s2, 83, w € S.
(i) There exists u € S with T L Q (sy,55)u) MG T L Q (.55,
(ii) There ezists v € S with T L Q((sy,55),0) AT L Q((s,
(2) R is associative if and only if the following are equivalent ¥V s1, s2, s3,w € S.
(i) There exists u € S with P((s, s5),u) € R and P((y,s5),0) € R.
(ii) There exists v € S with P(sy,s5),0) € R and P((s; v),w) € R.

v),w)

Proof. We outline the proof of (1), leaving the proof of the dual result (2) to the reader.

Suppose first that 7o (r x i) oa C ro (i X r). Given s1, 82,83, w € S, suppose we
have v € S satisf_ying r L Qusy oy A T L Qysq)w)- 1t may b_e verified that
To(rxi)oa Z Qs (ssss)w) Hence, by hypothesis, 7o (i x r) g Q ((51,(52,53)),w)"
Now we have w' € S with P, Z Qu and t',v" € S satisfying i X 1 € Q (s, (s5,55)),(¢/,0"))
and r Z @«t,m,)’w,). Hence for some t,v € S with Py ) € Q) we have i £ @(Sht)
and r & @((52,53),1;)‘ We see that P, ) € Q,v), Whence r € ©<<sl,v),w’) by RI,
and so r € Q((ﬁ,v),w) since Quw C Q. This verifies (ii), and we have established that

Conversely, suppose that (i) = (i7) but that ro (r x i) oa € r o (i x r). We have
51,52, 83, W € S with P((sh(%sg,)),w)_g ro (i xr),sothat a € Q((s1.(s2:53)), (5 .5h),54)) >
T XL Qs 5.5t (u 7)) ANA T L Q((yr 41y ) for some s, 85, 85,4, t' € S. We deduce
P, Z QS;€7 k = 1,2,3, so we may write r X ¢ g;_é(((s,l’sz),sg),(u b
then we have u,t € S with P<u7t>7§§ Quw ), ™ L Qs sp)u) and @ € Qg 1. This gives
Plu,ss) € Qur vy, whence 7 € Q((y,s4),0) by R1. By hypothesis we now have v € S

1¢yy by definition, and
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satisfying r € Q«S%SB)’U) and r Z @((Sllyv)!m. Now we have v’ € S with P, € @Q, and
rg @((52’33)&/). Also we may take s| € S satisfying Ps, ¢ Q. and P € Q1 , whence
7 Z Q(Slysll')' This now gives P((sl,(sz,sg)),(s/ll,v’)) g iXrandsoiXr g @((51,(52,53)),(5’1,1)))'
With » € @((sll’v),w) this gives the contradiction P((s, (s5,s5)),w) C 70 (i X 1), and we
have established r o (r x i) oa Cro (i x r).

Using Lemma 2.3 (1) we may verify in the same way that (i) = (i) is equivalent
toro(ixr)oA™ Cro(rxi), and this is equivalent to ro (i x r) Cro (r X i) oa by
Lemma 2.3 (4). This completes the proof of (1). O

4. Operations on direlations and difunctions

Now let (7, Ri), k = 1,2 be direlations from (5,8) to (7,7) and suppose (O,00) is
a binary di-operation on (7,7). We wish to apply (0,0) to obtain a new direlation
from (5, 8) to (T,7T). We begin by defining a direlation (ri, R1) - (rz, R2) from (S, 8) to
(T x T,T & T).
4.1. Lemma. Let (rx, Ri), k = 1,2 be direlations from (S,8) to (T,T). Then
(1) r1-12 = V{Ps,(t1,t2)) | T € S with Ps € Qu, 71 & Qu,tyy T2 & Q(u,tg)} s a
relation from (S,8) to (T xT,T®T).
(2) Ri- Rz = D{Q(S,(thtz)) | Ju € S with P, € Qs, P(u,tl) Z R, P(u,tQ) z RQ} s
a corelation from (S,8) to (T x T, T ®T).
(3) If (fx,Fr), k = 1,2 are difunctions from (S,8) to (T,7T) then the direlation
(f1, F1) - (f2, F2) = (f1 - f2, F1 - F2) is a difunction from (S,8) to (T x T, T 7).

Proof. Straightforward. O

It will be noted that (fi,F1) - (f2, F2) is a special case of the difuncton ((f;, F}))
considered in [6, Theorem 3.10].

