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Abstract

In this paper, we introduce the idea of a lightlike submersion from
a semi-Riemannian manifold onto a lightlike manifold, and give some
examples. Then we define O’Neill’s tensors for such submersions and
investigate their main properties. We show that the Schouten connec-
tion is not a metric connection in a lightlike submersion. We also in-
vestigate curvature properties of the manifolds and establish a relation
between the null sectional curvatures of a semi-Riemannian manifold
and a lightlike manifold.
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1. Introduction

Let M and B be Riemannian manifolds. A Riemannian submersion 7 : M — B is a
mapping of M onto B satisfying the following axioms S.1 and S.2:

S.1. 7 has maximal rank.

Hence, for each b € B, 77'(b) is a submanifold of M of dimension dim M — dim B.
The submanifolds 77 (b) are called fibers, and a vector field on M is vertical if it is
always tangent to the fibers, horizontal if always orthogonal to the fibers. The second
axiom is given by

S.2. . preserves the lengths of horizontal vectors.

The theory of Riemannian submersion was introduced by O’Neill and Gray in [7] and
[3], respectively. Since then, it has been used as an effective tool to describe the structure
of a Riemannian manifold. As it is well known, when M and B are Riemannian manifolds,
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then the fibers are always Riemannian manifolds. However, when the manifolds are semi-
Riemannian manifolds, the fibers of 7 may not be semi-Riemannian (hence Riemannian)
manifolds. Recently, Sahin defined and studied a submersion from lightlike manifolds
onto semi-Riemannian manifolds in [9].

In this paper, we consider a semi-Riemannian manifold M and a lightlike manifold
N, and define a lightlike submersion from M to N. In particular, we focus on the
existence of lightlike submersions and give several examples. Also we show that the
concept of lightlike submersion is very different from that of Riemannian submersion and
semi-Riemannian submersion (For semi-Riemannian submersions, see: [8]).

2. Lightlike manifolds

In this section we give some brief information on lightlike manifolds (For more details,
see [2] and [5]). Let V be a vector space of dimension n. An inner product on V is a
symmetric bilinear form g, which is called a non-degenerate inner product if g(X,Y) =
0V X €V implies Y = 0. Otherwise it is called degenerate (lightlike). Let V be a vector
space and suppose that there exists a symmetric bilinear form g on V. Then there exists
a basis {e;} on V such that

g(ei,ei) =0, for 1 <i<r,
glej,e;) = —1, for 1 < j <gq,
gleg,er) =1, for 1 <k <p,
gler,es) =0, for I # J.

Such a basis is called orthonormal, and the triple (r,q, p) is called the type of the bilinear
form g ([6, P.107]). We will denote a vector space V endowed with a bilinear form g of
type (7,¢,p) by Vigp.

Let (M, g) be a real n-dimensional smooth manifold, where g is a symmetric tensor

field of type (0,2). We assume that M is paracompact. The radical or null space of To M
is a subspace, denoted by Rad T, M, of T, M defined by

(21)  RadT,M ={¢ €T, M:g(¢,X) =0, X € T, M}.

The dimension of Rad T, M is called the nullity degree of g. Suppose the mapping Rad T'"M
that assigns to each x € M the radical subspace Rad T, M of T, M with respect to g,
defines a smooth distribution of rank » > 0 on M. Then RadTM is called the radical
distribution of M. The manifold M is called a lightlike manifold if 0 < r < n.

2.1. Example. We denote by Ry, , the space R" endowed with the bilinear form g
defined by g(es, €;)r,q,p = (Gr,q,p)ij, where €;, i € {1,...,n} is the standard basis of E™,

and Gy q,p is the diagonal matrix determined by g, i,e,

(G)i; = diagonal (0,...,0,—1,...,—1,1...,1).
—— ———— ——
r—times g—times p—times

Hence, Ry, , is an r-lightlike manifold.

