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A new generalized intuitionistic fuzzy set
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Abstract

A generalized intuitionistic fuzzy set (GIFSg) is proposed. It is shown
that Atanassov’s intuitionistic fuzzy set, intuitionistic fuzzy sets of root
type and intuitionistic fuzzy sets of second type are special cases of
this new one. Some important notions, basic algebraic properties of
GIFSp, three operators and their relationship are discussed. The al-
gebraic properties include being closed under union, being closed under
intersection, being closed under a necessity measure, being closed under
a possibility measure and de Morgan type identities.
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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [22] whose basic component is
only a degree of membership. Atanassov [2] generalized this idea to intuitionistic fuzzy
sets (IFS) using a degree of membership and a degree of non-membership, under the
constraint that the sum of the two degrees does not exceed one. A fuzzy set can be
considered as IFS, since the sum of these grades is one. However, there are different
situations when the sum of two degrees is smaller than one, which means that there is a
certain ambiguity in the decision of membership or non-membership. For such cases the
IFS is an appropriate tool.

A generalized intuitionistic fuzzy set (GIFS) were proposed by Mondal and Samanta
[14] under the constraint that the minimum of the two degrees does not exceed half.
Following the definition of IF'S, Atanassov [3] [4] and Atanassov and Gargov [5] introduced
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interval valued IFSs, IFSs of second type, and temporal IFS. Srinivasan and Palaniappan
[19] introduced IFSs of root type.

Some other extensions of the IFSs have also been introduced: IF soft sets due to Maji
et al. [12]; IF rough sets due to Samanta and Mondal [18]; rough IFSs due to Rizvi et
al. [17].

Some recent applications of IF'Ss have been: sustainable energy planning in Malaysia
(Abdullah and Najib [1]); image fusion (Balasubramaniam and Ananthi [6]); agricultural
production planning from a small farm holder perspective (Bharati and Singh [7]); medi-
cal diagnosis (Bora et al. [8]); pattern recognition (Chu et al. [9]); reservoir flood control
operation (Hashemi et al. [10]); reliability optimization of complex system (Mahapatra
and Roy [11]); fault diagnosis using dissolved gas analysis for power transformer (Mani
and Jerome [13]); prioritizing the components of SWOT matrix in the Iranian insur-
ance industry (Nikjoo and Saeedpoor [15]); prediction of the best quality of two-wheelers
(Pathinathan et al. [16]); study of the decision framework of wind farm project plan
selection (Wu et al. [21]).

The aim of this paper is to introduce new generalized IF'Ss and to derive their proper-
ties. The derived properties include: i) if A and B are generalized IFSs then their union
and intersection are also generalized IFSs; ii) if A, B and C are generalized IFSs, A is a
subset of B and B is a subset of C' then A is a subset of C} iii) if A is a generalized IFS
then its necessity and possibility measures are also generalized IFSs; iv) if the degree of
non-determinacy of an element of a generalized IFS is zero then that for the nth power
of the set is also zero; v) if A is a generalized IFS then the necessity measure of the nth
power of A is the same as the nth power of the necessity measure of A; vi) if A is a
generalized IFS then the possibility measure of the nth power of A is the same as the
nth power of the necessity measure of A; vii) if A is a generalized IFS and m > n then
the mth power of A is a subset of the nth power of A; viii) if A is a generalized IFS
and m > n then nA is a subset of mA; ix) if A and B are generalized IFSs and A is a
subset of B then nA is a subset of nB; x) if A and B are generalized IFSs and A is a
subset of B then the nth power of A is a subset of nth power of B; xi) if A and B are
generalized IFSs then the nth power of the union of A and B is the same as the union
of the nth powers of A and B; xii) if A and B are generalized IFSs then the nth power
of the intersection of A and B is the same as the intersection of the nth powers of A
and B; xiii) if A and B are generalized IFSs then n times the union of A and B is the
same as the union of nA and nB; xiv) if A and B are generalized IFSs then n times the
intersection of A and B is the same as the intersection of nA and nB.

2. Preliminaries

In this section, we give some definitions of various types of IFS. We also define trian-
gular norms and triangular conorms. Let X denote a non-empty set.

