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The Zagreb coindices of a type of composite graph

Lihui Yang∗, Xiaowei Ai† and Lin Zhang‡

Abstract

For a nontrivial graph G, its �rst and second Zagreb coindices are
de�ned as the sum of degree sum of of nonadjacent vertex pairs and
the sum of degree product of nonadjacent vertices pairs, respectively.
Motivated by the work in [1], we study Zagreb coindices of a new kind
of composite graph, namely, double graph. For any given nontrivial
graph, explicit formulas are given for the Zagreb coindices of its double
graph and k-iterated double graph, respectively.
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1. Introduction

Let G be a simple graph with vertex set V (G) and edge set E(G). For a graph G,
we let dG(v) be the degree of a vertex v in G, i.e., the number of the �rst neighbors of
vertex v.

A topological index or graph invariant is a function de�ned on a (molecular) graph
regardless of the labeling of its vertices. Till now, hundreds of di�erent graph invariants
have been employed in QSAR/QSPR studies, some of which have been proved to be
successful (see [11]). Among those successful invariants, there are two topological indices,
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relevant to our paper, called the �rst Zagreb index and the second Zagreb index (see
[3, 4, 8, 10, 14]), de�ned as

M1(G) =
∑

u∈V (G)

[dG(u)]2 and M2(G) =
∑

uv∈E(G)

dG(u)dG(v),

respectively.
Equivalently, we can rewrite the �rst Zagreb index as

M1(G) =
∑

uv∈E(G)

[dG(u) + dG(v)].

More recently, the authors [2] proposed two new Zagreb-type indices, namely, the �rst
Zagreb coindex and second Zagreb coindex as

M1(G) =
∑

uv 6∈E(G)

[dG(u) + dG(v)] and M2(G) =
∑

uv 6∈E(G)

dG(u)dG(v),

respectively.
It is well-known that one can construct many graphs from simpler graphs via various

graph operations. Thus, it is important to understand how certain invariants of such
composite graphs are related to the corresponding invariants of the original graphs.

More recently, Ashra� et al. [1] investigated Zagreb coindices and presented explicit
formulas for these new graph invariants under several graph operations, including union,
join, Cartesian product, disjunction product, etc. Ashra� et al. [2] determined the ex-
tremal values of Zagreb coindices over some special classes of graphs. Hua and Zhang [5]
revealed some relations between Zagreb coindices and some other distance-based topo-
logical indices.

The double graph (see [9]) G∗ of a given graph G is constructed by making two copies
of (including the initial edge set of each) and adding edges u1v2 and u2v1 for every edge
uv of G. For a nontrivial graph G, its k-iterated double graph Gk∗, is de�ned as

G1∗ = G∗ and Gk∗ = (G(k−1)∗)∗ for k ≥ 2.

In particular, it is generally assumed that G0∗ = G for the sake of consistence.
For results on double graphs, see [6, 7, 12, 13] and the references cited therein.
Motivated by the work in [1], we study Zagreb coindices of double graph. For any

given nontrivial graph, explicit formulas are given for the Zagreb coindices of its double
graph and k-iterated double graph, respectively.

2. Main results

We begin with some notation and terminology used in the proof of our results.

(a) (b)

Fig. 1. The double graphs of C3 and P5.

For each vertex u in a nontrivial graph G, we call the corresponding vertices u1 and
u2, in G∗, the clone vertices of u. As examples, we depicted the double graphs C∗3 (Fig.
1(a)) and P ∗5 (Fig. 1(b)) of C3 (Fig. 1(a)) and P5, respectively.
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For a given vertex v in G, if we let D
1
G(v) =

∑
uv 6∈E(G)

[dG(u) + dG(v)] and D
2
G(v) =∑

uv 6∈E(G)

dG(u)dG(v), then we can rewrite the expressions of M1(G) and M2(G) as

(2.1) M1(G) =
1

2

∑
v∈V (G)

D
1
G(v)

and

(2.2) M2(G) =
1

2

∑
v∈V (G)

D
2
G(v),

respectively.
Similarly, if we denote D2

G(v) =
∑

uv∈E(G)

dG(u)dG(v), then the second Zagreb index of

G can be rewritten as

(2.3) M2(G) =
1

2

∑
v∈V (G)

D2
G(v).

In the following, we shall state and prove our main results of this paper.

2.1. Theorem. Let G be a nontrivial graph of order n and size m. Then

(i) M1(G∗) = 8M1(G) + 8m;

(ii) M2(G∗) = 8M2(G)− 8M2(G) + 16m2.

Proof. For the sake of convenience, we label all vertices in G as {v1, . . . , vn}. Suppose
that xi and yi are the corresponding clone vertices, in G∗, of vi for each i = 1, . . . , n.
For any given vertex vi in G and its clone vertices xi and yi, there exists dG∗(xi) =
dG∗(yi) = 2dG(vi) by the de�nition of double graph.

For vi, vj ∈ V (G), if vivj 6∈ E(G), then xixj 6∈ E(G), yiyj 6∈ E(G), xiyj 6∈ E(G) and
yixj 6∈ E(G).