Now, consider a complementary distribution S(T'M) to RadTM in TM. From [2,
Proposition 2.1], we know that S(T'M) is a semi-Riemannian distribution. Therefore, we
have

(22) TM =S(TM)®RadTM.
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The associated quadratic form h of g is of type (r,¢,p),p + ¢ + 7 = n, locally given by

a a+p

23) h==> )+ > @2
a=1 A=qg+1
where (w!,...,wP"9) are linearly independent local differential forms on M. Substituting
in (2.3)
w* = wide' W =wida’, Te{1,...,n}
we obtain
a at+p

(24) grg= —Zw?w?—&— Z witw?, Je{1,...,n},

a=1 A=qg+1

where rank [grs5] =p+ ¢ < n.

Suppose Rad T'M is an integrable distribution. Then it follows from the Frobenius
theorem that the leaves of Rad T'M determine a foliation on M of dimension r, that is,
M is a disjoint union of connected subsets {L.}, and each point = of M has a coordinate
system (U,z"), where ¢ € {1,...,n} and L, NU is locally given by the equations z® =
c* a€{r+1,...,n} for real constants c* and z%, o € {1,...,r}, are local coordinates
of the leaf L; of Rad T'M passing through z.

Consider another coordinate system (V/,Z%) on M. The transformation of coordinates
on M endowed with an integrable distribution has the following special form

ox* | , 0z oz
0=dz" = d —dz* =
v 90 + gz oz
which implies gxlz =0, Vae {r+1,...,n}, a € {1,...,r}. Hence the transformation
of coordinates on M is given by
(2.5) =z, 2", 2 =z, .. 2.

As g is degenerate on TM, by using(2.1) and (2.3) we obtain go 3 = gaa = 0. Thus the
matrix of g with respect to the natural frames {9} becomes

[ ] _ Or',r' Or,nfr
9ii On—r,r gab(xl, ozt )

Suppose that

8gab
Ox®
holds in a fixed adapted coordinate system, then by using the first group of equations

in (2.5), we obtain that it holds in any other coordinate system adapted to the foliation
induced by Rad T'M.

2.2. Definition. A lightlike manifold M on which Rad T M is integrable, and there
exists a local coordinate system such that (2.6) is satisfied, is called a Reinhart lightlike
manifold.

dz”,

(2.6) =0,Va,be{r+1,...,n}, ac{l,...,r}

For Reinhart lightlike manifolds, we have the following theorem.

2.3. Theorem. [2]. Let (M, g) be a lightlike manifold. Then the following assertions
are equivalent:
(1) (M,g) is a Reinhart lightlike manifold.
(2) RadT'M is a Killing distribution.
(3) There exists a torsion free linear connection V on M such that g is a parallel
tensor field with respect to V.
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3. Lightlike submersions

In this section, we will introduce lightlike submersions and give several examples. It
will be seen from these examples that there are many lightlike submersions. We also
define O’Neill’s tensors for lightlike submersions, check the usual properties and observe
that a lightlike submersion does not satisfy these properties in general. Moreover we show
that a Schouten connection is not a metric connection, and give the explicit expression
of the derivative of the metric tensor with respect to this connection.

Let (M1, g1) be a semi-Riemannian manifold and (M2, g2) an r-lightlike manifold. We
consider a smooth submersion f : M; — Ma, then, for p € Mo, fﬁl(p) is a submanifold
of dimension dim M; — dim M>. On the other hand, the kernel of f. at the point p, (f«
is the derivative map), is defined by

(3.1)  Ker fu ={X € T,(M1) : fu(X) =0}
Now, consider (Ker f.)* defined as follows
(3.2)  (Kerf)" ={Y e T,(M1): :(Y,X) =0,YX € Ker f.}.

Since TpM; is a semi-Riemannian vector space, (Ker f.)" may not be a complement to
Ker f.. Suppose A = Ker f. N (Ker f.)* # {0}. Then, consider the following four cases
of submersions.