1. Definition. (Atanassov [2]). An IFS A in X is defined as an object of the form
A={{z,ua(z),va(z)) : © € X}, where the functions pa : X — [0,1] and va : X — [0, 1]
denote, respectively, the degree of membership and degree of non-membership functions
of A, and 0 < pa(z) +va(z) <1 for each z € X.

2. Definition. (Atanassov [3]). An intuitionistic fuzzy set of second type (IFSST) A in X
is defined as an object of the form A = {(z, pa(z),va(z)) : x € X}, where the functions

A4 : X — [0,1] and v4 : X — [0,1] denote, respectively, the degree of membership
and degree of non-membership functions of A, and 0 < [pa(z)]* + [va(z)]* < 1 for each
e X.
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3. Definition. (Srinivasan and Palaniappan [20]). An intuitionistic fuzzy set of root
type (IFSRT) A in X is defined as an object of the form

A= {(z,pa(z),valz) ze X)},

where the functions pa : X — [0,1] and va : X — [0, 1] denote, respectively, the degree
of membership and degree of non-membership functions of A, and 0 < 1y/ua(z) +

2
1V/va(z) <1 for each x € X.

4. Definition. (Atanassov [4]). A temporal IFS A in X is defined as an object of the
form A(T) = {(z,t), pa(z,t),va(z,t) : (z,t) € E x T}, where the functions pa(z,t) and
va(z,t) denote, respectively, the degree of membership and degree of non-membership
functions of A of the element € X at the time-moment ¢t € T, A C E is a fixed set and
0 < pa(z,t)+va(z,t) <1 foreach (z,t) € EXT.

5. Definition. A triangular norm is a binary operation on [0, 1], i.e., an operator T :
[0,1]% — [0, 1] such that for all z,y, z € [0, 1] the following conditions are satisfied:
i) Communicativity: T'(z,y) = T(y, x),
ii) Associativity: T (z,T(y,2)) =T (T(x,y), 2),
iii) Monotonicity: T'(z,y) < T(x, z) whenever y < z,
iv) Boundary condition: T'(z,1) = z.

6. Definition. A triangular conorm is a binary operation on [0, 1], i.e., an operator
S:[0,1]* — [0, 1] such that for all z,y,z € [0, 1] the following conditions are satisfied:
i) Communicativity: S(z,y) = S(y, z),
ii) Associativity: S (z,T(y,z)) = S (T(z,y), 2),
iii) Monotonicity: S(z,y) < S(z, z) whenever y < z,
)

iv) Boundary condition: T'(z,0) = z.

Generalized fuzzy intuitionistic metric spaces can be defined based on triangular norms
and triangular conorms.

3. New generalized intuitionistic fuzzy sets

7. Definition. Let X denote a non-empty set. Our generalized IFS A in X is defined
as an object of the form A = {(z, pa(z),va(z)) : © € X}, where the functions pg : X —
[0,1] and va : X — [0,1] denote, respectively, the degree of membership and degree
of non-membership functions of A, and 0 < pa(z)® + va(x)’ < 1 for each z € X and
d=mnor £,n=1,2,...,N. The collection of all of our generalized IFSs is denoted by

n’

GIFSg(5,X).

One of the geometrical interpretations of the GIFSg (4, X) is shown in Figures 1 and
2. Let X denote a universal set and F' a subset in the Euclidean plane with cartesian
coordinates. For a GIFSpA, a function fa from X to F' can be constructed such that if
z € X then p = (va(z), pa(z)) = fa(z) € F, 0 < pa(x), va(z) < 1.

Let X be a set of ages of men over [0,75]. Let A be a set of young men whose ages
are between 20 and 30. Define the membership and non membership functions of A as

B 1/2
(xmw) . if 10 < z < 20,

1, if 20 < z < 30,

if 30 < z < 40,

0, otherwise,
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Figure 1. A geometrical interpretation of GIF'Sg with § = 1 and 2.

Figure 2. A geometrical interpretation of GIF'Sp with § = 0.5.

and
20 — 2\ '/?
i <z<
( 5 ) , if b <a <20,
0, if 20 < x < 30,
va(z) = o — 30\ /2
i <z<
( R ) , if 30 <z <45,
1, otherwise.