So we need only to consider total contribution of the following three types of nonad-
jacent vertex pairs both to M1(G∗) and to M2(G∗).
• Type 1: The nonadjacent vertex pairs {xi, xj} and {yi, yj}, where vivj 6∈ E(G).
• Type 2: The nonadjacent vertex pairs {xi, yi} for each i = 1, . . . , n.
• Type 3: The nonadjacent vertex pairs {xi, yj} and {yi, xj}, where vivj 6∈ E(G).

The total contribution of nonadjacent vertex pairs of type 1 to M1(G∗) and M2(G∗)
are, respectively, given by∑

yiyj 6∈E(G∗)

[dG∗(yi) + dG∗(yj)] =
∑

xixj 6∈E(G∗)

[dG∗(xi) + dG∗(xj)]

=
∑

vivj 6∈E(G)

[2dG(vi) + 2dG(vj)]

= 2
∑

vivj 6∈E(G)

[dG(vi) + dG(vj)]

= 2M1(G)
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and ∑
yiyj 6∈E(G∗)

dG∗(yi)dG∗(yj) =
∑

xixj 6∈E(G∗)

dG∗(xi)dG∗(xj)

=
∑

vivj 6∈E(G)

[2dG(vi)] · [2dG(vj)]

= 4
∑

vivj 6∈E(G)

dG(vi)dG(vj)

= 4M2(G).

The total contribution of nonadjacent vertex pairs of type 2 to M1(G∗) and M2(G∗)
are, respectively, given by

n∑
i=1

[dG∗(xi) + dG∗(yi)] =

n∑
i=1

[2dG(vi) + 2dG(vi)]

= 4

n∑
i=1

dG(vi)

= 8m

and

n∑
i=1

dG∗(xi)dG∗(yi) =

n∑
i=1

[2dG(vi)][2dG(vi)]

= 4

n∑
i=1

[dG(vi)]
2

= 4

[
n∑

i=1

dG(vi)

]2

− 8

n∑
i=1

n∑
j=1,j 6=i

dG(vi)dG(vj)

= 16m2 − 8M2(G)− 8M2(G).

Now, we consider the total contribution of nonadjacent vertex pairs of type 3 to
M1(G∗) and M2(G∗), respectively.

For each xi, there exist n− 1− dG(vi) vertices in the set {y1, . . . , yn}, among which
every vertex together with xi compose a nonadjacent vertex pairs of G∗. The total contri-
bution of these n−1−dG(vi) nonadjacent vertex pairs to M1(G∗) is

∑
xiyj 6∈E(G∗)

[dG∗(xi)+

dG∗(yj)] =
∑

vivj 6∈E(G)

[2dG(vi) + 2dG(vj)] = 2D
1
G(vi) and to M2(G∗)

is
∑

xiyj 6∈E(G∗)
[dG∗(xi)dG∗(yj)] = 4

∑
vivj 6∈E(G)

dG(vi)dG(vj) = 4D
2
G(vi).

So we have∑
i 6=j;xiyj 6∈E(G∗)

[dG∗(xi) + dG∗(yj)] =

n∑
i=1

2D
1
G(vi)

= 2

n∑
i=1

D
1
G(vi)

= 4M1(G) ( by Eq. (1))
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and ∑
i6=j;xiyj 6∈E(G∗)

[dG∗(xi)dG∗(yj)] =

n∑
i=1

4D
2
G(vi)

= 8M2(G) ( by Eq. (2)).

Therefore,

M1(G∗) =
∑

xixj 6∈E(G∗)

[dG∗(xi) + dG∗(xj)] +
∑

yiyj 6∈E(G∗)

[dG∗(yi) + dG∗(yj)] +

n∑
i=1

[dG∗(xi) + dG∗(yi)] +
∑

i 6=j;xiyj 6∈E(G∗)

[dG∗(xi) + dG∗(yj)]

= 8M1(G) + 8m

and

M2(G∗) =
∑

xixj 6∈E(G∗)

dG∗(xi)dG∗(xj) +
∑

yiyj 6∈E(G∗)

dG∗(yi)dG∗(yj) +

n∑
i=1

dG∗(xi)dG∗(yi) +
∑

i 6=j;xiyj 6∈E(G∗)

dG∗(xi)dG∗(yj)

= 8M2(G) + (16m2 − 8M2(G)− 8M2(G)) + 8M2(G)

= 8M2(G)− 8M2(G) + 16m2.

This completes the proof. �

Now, we give two examples as applications of Theorem 1.

..... .....

.....

.....

....

...
.

....
..

....
1 2 3 4 n-2 n-1 n

.....

Fig. 2. The graphs G2n.

2.2. Example. Consider Zagreb coindices of the graph G2n, as shown in Fig. 2.

It can be easily seen that G2n is just the double graph of the n-vertex path Pn. By
an elementary calculation, we obtained M1(Pn) = 2(n− 2)2, M2(Pn) = 2n2 − 10n + 13

and M2(Pn) = 4n− 8. It then follows from Theorem 1 that M1(G2n) = 8× 2(n− 2)2 +

8(n− 1) = 16n2− 56n+ 56 and M2(G2n) = 8(2n2− 10n+ 13)− 8(4n− 8) + 16(n− 1)2 =
32n2 − 144n + 184.