Case 1. 0 < dim A < min{dim(Ker f,), dim(Ker f.)*}: Then A is the radical subspace
of T, M:. Thus, we can construct a quasi-orthonormal basis of M; along Ker f. as in[2].
Since Ker f. is a real lightlike vector space, there is a complementary non-degenerate sub-
space to A (cf. [2, Proposition2.1]). Let S(Ker f.) be a complementary non-degenerate
subspace to A in Ker f.. Then we have

(3.3) Kerf.=A 1 SKer f.).
In a similar way we have
(Ker )" = A L S(Ker f.)*",

where S(Ker f.)* is a complementary subspace of A in (Ker f.)*. Since S(Ker f.) is
non-degenerate in 7}, M1, we can consider

T,M, = S(Ker f.) L (S(Ker f.))T,

where (S(Ker f.))" is the complementary subspace of S(Ker f.) in T,M;. Also since
S(Ker f.) and (S(Ker f))* are non-degenerate, we obtain

(S(Ker f.))" = S(Ker f.)" L (S(Ker f.)")".

Then, from [2, Proposition 2.4], we know that “there exists a quasi-orthonormal basis of
T, M, along Ker f.,” thus we have

g(&h&]):g(Nl?Nj):O g(€l7N]):57~J
g(Wa7§j):g(Wa7Nj):0 g(W(“Wa):éaaaﬁ

for any ¢,7 € {1,...,r} and o, 8 € {1,...,t}, where {N;} are smooth null vector fields
of (S(Ker f.)1)*, {&} is basis of A and W, is a basis of S(Ker f.)~. We denote the set
of vector fields {N;} by ltr(Ker f.), and consider the following subspace

tr(Ker f.) = ltr(Ker f.) L S(Ker f.)".
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We notice that ltr(Ker f.) and Ker (f.) are not orthogonal to each other. Now, we will
call V = Ker f, the vertical space of T, My, and H = tr(Ker f.) the horizontal space as is
usual in the theory of Riemannian submersions. Thus we obtain

Tle = Vp &) g’fp.
It is important to emphasize again that V and H are not orthogonal to each other.

We are now ready to give the definition of a lightlike submersion.

3.1. Definition. Let (M, g1) be a semi-Riemannian manifold and (M2, g2) an r-lightlike
manifold. Suppose that f: M; — Ma is a submersion such that
(1) dim A = dim{(Ker f.)N(Ker f.)*} = r, 0<r < min{dim(Ker f.), dim(Ker f.)*}.
(2) f« preserves the length of horizontal vectors, i.e., g1(X,Y) = g2(f: X, f:Y) for
X, Y e T'(H).
Then, we say that f is an r-lightlike submersion.

The other cases arise as follows:
Case 2. dim A = dim(Ker f.) < dim(Ker f.)*. Then V = A and 3 = S(Ker f.)* L
Itr(Ker f.). We call f an isotropic submersion.
Case 3. dim A = dim(Ker f.)* < dim(Ker f.). Then V = S(Ker f.) L A and H =
Itr(Ker f.). We call f a co-isotropic submersion.
Case 4. dim A = dim(Ker f,)* = dim(Ker f.). Then V = A and H = ltr(Ker f.). We
call f a totally lightlike submersion.

We note that, from the condition of Definition 3.1.(2), it follows that the nullity degree
of Ms and the dimension of A are equal. Hence we have the following

3.2. Proposition. Let f: My — M2 be a lightlike submersion. Then,
(1) If f is an r-lightlike or isotropic submersion, then My is an r-lightlike manifold.

(2) If f is a co-isotropic or totally lightlike submersion, then M2 is a totally lightlike
manifold. g

A basic vector field on M; is a horizontal vector field X which is f-related to a vector
field X on Moa, that is, f.(X,) = X;(p) for all p € M;. Every vector field X on M>
has a unique horizontal lift X to M;i, and X is basic. Thus X «— X is a one to one
correspondence between basic vector fields on M; and arbitrary vector fields on Ma.

Now, we give one example for r—lightlike, isotropic, co-isotropic and totally lightlike
submersions.