Since 0 < pa(z)? +va(z)® <1, Vo € X, A= {{z,ua(z),va(z)) : x € X} is a GIFSpE(2).
Also, we can define the membership and non membership functions of A as

—10\?
(wa) . if 10 < z < 20,

1, if 20 < x < 30,
pa(z) = 40 — 2\ 2
( N > ., if 30 <z <40,

0, otherwise,
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and

2
(20_”6) . if 5 < <20,
0

15
, if 20 < x < 30,
val@ =3 30\?
if30<z <4
( 5 > , if 30 < ax < 45,
1, otherwise.

Since 0 < pa(2)?® +va(x)?® < 1, Vz € X, A = {(z,pa(2),va(x)):z€ X} is a
GIFSp(0.5).

3.1. Remark. It is obvious that for all real numbers «, 8 € [0, 1],
(i) if0 < a+pB <1landd > 1 then we have 0 < a5+ﬂ5 < 1. With this consideration
if A€ IFS then A € GIFSp.
(i) if 0 < a® +° < 1and § < 1then 0 < a+ B < 1. With this consideration if
A€ GIFSg then A€ IFS.
(iii) if 81 < &2 then a2 < o' and B% < B, It follows that GIFSg (6;) C
GIFSp (02).

3.2. Remark. GIFSg(1) = IFS, GIFSp(2) = GIFSST, and GIFSg (1) = GIFSRT.

8. Definition. Let X denote a non-empty set. Let A and B denote two GIFSgs such
that A = {(z, pa(z),va(x)) :xz € X} and B = {(z, pB(x),vB(x)) : £ € X}. Define the
following relations and operations on A and B:

i. AC Bifand only if pa(z) < pp(z) and va(z) > va(z), Vo € X,
ii. A= B ifandonly if pa(z) = pp(z) and va(z) = vs(z), Vz € X,
iii. AUB = {{z,max (upa(x), us(z)),min (va(z),ve (1:))) z € X},
iv. AN B = {(z,min (pa(z), up(z)),max (va(z),ve(x))) : z € X},

v. A+ B = {(z,pa(z)’ + pp(x)’ —MA( Vs (@)’ va(e)’vs(z)’) iz € X}, so

2A:{<x,17(17u,4( , 25> xeX}
nA = {<x17(17uf,( )

vi. A.B= {<x pa(@)’.up (@)’ va(z)’ +ve(x)’ —va(z)’ve(z)’) 1z € X}, so

o)
{<x 1= (1-vate >xeX}
= (et ()

vil. A= {{z,va(z),pua(z)) :z € X}.
Proposition 3.1 For A, B,C € GIFSg, we have
i. A=A,
ii.h. ACB,BCcC=AcCC.

and

atGX}

and

;cEX}

Proof. The proof is obvious. |

Proposition 3.2 For A, B € GIFSg, we have

i. AUB € GIFSg,
ii. ANB e GIFSg,
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iii. §>1=A+Be€GIFSg,6d<1=A+BelFS,
iv. 6>1=A.Be€GIFSp,0<1= A.BeIFS.

}Ijmof. (i) Suppose max (pa(x), pp(x)) = pa(z). Since min (va(x),ve(z)) < va(z), we

)’ + vaus(z)’

0 < NAUB(
= (max (pa(z), u5(2)))° + (min (va(z),vs(z)))’
= pa(x)’ + (min (va(2), vs(2)))’
< pa(@)’ +va(@)’ <1

Suppose now max (pa(z), us(z)) = pp(x). Since min (va(z),vs(z)) < vp(x), we have
0 < (max(pa(2),p5(2)))’ + (min (va(e), vs(z)))’
= pp(2)’ + (min (va(2), ve(2)))’
pp(x)’ +vp(z)’ <1

The proof of (i) is complete.
(ii) Proof of (i) is similar.