4.2. Proposition. Let (ry, Ry), k = 1,2 be direlations from (S,8) to (T,T) and (c,C)
the commutativity direlation on (T,T). Then

(r2, R2) - (11, R1) = (¢, C) o ((r1, R1) - (r2, R2)).
Proof. We establish 72 - 71 = co (1 - r2), leaving the dual result Ry - Ry = C' o (R - R2)
to the reader.

First suppose that r2 - r1 € co (r1 - r2). Then we have s € S, t1,t2 € T with
7211 L Qs 4y .10)) AN P(s (1y,15)) € o (1 -72). Now we may take t1,t5 € T satisfying
P(S’(tllié)) € Q(s,(t1,t)) for which we have u € § withiPs Z Qu, r2 € Qyyy and
r € Q(u,té)’ Finally, take vi,v2 € T satisfying ro € Q4 0q)s Por € Qt’l and 1 &
Quva) Poo € Quye Now Ps,u0)) € 7112 and 80 1112 € Qg (1,41 On the other
Eand, P((t'zvfi)v(tiat'z)) z Q((té,t’l),(tl,tz)) and so ¢ Z Q((té,ti)7(tl,t2)), which implies that
P(s,(t1,t)) € co (r1 - 72). This contradiction establishes 2 -1 C co (r1 - r2).

To obtain the reverse inclusion, interchange 1 and r2 in the above, and compose each
side with ¢. According to [5, Proposition 2.17], we have

co(ri-r2) Cco(co(ra-ri))=(coc)o(ra-ri).
But coc =irxr by Lemma 2.2, and we obtain co (r1 - r2) C r2 - 71 as required. O
4.3. Proposition. Let (ry, Ri), k = 1,2,3 be direlations from (S,8) to (T,T) and (a, A)
the associativity direlation on (T,T). Then

((r1, Ra) - (r2, R2)) - (rs, R3) = (a, A) o [(r1, 1) - ((r2, R2) - (73, R3))].



Binary Di-Operations 33

Proof. We verify (r1 - r2) -rs = ao (r1 - (r2 - r3)), leaving the proof of the dual result
(R1 . Rz) . Rg = A [e] (R1 . (RQ . R3)) to the reader.

First suppose (r1-72) 73 £ ao(r1- (r2-73)). Then we have s € S, t,€T, k=1,2,3
with (r1-72) 713 € Q(s ((#14).1)) and Pog (. th)e5)) £ @o(r1-(rz2-r3)). Now we have
tr € T, k = 1,2,3 with P(é ((t1t2),t3)) & Q(S (], th)th) for which there exists u € S
satisfying Ps € Qu, 11 - 72 € Q(% (t1,t2)) and 13 € Q(u%). Now we have vy,v2 € T with
ﬁ(um,v?))ﬁg @(u,(tl,tz)) for which there exists w € S satisfying P, € Quw, 71 € @(wm)
and 12 € @, 4, Choose u’ € S satisfying Ps € Q. and P, € Q.. Then:

(i) ™1 Z Qur,uy)-
(il) ro & Q(u vg)- Choose vy € T satisfying r2 € Q(u ) and P(u w) & Q(u vs)
(iii) 3 € Q(u t5)- Choose vz € T satisfying r3 € Q(, ;) and Py, € Q(u tg) and
then v € T with r3 € Q(u vy and P, o) € Q(u vg)"
From (iii) and (ii) we see P,/ (vh,04)) © T2 - T3, whence ra -3 Z Q(u,,(v%vs». Together
with (i) this gives P (s (uy,(ug.uz))) S 71+ (r2-73), and hence 71 - (r2 - 73) € Qs (4, (t2.15)))-
On the other hand P (¢, (t5,t5)),((t1,t2),t5)) < . Hence a € Q((tl,(tz,ts)) ((#].,t4),14))» Which

leads to the contradiction ﬁ(sy(( RARA)) Cao(ry-(rz-rs)). This proves the inclusion
(Tl . 1“2) T3 g a o (Tl . (TQ . 7‘3)).
In view of Lemma 2.3 (1) an exactly analogous argument shows that ri - (rz - r3) C
A7 o((r1-72) - r3). Composing each side with a now gives
ao(ry-(r2-r3)) C (a0 A7) o ((r1-r2) 13) =io((r1-72) 713) = (r1-(r2-73)),

by Lemma 2.3 (3). Combined with the previous inclusion this gives (ri-r2) 73 = ao (r1 -
(re - T3)), as required. -

4.4. Proposition. Let (ri, Rx) be direlations from (Sk,8%) to (Tk,Tk) and (pk, Pk)
direlations from (S,8) to (Sk,8%), k =1,2. Then

[(r1, R1) X (12, R2)] o [(p1, P1) - (p2, P2)] = [(r1, R1) o (p1, P1)] - [(r2, R2) 0 (p2, P2)].