3.3. Example. Let Ré’lﬁ and R%,O,l be R* and R? endowed with the Lorentzian metric
g1 = —(dz1)? + (dx2)? + (das)? + (dza)?, and degenerate metric go = (dy2)?, where
z1, %2, %3, 24 and y1,y2 are the canonical coordinates on R* and R?, respectively. We
define the following map

:cz\—/g:m)'

By 2
f RO,I,S e Rl,o,h (131735273037304) [and (131 + 3,

Then, the kernel of f. is

0 0 0 0
Ker f. = Span{Wa = 5+ 5, Wo = -5+ 5}
Thus, we obtain
1 _ 0 0 0 17}
(Ker f.)" = Span{T1 =5 T 520 B=g. T —8174}'

Hence, we have W1 = T1,

A = Ker f. N (Ker f.)* = Span{W,}.
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Then, we get ltr(Ker f.) = Span{N = (am1 +50; 9_)}. Tt is easy to check that g1 (N, W;) =
1 and g1 (N, Ws) = 0, Thus the vertical and horizontal spaces are given by

V = Span{W1, W2}, H = Span{T>, N}.
Moreover, since f.(T2) = \/_ay , J«(N) = ?; , we obtain that

gl(N7N) = gQ(f*Nvf* ) =0

91(T2, T2) = g2(fuT2, fT2) = 2.
Hence, f is a 1-lightlike submersion.
3.4. Example. Let RS’QA and R%,o,l be R® and R? endowed with the semi-Riemannian
metric g1 = —(dz1)? — (dz2)? + (dx3)? + (dza)? + (dzs)? + (dze)? and the degenerate

metric g2 = (dyg)z, where 1,22, €3, %4, T5, 26 are the canonical coordinates on R® and
Y1, Y2,ys are the canonical coordinates on R, respectively. We define the following map
f: R8)2,4 — ngo)h (z1,x2, T3, T4, 5, 26) — (1 cosh a—x3 sinh a—x4, T2+T5, T6)
for & € R. Then, the kernel of f. is
0 0 0 }

Ker f. fSpan{Zl—coshaai—ksmhaaa +81:4 Zz:—ﬁ—:tcz+8—m

and

8
(Ker f.)* —Span{Zl,Zz,Zg Mﬁ}

Hence, A = Span{Z1, Z>} = Ker f. C (Ker f.)*. Moreover, we get

Itr(Ker f.) = {N1 = %{ — cosh « 8?01 — smhoz— + 3—964}

Nz = 1{ai + ai,}}‘

Then, it is easy to see that f.(Z3) = 3;;7 fe(N1) = 8y17 fe(IN2) ai Thus f is an
isotropic submersion.

3.5. Example. Let ngg’g and R%,o,o be R® and R? endowed with the semi-Riemannian
metric g1 = —(dz1)? — (dx2)? + (dz3)? + (dx4)® + (dxs)? and degenerate metric go,
respectively, where 1,2, 3, x4, x5 are the canonical coordinates on R® We denote the
canonical coordinates on R? by yi,y2. We define the following map

+ —
f . R8,2,3 i Rg,0,07 ($17$27$37$47$5) = (:Cl + x3\/§x47x2 + x3\/§x4)
Then, the kernel of f. is
Ker f —San{Z \/_— i—ki
M G FENET:
0 0 0 0
%= fa ) ax4’23_a:c5}

and
(Ker f.)" = Span{Z1, Z2} = A C Ker f..

Hence, we get

ltr(Ker f) :Span{Nl = i{\/i— to 5
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Moreover, we have f.(N1) = %% and f.(N2) = —%%. Thus f is a co-isotropic

submersion.

3.6. Example. Let Réygj and R%,o,o be R* and R? endowed with the semi-Riemannian
metric g1 = —(dx1)? — (dz2)? 4 (dz3)® + (dr4)? and the degenerate metric g2, respec-
tively, where x1, x2, x3, x4 are the canonical coordinates on R*. We denote the canonical
coordinates on R? by y1,y2. We define the following map

fiRGo0 — RS0, (21,22, 23,24) — (21 + T3, 22 + 24).

Then, we have

Ker f. = Span{Zl =

Moreover, we obtain

Itr(Ker f.) = Span{N1 _ 1
Furthermore, we derive
0

0
«(N1) = —=—, fu(N2) = ——.
Fo(N) = =5 £ (V) = 5
Hence, f is a totally lightlike submersion.