IN

(iii) Since
A+ B = {(2.14@)" + p5(@)’ = pa(@)’ws(2)’,va(@)’ve(@)) ;o € X},
we have
parn(@)’ +varp(z)’
(54 @)’ + 5 @)’ — pa@)un@)°) + (va@)vs(@)’)’

(na(@)® (1= n5@)?) + s @)) + (vale)vs@)’) >0

and
5 5
pa+B(x)’ +vays()

(1@ + 5@~ pa@ un @) + (va@)va(@))’

< ((1 — VA(.T)(S) —+ (1 — VB(.Z‘)(s) — (1 — VA(SE’)L;) (1 — VB(x)5>)5
+ (I/A([L‘)(SIJB(ZB)(S)E

= (1 — 1/‘4(a:)51/19(:c)5>(s + (1/,4(37)51/}3(@5)(s

= (1-uw)’+,

where u = va(x)’vp(z)’. If § > 1 then (1 —u)° + v’ < 1, hence A + B € GIFSg. If
§ < 1 then (1 —u)® +wu’ <1, if and only if va(xz) = 0 or vg(z) = 0. But for any §, we
have

matB(x) +vai(z)

1a(@) + e (@) — pa@) us (@)’ +va@) vs (o)’

na@)’ + pa(@)’ = pa(@) pe@)’ + (1= pa@)’) (1- us(@)’)

1,

hence A+ B € IFS. The proof of (iii) is complete.
(iv). The proof of (iii) is similar. O

I IA
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9. Definition. The degree of non-determinacy (uncertainty) of an element x € X to the
GIFSpA is defined by

1
5

ra(@) = (1 pa(@)’ = va()’)
3.3. Remark. It can be easily shown that 7r,4(x)‘S + pa (:10)‘s + Z/A(gtt)‘S =1.

10. Definition. For every GIFSpA = {{z, pa(x),va(z)) : © € X}, we define the modal
logic operators, the necessity measure on A and the possibility measure on A, as

0A = {<x pa(z), (1 - uA(x)“)%> z€ X}
OA = {<m (1 - yA(x)‘s)% ,Z/A(.’E)> ‘ze X} ,

11. Definition. Let X denote a non-empty finite set. For every GIFSg as
A= {(z,pa(z),va(z)) v € X},

two analogues of the topological operators, closure (C) and intersection (I), can be
defined on GIF Sgs as

CA) ={(z,K,L) :z € X}, K:rynea))((u,q(y), L =minva(y)

yeX

and

respectively.

and

I(A) = {{z,k, 1) :x € X}, kziréi)r(luA(y), I = maxva(y).

yeX

It is obvious that both C(A) and I(A) are GIFSp. These two operators transform a
given GIFSp to a new GIFSp.

12. Definition. Let X denote a non-empty finite set and let A denote a finite GIFSg.
The normalization of A denoted by NORM (A) is defined by

B 5 5
NORM(A) = { (=, pa@)”  va(@)” —infra(@)\ o1
sup pa(x)® 1 —infrva(x)?
Proposition 3.3 Let A, B € GIFSg. We have

i. OA € GIFSs,
ii. ©A€ GIFSB,
iii. ma(z) =0= man(z) =0.

Proof. (i) Follows by noting that
1\ 0
poa@) +voa@)® = pa) + ((1-ma@) ) =1,
Proof of (ii) is similar to that of (i). (iii) Since

ma@) = (1= pa(@)’ = va@)’) "

=

we have
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By using this result, we have

A" = {<x,uA(x)"5, 1- (1 - Z/A(x)é)n> (x € X}
= {(m @ 1= pa(@)) e X}
It is now obvious that ma» (z) = 0. O

3.4. Proposition. Let A denote a GIFSp and n any positive real number. Then, the
following relations are true at the extreme values of pa(z) and va(x):

i. OA™ = (0A)",
ii. CA™ = (CA)™.

Proof. (i) Since
A" = {<x,u,4(x)ms,1 - (1 - VA(J,‘)§>n> (X € X} ,

we have
OA™ = {<l‘,,LLA(l‘)m5, (1- M(m)”ﬁ)%> ‘ze X} .
Also since
0A = {<m,,uA(m), (1 - ,uA(m)‘S)%> ze X} ,
we have

(CA)" = {<a:,;LA(m)"6, 1- (1 . (1 - MA(J;)5))"> ze X}
- {<x,uA(x)"5, 1- uA(a:)"“> ze X} :
Assume DA™ = (OA)". Consequently, we must have
(1 - ,LA(x)M?)% =1—pal(z)",
(1 @) = (1 - pa@™)’.