Proof. We establish (r1 x r2) o (p1-p2) = (r10p1) - (r2 0 p2), leaving the proof of the dual
result (R1 X R2) o (P1 - P2) = (Ri0P1)-(R20 P2) to the reader.

Suppose (r1 X r2) o (p1-p2) € (riop1)-(r2op2). Then we have s € S, ty € Ty, k= 1,2
with P(S (t1,t2)) L (r10p1)-(r20p2) and s € Sk, k = 1,2 s0 that p1-p2 € @(S (51,52)) and
r Xry & Q((QLSQ) (t1,t2))- Now we have s, € Sk, k= 1,2 with P(S (s],54)) 4 Q(g (s1,5))
and u € S satisfying Ps € Q. so that p, < Q ) k = 1,2. Also we have v, € T,
k = 1,2 so that P, sy),(01,00) & Q((S1,S2) (t1,t2)) a0d Tk & Q(Sk vy k= 1,2. Since
P Z Qs, we have 1, € Q(S o) SO P(u vp) © Tk 0Pk, K = 1,2. But now P(S (t1,t2)) &
(r1 Op1) (r2 o p2), which is a contradiction.

Now suppose (r1 0p1) - (r2 op2) € (r1 X r2) o (p1 - p2). Then we have ¢, € T} with
Ps(t1,t2)) € (r1 x r2) o (p1 - p2), for which there exists Ps Q. so that ryopr € Q (urtg)
k =1,2. Now we have t}, € T with P(u’t% Z Q(u,tk) for which there exists s € Sk with
e L @(u sp) and i € @(sk ) k =1,2. Choose s}, € Sk, k = 1,2 satisfying py & @(u’s;)
and P(u sh) Z Q<u sp)- Now we have P<S (s,s5)) © D1 P2 and so p1 - p2 &€ Q (51,52))"
On the other hand P((susz),(tl, t)) CriXrgandsors Xxre & Q((ﬂ’”)’(tl’m)). But now
Ps,(t1,t2)) C (r1 X 12) 0 (p1 - p2), which is a contradiction. O
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4.5. Corollary. Let (ri,Ri), k = 1,2,3 be direlations from (S,8) to (T,7), (i,I) the
identity and (c,C) the commutativity direlation on (T,T). Then
(5, 1) x (¢, C)) o ((r1, Ra) - ((r2, R2) - (r3, R3))) = (71, R1) - (73, R3) - (12, R2)),
((6,€) % 5 1) o (1, Ba) (12, Re) (s, ) = (72, Ba) - (1, ) - (7, o).

Proof. (ixc)o(r1-(rg-r3)) = (ior1)-(co(r2-r3)) =r1-(r3-r2) by Proposition 4.4, [5,
Proposition 2.17 (1)] and Proposition 4.2. The remaining equalities are proved likewise.
O

We will also find the following result useful when we come to discuss continuity.

4.6. Lemma. Let (ri, Rx) be direlations from (S,8) to (Tx,Tx), k = 1,2. Then, for
A € T,

(1) ]f 7‘2(_(@) = @ then (7”1 . TQ)‘_(Al X TQ) = Ti_(Al),

(2) ]f R;(Tg) = S then (Rl . RQ)H(Al X Tg) = Rf(Al)

Proof. We establish (1), the proof of (2) being dual.

Suppose first that (r1-r2) ™ (A1 xT2) € r1 (A1). Now we have s € S with Ps Z r1 (A1)
for which r1 - 7o € Q(s,(tl,tg)) = Py, C A1 xTy = P,; C Ai. Let us take u € S
with Ps € Q. and P, Z r1 (A1), whence we have ¢t1 € T1 with r1 € Q(u’tl) and Py, Z A;.
Also, Py € 0 = r5 (), by hypothesis, so we have t> € Tb satisfying 72 € Q, ,,)- We may
now deduce 7172 € Q4 (¢, +,)), and the above implications now lead to the contradiction
P, C A;.