Now, we define O’Neill’s tensors for a lightlike submersion:

Let f: My — Ma; be a lightlike submersion and X,Y arbitrary vector fields on M;.
Let h : TM; — H and v : TM; — V denote the natural projections associated with
the direct sum decomposition TM; = H & V. Let V be the Levi-Civita connection of
(M1, g1). Then, we define a tensor field T" of type (1,2) by

(34) TxY =hV,xvY + vV, xhY.

It is easy check that 7" has the following properties as a Riemann submersion.

(1) T reverses the horizontal and vertical subspaces.
(2) T is vertical: Tx =Ty x
(3) For vertical vector fields, T has the symmetry property TxY = Ty X.

The other tensor is given by
(3.5) AxY =vVpxhY + hVx vY,

and it has the following properties:

(1) A reverses the horizontal and vertical subspaces.

(2) A is horizontal: Ax = Apx.
3.7. Lemma. Let f: My — Maz be a lightlike submersion. If X and Y are basic vector
fields on My, then

(a‘) gl(X7Y):.92(X7i/)Off o

(b) h[X,Y] is the basic vector field corresponding to [X,Y].
Proof. Since f is a lightlike submersion, from Definition 3.1 (2) we have (a).

(b) follows from the identity f.[X,Y] = [X,Y]. a

For Riemannian submersions, it is well known that hVxY is the basic vector field cor-

Mg ~ M
responding to VXQ Y, where V' ° is the linear connection of M. We will show that this
property is here true in a particular case.
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3.8. Theorem. Let My be a semi-Riemannian manifold and Mz a Reinhart lightlike
manifold. Let also f : M1 — My be a lightlike submersion. Then hVxY is the basic

vector field corresponding to Vg2 Y, for basic vector fields X,Y.

Proof. From the Kozsul formula we have
201(VxY, 2) = X(qu(Y. 2)) + Y (9(Z, X)) — Z(g:(X,Y))
- (X, [Y, Z)) + 91([Z, X1, Y) + 91(Z, [X, Y]).
Since X (g1(Y, Z)) = Xg2(Y, Z) o f, from Lemma 3.1 we obtain
201(VxY,Z) =Xgo(Y,Z) o f +Yga(Z,X) o f — Zga(Y,X) 0 f
~ (X, [V, Z) o f+92(Y,[Z,X]) o f +92(Z,[X,Y]) o f.
Since M> is a Reinhart lightlike manifold, then from Theorem 2.3, it has a Levi-Civita

(3.6)

connection. Hence V' ? satisfies the Kozsul identity. Thus the right side of equation
(3.6) is 2g2 (ngfﬂ Z), hence we have

Moy ~ ~
91(VxY,2) = g2(V'V, Z) o f.
Thus we obtain that hV xY is the basic vector field corresponding to VXAZIZ Y. O

From (3.1) and (3.5) we have the following.

3.9. Lemma. Let f: (Mi,g1) — (M2, g2) be an r—lightlike submersion. Then we have:

(a) VoV =Ty V +vVuV,
(b) Vv X =hVy X +Tv X,
(C) VXV:AXV+VVXV,
(d) VxY =hVxY + AxY,

for any X, Y € T'(Itr(ker fx)), U,V € I'(Ker f«), where V is the Levi-Civita connection
on M. O

We note that T' and A are skew-symmetric in the Riemannian submersions. But these
properties are not generally valid for a lightlike submersion because the horizontal and
vertical subspaces are not orthogonal to each other. However, we have these properties
for some particular cases.

3.10. Lemma. Let f : (Mi,g1) — (M2, g2) be an r-lightlike submersion. Then we have:
(a) (TvX,Y) = —g:1(TvY, X),
(b) g1(AxV, W) = —g1(Ax W, V),
for any X,Y € I'(Itr(Ker f.)), V € I'(Ker f.) and W € T'(A).
Proof. We only prove (a), the proof of (b) being similar. Using (3.1), we obtain
(3.7)  TvX = hVuyvX + vVrhX = vVy X
and
(3.8)  TyY = hV,vrY + oV, hY = vV Y.
On the other hand, using Vg; = 0 we have
(3.9)  Va(X,Y) =g (VvX,Y)+ g (Vv X).
Then, from (3.7), (3.8) and (3.9) we have
G (TvX,Y) + g1(TvY, X) = 0. O
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We also note that A has the alternation property AxY = —Ay X for a Riemannian
submersion, but this is not generally the case for a lightlike submersion. However, we
have a special case where the above property is satisfied for a lightlike submersion.