1—u’ =(1—u)°, u= (17/@4(17)"6).

Hence, (i) is true if and only if pa(z) =0or 1, Va € X.
(ii) We know that

A" = {<$7/LA(Z')7L5,1 - (1 - I/A(x)é)n> tx € X}

and

CA" = {<x, (1 - (1 - (1 —VA(m)(S)n)&)% - (1 —VA(I)‘;)”> ‘z€ X}.
Also
OA = {<x (1 - VA(x)é) ,uA(a;)> e X},

(oA™ = {<:r, (1 —Z/A(I)a) ,1— (1 - VA($)6)n> tx € X}
{<x, (1 —VA(I)(;)”71— (1 —VA(x)é)n> S X}.

Sl

SO

o.‘i
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Assume OA™ = (OA)™. Consequently, we must have

(1- (- (=) )) = (=)
(1 — (1 — VA(;t)é)n)é =1- (1 — Z/A(gr)é)mS ,
(1—-u)’=1-1, u= (l—uA(:c)‘;)n.
Hence, (ii) is true if and only if va(z) =0 or 1, Vz € X. O

3.5. Proposition. For every GIFSgA, we have
im>n=A"CA",
ii. m>n=nACmA,
i, A" = nA,
where m and n are both positive numbers.

Proof. (i) Since
A" = {<m,uA(m)"6,1 - (1 - VA(m)6>n> tx € X} )

Am:{<m,,u,4(ac)m6,1—(1—zm )m> xGX}.

né

we have

Since m > n, we have pa(z)" > pa(z)™, so /LA( Y > pa(z)™ and pan (x) > pam ().
Also since va(z) < 1, we have (1 —va(z )5) < (1 —va(x)®)", so

1- (1 - VA(x)‘*)" <1- (1 - uA(a:)5) = van(z) < vam (2),
completing the proof. The proof of (ii) is similar to that of (i). The proof of (iii) is

immediate. u

3.6. Proposition. Let A, B € GIFSg. We have

i. AC B=nACnB,
ii. ACc B= A" C B",
iii. (AUB)" =A"UB",
iv. (AnB)"=A"NnB",
v. n(AUB) =nAUnB,
vi. n(ANB) =nANnB.

Proof. (i) Since A C B, we have pa(z) < pp(z) and
pa@)’ <pp(@) =1 pp@) <1-pa@)’ = (1-pe@)?)" < (1-ma@°)",
o
1= (1= @) 1= (1-18)")" = poa@) < s (@).
Also since A C B, we have vp(z) < va(z) and

vp(@)" <va(2)™ = vnp(x) < vaa(z),

completing the proof.
(ii) follows since

ACB=>BCA=nBCnA=nACnB= A" CB".
(iii) follows since

AU B = {(z,max (pa(z), us(z)) ,min (va(z),ve(z))) : z € X}
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and
(AU B)"
= {(= (max (na(@), np @)™ 1~ (1 - min (va(2),vp(=)°)") 1o € X}
= {(zmax (pa@)"™, up@)" ) 1= (1= min (va@)°’,vp(@)°))") 1o e X}
= {(smax (pa@™ up@") 1~ (max (1 - va@)’ 1 -vp(@)°))") o€ X}
= {(zmax (pa@™, up@"™) 1= max ((1-va@?’)", (1-vp@?°)")) iz e x}
( )

= {<9: max pA(m)"ls,uB(m)nis min ( (I—I/A(x)s)n,l— (1—1/B(w)a)n)>:x6X}
= A"uB"

(iv) follows since

ANB = {(x,min (pa(z), up(z)),max (va(z),ve(x))) :z € X}
and
(AnB)"
= {(o @min(ua(@), np @)™ 1~ (1 - max (va(a),vp()°)") o€ X}
— {foomin (1a @0 1= (1 = mox (va @) v (2)%))") o € X}
= {<x mm( g ()™ )1—(min(l—uA(x)6,1—UB(:c)a))n>:aceX}
o (e (a0 ) 1 i (1 vaer)” (1)) 15 € ¥)
( ’).

max (1 (1-va@?)" 1 (1-vp@°)")) zex}

né

= {<z min /,LA(Z) #B(z)
= A"nNnB".