On the other hand, suppose ri (A1) € (r1-r2)” (A1 X T»). Then we have s € S with
Py Z (r1-72)7 (A1 x T3) for which r1 & Q(S!t) — P, C A;. Now we have t, € Tk,
k=1,2withry-re & Q<S’<t17t2)) and Py, 1) € A1 X Tz, ie. Py € A;. Hence we have
t, € Tk, k = 1,2, with P(t’l,tg) Z Qt,,t0) and 7 £ Q(u%), k = 1,2. In particular we

deduce r; € thl) and hence the contradiction P;, C A; from the above implication. [

Naturally, the corresponding results for A € T» also hold. If we note that the
hypotheses of the above lemma are satisfied for difunctions [5, Proposition 2.28(1c)],
while inverse images preserve meet and join, the following corollary is immediate:

4.7. Corollary. Let (f,F),(g,G) be difunctions from (S,8) to (Th,7T1), (T2, T2), respec-
tively, A € T1 and B € T2. Then,

(1) (f-9)"(AxT2) N (Ty x B)) = f~(A)ng™ (B).

2) (F-G)"((AxTx)U(Th x B))=F (A) UG~ (B).

Let us now make precise the notion of applying a di-operation to direlations.

4.8. Definition. Let (r, Ri), k = 1,2 be direlations from (.5, 8) to (7, 7) and (5,0) a
di-operation on (7', 7). Then the result of applying (0,0) to (r1, R1) and (72, R2) is the
direlation (r1, R1)(0,0)(r2, R2) = (r1072, RiORy) from (S, 8) to (T,7) defined by

(T17R1)(D, D)(TQ,RQ) = (D,D) o ((rl,Rl) . (7‘2, Rz))

When (f, F) and (g, G) are difunctions from (S, 8) to (T, 7), (fog, FOG) is also a difunc-
tion from (.5, 8) to (T, 7). This follows from Lemma 4.1 (3) and the fact that difunctions
are closed under composition ([6], Proposition 2.28(2)).

The following lemma gives formulae for directly calculating r107r2 and Ri[0Rs.
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4.9. Lemma. With the notation as in Definition 4.8,
ri0re = \/{F(s,t) | Ju € S, Ps £ Qu and t1,t2 € T with ri, @(uytk), k=1,2
and o € @((tl,tz)yt)},
RiORs = [{Qoy | Fu € S, Pu € Qs and t1,t5 € T with Py, € Re, k =1,2
and P (1 15),0) £ O}
Proof. Immediate O

In case (0,0) is commutative or associative we have the following.

4.10. Theorem. Let (S,8), (T,7) be textures and (0,0) a binary di-operation on (T, T).
(1) If (o,0) is commutative then
(7‘1, Rl)(D, D)(T‘g, Rz) = (7‘2, RQ)(D, D)(Tl, Rl)
for all direlations (rx, Ri), k = 1,2 from (S,8) to (T, 7).
(2) If (o,0) is associative then
(r1, R) (0, 0)((r2, R2)(0,0)(rs, R3)) = ((r1, R1)(0,0)(r2, R2)) (0, 0)(rs, Rs)
for all direlations (ri, Ri), k =1,2,3 from (S,8) to (T, 7).

Proof. (1). By Definition 4.8 we have ro0r1 = 0o (r2-r1) = 0oco (r1 - r2) by Propo-
sition 4.2, where c is the commutativity relation on (7, 7). Since O is commutative we
now have ro0r1 = 0o (r1 - 72) = r10rg, as required.

The proof of R2[0R; = R10R> is similar.

(2). Applying Definition 4.8, and letting ¢ be the identity relation on (7',T) we have
(ri0Or2)ors =00 ((0o(r1-72)) - (iorg)) =00 (O x4)o((ry-r2)-r3) by Proposition 4.4.
If @ is the associativity relation on (7,7), Proposition 4.3 now gives (r10r2)0rs = O o
(O xi)oao(ry-(r2-r3)) =00 (i xO)o(ry-(r2-r3)), since O is associative. Applying
Proposition 4.4 again finally gives (r10Or2)0rs = 0o ((ior1) - (0o (r2-r3)) = ri0(r2073),
as required.