3.11. Lemma. Let f : (M1,91) — (M2,g2) be an r-lightlike submersion and V the
Lewvi-Civita connection of gi. Then AxZ = —AzX if and only if VNX does not belong
to T(S(Ker f.)*), for any X, Z € T'(S(Ker f.)*) and N € T(Itr(Ker £.)).

Proof. We first prove that AxX = 0 for any X € I'(S(Ker f.)*). We may assume that
X is basic.

Since AxX € I'(V), AxX = 0 if and only if g1(AxX,Y) =0 and g1(AxX,N) =0
for Y € T'(S(Ker fi)) and N € I'(ltr(Ker f.)). For any Y € I'(S(Ker f.)) we have
g1(AxX,)Y) = 1(VxX,Y). Since ¢1(X,Y) =0, we get g1(AxX,Y) = —g1(X,VxY).
Hence we have g1(AxX,Y) = —g1(X, [ X, Y] + Vy X). Then [X,Y] € I'(Ker f.) implies
that

gl(AxX7 Y) = _gl(X7 VYX)
On the other hand, since X is constant along the vertical subspace, we have Y g1 (X, X) =
0 which gives g1(VyX,X) =0, Y € I'(S(Ker f.)) and X € T'((Ker f.)*). Putting this
in the above equation we arrive at

(3.10)  g1(AxX,Y)=0.

In a similar way, from (3.5) we get g1(AxX,N) = ¢1(VxX,N). Hence we obtain
91(AxX,N) = —g1(X,VxN). Then we derive gi1(AxX,N) = —g1(X,[X, N] + VxN).
Since [X, N] € I'(Ker f.), we obtain g1 (AxX,N) = —g1(X, VN X). Hence we conclude
that

(3.11) ¢1(AxX,N)=0

if and only if VX does not belong to I'(S(Ker f.)*). Then, from (3.10) and (3.11) we
obtain

AxZ = —-AzX,

if and only Vx X does not belong to T'(S(Ker f.)*), which gives the statement of lemma.
O

Now, we denote by V the Schouten connection associated with the distributions V
and J. It is defined by

(3.12) VxY = hVxhY + vVxrY

for X,Y € T(TM) [4]. Tt is easy to see that V is a linear connection along a fiber with
respect to the induced metric. Moreover, by direct computations, using (3.1) and (3.5),
we have the following;:

3.12. Proposition. Let f: (Mi,g1) — (M2, g2) be an r-lightlike submersion. Then we
have

(3.13) VxY =VxY —TxY — AxY

for any X,Y € T(T M), where V is the Schouten connection and V is the Levi-civita
connection on M. O

It is important to mention that the Schouten connection is a metric connection in a
non-degenerate submersion [4]. But this is not true for a lightlike submersion, in general.
The reason is that T and A are not anti-symmetric in a lightlike submersion. More
precisely, we have the following.
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3.13. Proposition. Let f: (Mi,g1) — (M2, g2) be an r-lightlike submersion. Then we
have:

(3.14)  (Vxg)(Y,2) = i(IxY, Z) + 91 (Y, Tx Z) + 1(AxY, Z) + g1 (Y, Ax Z)
for X, Y € I(T'My).
Proof. Since V is a metric connection we have
(Vxg)(Y,2) = Xq1(Y, Z) = 1 (VxY, Z) = 1 (Y, Vx Z) = 0.
Thus, using (3.13), we have (3.14). a

In the rest of this section, we give the covariant derivatives of the tensors A and T.
First recall that the covariant derivative of a tensor field A of type (1,2) is given by
(VEA)FG = VE(ArG) — AvrG — Ar(VEG)

for any three vector fields E, F, G € I'(T'M1). Now if we choose E =V € I'(Ker f.), F =
W e I'(Ker f.), then Ap = Aw = 0 so the first and third terms on the right side vanish.
In the middle term we have

Av,w = Awvyw = Ay w,
so we get
(VvA)w = —Ar,w.
If we take E = X € I'(Itr(Ker f.)) and F = W € I'(Ker f.), then we have
(VxA)w = —Aayw.
All other terms are zero. In a similar way, we get,
(VxT)y = —Tayy, (VvT)y = —Tr,v, X,Y € D(ltr(Ker f.)), V € T'(Ker f.).