(v) follows since

n (AU B)

= {(z1- (1 - max(pa@), np()°)"  min wa(2),vp@)"’) iz € X}

= {(z1-(1-m (m(:c)‘; pp(@°))" smin (va(@) " vp@)"")) 2 € X}

= {(m1=(min (1= pa@’, 1= pp@?))" smin (va@)",vp@)"°)) 2 € X}

= {<z 1 — min ((l—p.A(z)g)" (I—MB(Z)s)n),min(VA(z)nJ,uB(z)n5)>:ZGX}
= {<x,max( ( —pa(z) ) (lfuB(x)é)n),min (VA((L’)TL(S,VB(w)né)>Z(L‘EX}

= mnAUnB.

The proof of (vi) is similar to that of (v).

4. The operators D, (A), F,3(A) and G, p(A)
Let A= {(z,pa(z),va(z)) : z € X} denote a GIFSg.

13. Definition. Let a € [0,1] and A € GIFSp. We define the operator of D,(A) as

Da(A) = {<a: (1a(@)” + ama@)?) " (va@) + (1 - a)m(x)é)%> ‘ze X} .
Clearly, D (A) is a GIFSp.

4.1. Theorem. For every GIFSgA and for every a, 8 € [0, 1], we have
i. a <= D.(A) C Dg(A),
ii. Do(A) = DA,
iii. Di(A) = OA.
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Proof. The proof of (i) is immediate.
(ii) We have

Do(A) = {<x (MA(x)“ 10 x 71'A(m)5>% , (VA(x)‘S F(1- om(x)é)

{<1‘,HA(1‘),(Z/A( +a(z xeX}
{(mma@). (1= @) > x}=oa

where the penultimate equality follows since ma(z)° = 1 — pa(z)’ — va(z)®. So, (ii)
follows.
(iii) We have

Di(A) = {<x (M(gﬂ)‘S F1x m(m)‘s)% , (VA(:E)‘s (- 1)7rA(x)6)%> Lz € X}

il

)orex)

Il
m\u
m \/

- {<x (1 - uA(m)é)% ,uA(x)> ze X} = OA,

completing the proof. O

14. Definition. Let a.8 € [0,1], where a + 8 < 1. Let A € GIFSp. We define the
operator of Fy, g(A) as

Fap(A) = {<az (MA(x)ﬁ + aﬂ'A(a:)‘;)% : (uA(x)5 + &m(x)é)%> = X} .

4.2. Theorem. For every GIFSgA and for any «, 8 € [0,1], where a+ 8 < 1, we have

i. Fop(A )EGIFSB,

ii. 0<’y<0[=>F7/3( ) Fag(A)
i, 0<y<B= Fag(A)C Fan(A),
iv. Do(A) = Fa1-a(A),

v. OA = F()J(A),

vi. OA = FL()(A)7
vii. Faﬁz =Fg.a (A)

Proof. (i) follows since

1, o) (@)’ + v, ﬁ(A)(:E

5 1
[(MA( )’ +ama(e +{ )* + Braa )5)5}
= pa(@)’ +va(z)’ +7TA(96 *(a+B)
< pa@)’ +va(@) +ra(z)’ =1.

The proofs of (ii) and (iii) are immediate.
(iv) follows since

Fa,lfa(A)

= {<1: (MA(:E)‘S + am(x)é)% , (VA(J;)“ +(- a)WA($)6>%> iz € X}
—  Da(A).
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(v) follows by Theorem 4.1 after noting that Do(A) = Fo,1(A) and D1(A) = Fi,0(A)
from (iv).
(vi) follows by Theorem 4.1 after noting that Do(A) = Fy,1(A) and D1(A) = Fi,0(A)
from (iv).
(vii) since

Fs.0(A) = {<x (MA(z)“ + 5%4(1:)5)% , (VA(xf + aWA(x)‘;) %> ze X}

and
Fop(A) = {<1:, (VA(CL’)6 + OCWA(I)J)% , (/m(:c)é + ﬂﬂ'A(.CE)é)%> ‘T € X} ,
we have
Fop (A) = {<1¢, (,MA(JC)‘s + ﬁﬂA(x)é)% , (Z/A(ar:)‘s + aWA(a:)‘s)%> ‘X € X}
and Fa.p (A) = Fp.a(A). O

15. Definition. Let o, € [0,1] and A € GIFSp. We define the operator of G, 5(A)
as

Gap(A) = {<x7a%uA(x),ﬂ%l/A(m)> S X} .