The proof of (R1OR2)0R3 = R1O(R20R3) is similar.

O

Now let (71, k1) be a ditopology on (S1,81) and (72, k2) a ditopology on (S2,82). We
denote by (73, k3) the product ditopology [6] on (S2 x S2,82 ® 82). Hence, a base for 735
consists of elements of 82 ® 82 of the form (G x S2) N (S2 x H) = G x H, G, H € 12,
while a base for x3 consists of elements of the form (F x So) U (S2 x K), F, K € k2. Let
us first note the following;:

4.11. Lemma. With the notation above, let the difunctions (f, F),(g,G) from (S1,81)
to (S2,82) be (11, k1) (72, ka) bicontinuous. Then (f,F) - (g,G) is (11,k1)—(73,K3) bi-
continuous.

Proof. For G,H € 19 we have (f-¢9)" (G x H) = (f-9)" ((G x S2) N (S2 x H)) =
f=(G)ng—(H) € 11, by Corollary 4.7(1). Since inverse images preserve join this
is sufficient to show (71, k1)-(74, x3) continuity. Cocontinuity is proved likewise using
Corollary 4.7 (2). O

4.12. Definition. The di-operation (0,00) is called bicontinuous on (Sz, 82, T2, K2) if it
is bicontinuous as a difunction from (S2 X Sz, 82 ® 82,74, k3) to (S2, 82, T2, K2).

The following result in now a trivial consequence of Lemma 4.11 and the fact that the
composition of two bicontinuous difunctions is bicontinuous ([7], Lemma 2.3 (2)).
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4.13. Theorem. With the notation as above, let (0,0) be a bicontinous di-operation on
(S2,82,72,Kk2) and let (f,F), (g,G) be bicontinuous difunctions from (Si,81,71,Kk1) to
(S2,82,72,k2). Then (f, F)(0,0)(g,G) is also a bicontinuous difunction from (S1,81, 71, k1)
to (Sz,SQ,Tz,KQ).

5. Real di-Operations and real difunctions

In this section we begin by considering certain natural di-operations on the real texture
(R,R). This texture is clearly closed under arbitrary unions, and is therefore a plain
texture [5]. It follows that the product texture (R x R,R ® R) is also plain. We require
the following result which characterizes difunctions on a plain texture in terms of ordinary
(point) functions.

5.1. Theorem. Let (S,8) be a plain texture and (f, F) a difunction from (S,8) to (T, 7).
Then there exists a point function ¢ from S to T satisfying the conditions

(1) Ps’gpi: PAP(S)ZQQD(S/)’ -

(2) f=V Pl | s€SH F={Quw) | s €5}, and

(3) f7(B)=F"(B)=¢ '(B) forall B€ 7.
Conversely, if ¢ is any point function from S to T satisfying (1), then setting f =
V{P,pi)) | 8 € S}, F = ﬂ{a(s’w(s» | s € S} defines a difunction (f, F) satisfying
f~(B)=F—(B)=¢ Y(B) for all B€ 7.

Proof. Clear from [5, Proposition 3.7] and [6, Lemma 3.8], since for a plain texture the
conditions (b) and (c) mentioned there are automatically satisfied. O

We may apply this theorem to any di-operation (0,0) on (R,R) since this is just a
difunction from the plain texture (R x R,R ® R) to (R, R). Hence, bearing in mind that
for the texture (R x R,R ® R) we have P(,, 5,) = {(r1,72) | 7 < s, k = 1,2}, while
for (R,R), Ps = {r | r < s} and Qs = {r | r < s}, we see that (0,0) is equivalent, in
the sense described in Theorem 5.1, to a point function ¢ : R x R — R satisfying the
monotonicity property

MP: s, <sg, k=1,2 = ¢(s1,55) < p(s1, s2).

The following relations hold between (0,00) and .

5.2. Theorem. Let (0,0) and ¢ be related as above. Then
(1) (z,0) is commutative if and only if ¢ is commutative as a binary point operation
on R.
(2) (o,0) is associative if and only if ¢ is associative as a binary point operation on
R.
(3) Consider the usual ditopology

0 ={(—o00,s) | s e RFU{R, 0}, ¢ = {(—00,s] | s € R}U{R, 0}

on (R,R) and the product ditopology on (R x R,R ® R). Then (0,0d) is bicon-

tinuous if and only if ¢ satisfies the following conditions.