3.14. Lemma. Let f : (M1,g1) — (M2, g2) be a totally lightlike submersion. Then we
have:

(@) (Vv A)xVY) = g1 (TuAxV)Y) — 1 (AxTuV,Y),
() g1((VxT)vY,V) = 1(AxTuY, V) — g1(Tax v U, V),
() i(VuT)vX, W) = g1 (Try xU,W) — g1(Try x V, W),

(d) 91((Vx AU, Z) = g1(AxAvU, Z) — g1 (Av Ax U, Z),
for any X,Y,Z € T'(tr(Ker f«)), V,U W € I'(Ker f.), where V is the Levi-Civita con-
nection on M.

~—

Proof. We only prove (a), the other assertions can be obtained in a similar way.

From the definition of covariant derivative of the tensor field A, we have
91 (Vo A)xV)Y) = g1(Vu(AxV),Y) = 1 (Avyx(V),Y) = 1 (Ax (VuV), Y),

for any X,Y € I'(Itr(Ker f.)), V,U € I'(Ker f.). On the other hand, using Lemma 3.9
we obtain

91 (Vu(AxV),Y) =g1 (hVuAxV,Y) + g1 (Tv AxV,Y)

(3.15) — 1 (TuAxV,Y),

(3.16) 91(Avyx(V),Y) = g1(Anv, xV.Y) + g1(Ary x V) Y)
-0,

and

(3.17) n1(Ax(VuV),Y) = g1(AxTuV,Y) + g1(AxvVyV,Y)

= (AxTu V) Y).
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Then, from (3.15), (3.16) and (3.17) we have
g1 (VuA)xV,Y) = g(TvAxV,)Y) — 1 (AxTuV,)Y). 0

4. Curvature relations for lightlike submersions

For an r-lightlike submersion f : (Mi,g1) — (Maz,g2), since the fibers are submani-
folds of M;, we can derive equations analogous to the Gauss and Codazzi equations of a
lightlike immersion. First note that geometrical features of the fibers will be distinguished
by a caret " For example, we write @VW = vVy W for the covariant derivative.

4.1. Theorem. Let Mi be a semi-Riemannian manifold and M2 a Reinhart lightlike
manifold. Suppose that f : (Mi,91) — (Ma2,g2) is an r-lightlike submersion or an
isotropic submersion. Then we have:
g1 (RU, V)W, X) = gi(R(U, V)W, X) + (T Ty W, X) — g1 (Tv Tu W, X),
gi(RU,VIW, F) = i (VuT)v W, F) — g1 (Vv T)uW, F),
for any X € T(ltr(Ker f.)) and U, V,W, F € T(A), where V, R and R are the Levi-Civita
connection on M1, the Riemannian curvature tensor field of M1, and the Riemannian
curvature tensor field of the fibers, respectively.

Proof. From Lemma 3.9 we obtain
VuVvW = VuTyW + VuVy W
= hVuTyW + Ty Ty W + Vo Vv W + Tu Vv W,
VvVuW = hVyTuW + Ty TuW + Vy VoW + Ty Vi W,
and
VoW = TiuvW + VW
= hV W + Vv W.
Therefore we have
R(U, V)W = R(U, V)W + hVuTvW + T Ty W + Ty Vv W
— hVvTuW — Ty TuW — Ty VuW — hV v W.

Taking the inner product of both sides of the above equation with X gives us the first

equation. Taking the inner product with F', we obtain
(41) g (R(U,VIW,F) = g1 (hVuTv W, F) + g1 TuovVyW, F) — g1 (VvIuW, F)
’ —g1(TvaW, F) —gl(hV[U’V]W,F).