4.3. Theorem. For every GIFSgA, and for any real numbers «, 8,7 € [0, 1], we have

i. Gag(A) € GIFSp,

i o <y= Gap(d) CGyp
iii. B<y= Ga,p(A) D Gay
iv. 7€[0,1] = Ga,p(Gv,7(A)) = Gar,p7(A) = G5 (Ga,5(A)),
V. Ga,p(C(A)) = C(Ga,p(A)),

Vi Gap (I(A)) = I (Ga,p(A)),

Vil. Gap (A) = Gs.a(A).

Proof. (i) follows since
Gaa(4) = { (2,07 pa(@), Bva(e)) sv € X}

and
s

Beo 5 (@) + VG, Hay (@) = (Oé%fm(ﬂf))(S + (5%VA(I))
apa(@)’ + Bra(x)’
pa(@)’ +va(e)’ <1,

IA

(ii) We have
Ga,p(A) = {<x,a%uA(a:),B%yA(x)> RS X}
and

G45(A) = {<1’,’}/%,LLA(.’L'),,B%I/A(IB)> iz € X}.

Since o < vy, we have as < 7% and so a%pA(z) < fy%uA(:n), completing the proof of (ii).
The proof of (iii) is similar to that of (ii).
(iv) We have

Gy r(A) = {<5U7'Y%MA(1‘)7T%VA($)> tx € X} ,
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Ga,p (Gry,r(A))

{<CC,OC%’)/%/J,A(CL‘),ﬂ%T%l/A(CL‘)> HENS X}

= {{z.(@N ra@), ()3 va(@)) s v € X}
= Gaypr(4)
and
G (Gap(A) = {{w73adpa(e), 73 Bova@)) i a e X}
= {(#. 00 na@). (78) va(@)) 1w € X}
= {(#. (@ pa@), (Br)Fva(@)) sv € X}
Gl (A),

(v) follows since

C(A) = {<x max,uA(y),minl/A(y)> z€ X}

yeXx yeXx

and

<x o’ max,uA ,85 Hél)I(II/A(y)>Z.IIGX}

-
{<x maxozéuA mm,@ém(y)> tx € X}
C(Ga,p(A))-

1) = { (o mignatmagran)) o € X}

yeX

and

ex

Gap (I(A) = {<m ab min . (y ), B3 maqu(y)> ‘z€ X}
{

(somipatuato)magsivat) ) o € x|
1(Gas(4).

where «, 8 € [0, 1].
(vii) Let A = {{z, pa(z),va(x)) : z € X} denote a GIFSp. Then,

A= {(z,va(x), pa(z)) : z € X},

Gpa(A) = {<xvﬂ%NA(x)va%VA(m)> € X}7
Gap (A) = {<$’O‘%VA($):B%MA(SL’)> cx € X},
Gayp (4) = {<1‘7/6%IJA($),OZ%VA(1’)> ‘x € X},

and s0 Ga,p (4) = Gp,a(A). O
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5. Conclusions

We have introduced a new generalized IFS (GIF Sg) as an extension to the IFS. The
basic algebraic properties of GIF'Sp have been presented. Some operators on GIFSp
are defined and their relationship have been proved. A list of open problems is as follows:
i) define the generalized fuzzy intuitionistic number, norms, distances, metrics, metric
spaces, etc for the generalized IFS and study of their properties; ii) develop statistical
and probabilistic tools for the generalized IFS; iii) construct an axiomatic system for the
generalized IFS; iv) develop efficient algorithms and computer software for the construc-
tion of degrees of membership and nonmembership of a given generalized IFS; v) define
and study the properties of generalized IF boolean algebras; vi) develop information and
entropy measures corresponding to generalized IFSs; vii) develop preference theory and
utility theory for the generalized IFS; viii) compare with other generalizations of the IF'S.
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