(a) If s1,82,8 € R satisfy p(s1,82) < s then there exist r1,r2 € R satisfying
sk <k, k=1,2, and ¢(r1,r2) < s.

(b) If s1,82,8 € R satisfy ¢(s1,82) > s then there exist r1,72 € R satisfying
sk >k, k=1,2, and o(r1,72) > s.

Proof. (1) Immediate from Theorem 3.5.

(2) Suppose that ¢ is associative. We first establish (i) == (i) for O in Theo-
rem 3.6 (1). Take s1, s2,s3,w € R and suppose we have u € R with 0 ¢ @((81,82)#) and
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o¢g @«u%),w). Then u < ¢(s1,52) and w < @(u, s3). By MP we see w < ¢(u, s3) <
o(p(s1,82),83) = p(s1,p(s2,3)), since ¢ is associative. If we set v = @(s2,s3) € R we

see that O Z Q((sy,54),0) a0d O & @((Sl’v)ﬂ‘)), which verifies (ii). The proof of (i) = (1)
is similar, and likewise (i) <= (i) for O in Theorem 3.6 (2). Hence (0,0) is associative.

Suppose now that O is associative. If p(s1,p(s2,83)) < @(p(s1,s2),53), set u =
o(s1,82) € R and take w € R with ¢(s1,p(s2,53)) < w < ¢(p(s1,82),583). Then 0 Z
Q((Sh”)’u) and O € Q((y.3).0)> S0 by Theorem 3.6 (1) there exists v € R with 0 ¢

Q(ez.sare) M 0 L Q((y, a1,y Now v < pls2,53) and w < p(s1,0) < pls1, (s2,55))
by MP, which is a contradiction. In the same way ¢(¢(s1,52),583) < ¢(s1,¢(s2,s3)) also
leads to a contradiction, and we have established that ¢ is associative. We may also
establish the associativity of ¢ from that of [J.

(3) By Theorem 5.1 we need only consider the inverse image with respect to ¢. How-
ever, (a) is equivalent to

(s1,52) € (—00,71) X (—00,72) C ¢ ' ((—00, 5)),
and hence to the continuity of (0,0). Likewise, (b) is equivalent to
(s1,52) ¢ ((—o0,m] X R) U (R x (—00,72]) 2 ¢~ ' ((—00, 5)),
and hence to the cocontinuity of (o,00). O
We now give the examples of di-operations on (R, R) promised earlier.

5.3. Example. (1) Let ¢(s1,s2) = s1+s2, 1,52 € R. Clearly ¢ satisfies MP and is
commutative and associative as a binary point operation on R. Also, it is trivial
to verify conditions (a) and (b) of Theorem 5.2 (3). Hence, by Theorem 5.1,

+ :\/{F((51152)131+32) | 51,82 € R},
+ :m{@((31782)751+32) | 51,52 € R},

define a bicontinous di-operation (+, +) on (R, R).

(2) Let ¢(s1,s2) = max(s1,s2), s1,s2 € R. Clearly ¢ satisfies MP and is commuta-
tive and associative as a binary point operation on R. Also, it is trivial to verify
conditions (a) and (b) of Theorem 5.2 (3). Hence, by Theorem 5.1,

v :\/{}_D((31752)a51\/32) | s1,52 € R},
v :ﬂ{@((sl,sg),sl\/sz) | 81,82 € R}?

define a bicontinous di-operation (v, V) on (R, R).

(3) Let ¢(s1,s2) = min(s1, s2), 1,82 € R. Clearly ¢ satisfies MP and is commuta-
tive and associative as a binary point operation on R. Also, it is trivial to verify
conditions (a) and (b) of Theorem 5.2 (3). Hence, by Theorem 5.1,

A :\/{]_3((51,52),51/\52) | 51,82 € R},
A :ﬂ{a((51v52)v51/\52) | 51,52 € R},

define a bicontinous di-operation (A, A) on (R, R).
(4) The point function ¢(s1,s2) = s1s2 does not define a di-operation on (R, R) in
the above sense since ¢ does not satisfy MP.
Now let (S,8) be a texture with ditopology (7, k). We denote by DF(S, 8) the set
DF(S,8) ={(f,F) | (f, F):(S,8) — (R,R), is a difunction}
of real difunctions on (S,8), and by BDF(S, 8, 7, ) the set
BDF(S,8,7,k) = {(f, F) € DF(S,8) | (f, F), (7,5) — (0, ¢) bicontinuous}
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of bicontinuous real difunctions on (5,8, T, K).