On the other hand, by direct computations, we have
(4) g1 (VW F) =g1(hV v, vW, F) — g1 (hVv,uW, F)
=n(ToyvW, F) — g1(Tvy oW, F).

Thus, from (4.1) and (4.2) we have

g (R{U, VYW, F) =1 (VuTvW — Ty ,vW — Ty VyW), F)

— g1 (VvTuW — Ty, oW — TuVvW), F)].

Hence,

g (RU VYW, F) = g1 (VuT)vW, F) — n(VvT)uW, F),

which is the second equation. (]
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We recall that the null sectional curvature [1] of M at p € M with respect to U, is
defined by

g(R(XZH UP)UP7 XP)
9(Xp, Xp) ’
where X, is a non-null vector and U, is a null vector in T, (M).
We denote the horizontal lift of the curvature tensor R * of M, by R*, that is, if
X1, X2, X3 and X4 are basic vector fields of M1, we write
gl(R*(X17X2)X37X4) :gz(R )?1,)?2))?3,)24),

Also, if X; and X are basic vector fields, we will denote the horizontal lift of V];f X j by
Vi, X;.

(4.3) Ky (Up, Xp) =

Mo
(

4.2. Theorem. Let M be a semi-Riemannian manifold and M2 a Reinhart lightlike
manifold. Suppose that f : (Mi,91) — (Ma2,g2) is an r-lightlike submersion or an
isotropic submersion. Then we have:

Ky (2,0) = K, (Z,U) = 1(AzAvU, 2) + g1(AvAzU, Z) = 1(U, Ty17,01 %),
where K, is the null sectional curvature of Mz, K, is the null sectional curvature of
M, Z € T(S(Ker f.)") and U € T(Itr(Ker f.)).

Proof. For Z € T'(S(Ker f.)*) and U € T'(ltr(Ker f.)), from (3.5), we can write

VzU =hVzU +vVzU =hVzU + AzU.

Since M> is a Reinhart lightlike manifold, from Theorem 3.8 we have that AV zU is the
basic vector field corresponding to V;IQ U , Where VMQ is the Levi-civita connection on

Mas, Z and U are the horizontal lifts of Zand U. Then, we write the basic vector field
hV zU as V4zU. Thus we have

VzU =VzU+ AzU.
Then, by direct computations, using (3.5), we get
VzVuU =VZV5U + AzViU + AzAuU + vV 2 ApU.
Since A reverses the horizontal and vertical subspaces, we obtain
(4.4) 91(VzVuU,Z) = 1(VZVyU, Z) + g1(Az AvU, Z).
In a similar way, we get
(4.5) 91(VuVzU, Z) = (Vi VZU, Z) + g1(Av AzU, 7).
On the other hand, by direct computations, we have
Viz,o)U = Vizo)U + Vyz,oU
= hVuiz,u1U + vVuiz,00U + bV, 1z,01U + vV, 12,00U.
Hence, we get
a1 (ViznU, Z) = g1(hVhiz,U, Z) + g1(hVy1z,0U, Z)
=91 (ViizoU, Z2) + 91(VuizU, Z).
Then, since V is a metric connection and U and Z are orthogonal, we arrive at
a(ViznU,Z) = 1(ViiznU, Z) — 91(U, Vyiz,01Z)
=01 (VizoU, Z) = 1 (U, vV 12,01 Z).
Thus, using (3.1) we obtain
(46)  91(ViznyU, 2) = g1(ViizU, Z) = 1 (U, Ty 12,01 2).
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Then, from (4.4), (4.5) and (4.6) we have
g1 (R(27 U)U7 Z) = gl(R*(Zv U)U7 Z) + gl(AzAUU7 Z) - gl(AUAZU7 Z)
+91(U, Tyiz,01Z).

Hence,
g1 (R(Z,U)U,Z) = QZ(RM2 (Zv (7)0, Z) of+q1(AzAvU,Z) — g1(AvAzU, Z)
+91(U, Ty12,012).
Thus, the proof is complete. O
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