...
...








n− 1n− 1

Fig. 3. The graphs H2n.

2.3. Example. Consider Zagreb coindices of the graph H2n, as shown in Fig. 3.
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It can be easily seen that H2n is just the double graph of the n-vertex star Sn. By an
elementary calculation, we obtained M1(Sn) = n2 − 3n + 2, M2(Sn) = 1

2
(n2 − 3n + 2)

and M2(Sn) = (n − 1)2. It then follows from Theorem 1 that M1(H2n) = 8(n2 − 3n +

2)+8(n−1) = 8n2−16n+8 and M2(H2n) = 8[ 1
2
(n2−3n+2)]−8(n−1)2 +16(n−1)2 =

12n2 − 28n + 16.
Now, we give formulas for Zagreb coindices of k-iterated double graphs.

2.4. Theorem. Let G be a nontrivial graph of order n and size m, and let Gk∗ be its

k-th iterated double graph. Then

(i) M1(Gk∗) = 8kM1(G) + 22k+1(2k − 1)m;

(ii) M2(Gk∗) = 8kM1(G)− [8k(2k − 1)]M2(G) + 2[8k(2k − 1)]m2.

Proof. For any nontrivial graph G with n vertices and m edges, the number of vertices
in G∗ is 2n and the number of edges in G∗ equals to 2m plus those edges between the

sets {x1, . . . , xn} and {y1, . . . , yn}, that is, 2m +
n∑

i=1

dG(vi) = 4m.

Now, we can deduce that Gk∗ has 2kn vertices and 4km edges.
By Theorem 1 and the de�nition of k-th iterated double graph, for k ≥ 1, we have

(2.4) M1(Gk∗) = 8M1(G(k−1)∗) + 8 · (4k−1m) = 8M1(G(k−1)∗) + 22k+1m.

By the recursive relations (4), we have

M1(Gk∗) = 8M1(G(k−1)∗) + 22k+1m

= 8[8M1(G(k−2)∗) + 22(k−1)+1m] + 22k+1m

= 82M1(G(k−2)∗) + 22k+2m + 22k+1m

= 83M1(G(k−3)∗) + 22k+3m + 22k+2m + 22k+1m

= . . .

= 8kM1(G(0)∗) + 23km + . . . + 22k+3m + 22k+2m + 22k+1m

= 8kM1(G) + 22k+1(2k − 1)m.

Let us proceed to (ii). By Theorem 1 and the de�nition of k-th iterated double graph,
for k ≥ 1, we have

M2(Gk∗) = 8M2(G(k−1)∗)− 8M2(G(k−1)∗) + 16(4k−1m)2,

that is,

(2.5) M2(Gk∗) = 8M2(G(k−1)∗)− 8M2(G(k−1)∗) + 16km2.

By a similar argument to that employed in Theorem 1 to treat the second Zagreb
coindex and using Eq. (3) at the same time, we obtain

∑
xiyj∈E(G∗)

dG∗(xi)dG∗(yj) =

4
n∑

i=1

D2
G(vi) = 8M2(G).
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In view of this equality, we obtain

M2(G∗) =
∑

xixj∈E(G∗)

dG∗(xi)dG∗(xj) +
∑

yiyj∈E(G∗)

dG∗(yi)dG∗(yj) +

∑
xiyj∈E(G∗)

dG∗(xi)dG∗(yj)

= 4
∑

vivj∈E(G)

dG(vi)dG(vj) + 4
∑

vivj∈E(G)

dG(vi)dG(vj) +

∑
xiyj∈E(G∗)

dG∗(xi)dG∗(yj)

= 8M2(G) + 8M2(G)

= 16M2(G).

So we have the recursive relation M2(Gk∗) = 16M2(G(k−1)∗) for each k ≥ 1, and then

(2.6) M2(Gk∗) = 16kM2(G(0)∗) = 16kM2(G).

By Eqs. (5) and (6), we obtain

M2(Gk∗) = 8M2(G(k−1)∗)− 8 · 16k−1M2(G) + 16km2

= 8[8M2(G(k−2)∗)− 8 · 16k−2M2(G) + 16k−1m2]− 8 · 16k−1M2(G) + 16km2

= 82M2(G(k−2)∗)− 82 · 16k−2M2(G)− 8 · 16k−1M2(G) + 8 · 16k−1m2 + 16km2

= . . .

= 8kM1(G(0)∗)− [8 · 16k−1 + 82 · 16k−2 + . . . + 8k · 160)]M2(G) +

[16k + 8 · 16k−1 + . . . + 8k−1 · 161]m2

= 8kM1(G)− [8 · 16k−1 + 82 · 16k−2 + . . . + 8k · 160)]M2(G) +

[16k + 8 · 16k−1 + . . . + 8k−1 · 161]m2

= 8kM1(G)− [8k(2k − 1)]M2(G) + 2[8k(2k − 1)]m2,

as claimed. �
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