If (0,0) is a binary di-operation on (R, R, 8, ¢) then we may apply (0,0) to (f, F), (g, G)
in DF(S, 8) to give the element (f, F)(0,0)(g,G) of DF(S,8). That is, (0,0) induces a
binary operation on the set DF(S, §), which is commutative and associative if and only if
(0,0) is. Likewise it induces a binary operation on the set BDF(S, 8, 7, k). Moreover, if
¢ is the point function corresponding to (0,0) as described above, then from Lemma 4.9,
Theorem 5.1 and the fact that (R x R, R®QR) is plain, we may easily deduce the following
formulae for fog and FOG.

(a‘) ng = v{ﬁfﬂﬂ(rlﬂ?» | 3P g Q“ with fg @(’LL,TI) and g g@(u,rz)}'
(b) FOG = ﬂ{Q(s,Lp(Tl,TQ)) ‘ 3P, Z Qs with P(u’rl) ¢ F and P(u,rz) 4 G}

If we consider the di-operations (v, V), (A, A) and (+, +) on the sets DF(S,8) and
BDF(S, 8,7, k) we obtain the following.

5.4. Theorem. Let (S,8) be a texture and (7, k) a ditopology on (S,8). Then

(1) The spaces (DF(S,8), (A, A),(v, V)) and (BDF(S,8,7,k), (A, A),(v, V)) are
distributive lattices.
(2) For all (f,F), (9,G), (h,H) in DF(S,8) or BDF(S, 8,7, k) we have
(i) (f+(gnh),F+(GAH))=((f+9)r(f+h),(F+G)A(F+H)), and
(i) (f+(gvh), F+(GVH))=((f+g)v(f+h),(F+G)V(F+H)).

Proof. (1). Bearing in mind that the di-operations (v, V) and (A, A) are commutative
and associative, it will be sufficient to verify the following equalities and define the
required partial order < on DF(S, 8) or BDF(S, 8, 7, k) by one of the equivalent conditions
(f.F) < (9.G) <= (frg.FAG) = (£.F) or (£.F) < (9.G) < (fvg,FVG) =
(9, G):
(i
(i

(i

(fAfy,FAF)=(f,F)and (fvf,FVF)=(fF).

(f/\(f\/g)7F/\(F\/G)) = (f7F)

(fvlgnh), FV(GANH)) = ((fvg)a(fvh),(FVG)A(FVH)).

Here, (f,F), (9,G) and (h, H) are arbitrary elements of the space concerned. We will
verify (ii), leaving the remaining equalities to the interested reader.

Firstly, fA(fvg) C f is trivial, so suppose f € fa(fvg). Then we have s € S
and 71 € R satisfying f € Q) and Py € fa(fvg). By R2 we have u € S with
Py € Quand f € Q- Take v’ € S with Py Z Q. and P,y € Q.. Since g~ () = 0
we have 2 € R with ¢  Q, ,,) and P, # 0 so by formula (a) above for 0 = v we

—~

have Py rjvry) C fvg, whence fvg & a(u/ﬂwz) since (R,R) is plain. On the other
hand f € Q) by R1, so by formula (a) above for 0 = A we have P a(rvr)) C
fa(fvg). Since r1 A (11 V r2) = r1 we obtain the contradiction P .y C fa(fvg).

This verifies f = fA(fvg), and the proof of FF = FA(FVG@Q) is dual to this. This
establishes (ii) as required.

(2). Much as in the proof of (ii) above, this reduces to the equalities r 4+ (r1 A 12) =
(r4+ri)A(r+rz)and r+ (r1 Vrg) = (r+r1) V (r 4+ r2), which hold trivially in R. O

The lattice (BDF(S,8,7,k),(A, A),(v, V)) has already found applications in the
work of F. Yildiz on real dicompactness of ditopological texture spaces [9], see also, for
example [11]. When (5, 8) is plain, Theorem 5.1 may be used to represent the elements
of DF(S,8) and of BDF(S,8,7,x) as real-valued point functions on S. The reader is
referred to [10] for a discussion of the general case.
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