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Abstract

We give formulas for the conditional and unconditional expectations of
products of multivariate Hermite and modified Hermite polynomials,
each with a multivariate normal argument. A unified approach is given
that covers both of these polynomials, each associated with a covariance
matrix. This ertended Hermite polynomial is associated with a matrix
which is the difference between two covariance matrices, in other words,
with any symmetric matrix.
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1. Introduction

Conditional expectation identities have a fundamental role in contingency table anal-
ysis and its applications, see, for example, Lancaster (1957). A well known identity is
that E[Hp(X2) | X1] = p"Hn(X1), where H,(-) is a Hermite polynomial and (X1, X>)
has the standard bivariate normal distribution with correlation coefficient p. Conditional
expectation identities are also useful for characterizing distributions, see Gupta and Ah-
sanullah (2004). Applications of conditional expectation identities are numerous. Some
recent applications include: multivariate input processes (Biller and Ghosh, 2006); mech-
anisms that modulate the transfer of spiking correlations (Rosenbaum and Josi¢, 2011);
linear-feedback sum-capacity for Gaussian multiple access channels (Ardestanizadeh et
al., 2012).

In this short note, we derive conditional expectation identities involving a product
of multivariate Hermite and/or modified Hermite polynomials with multivariate normal
arguments. This is done by extending the family of these polynomials to a polynomial
associated with a matrix whose eigenvalues may be both positive and negative. Our
identities generalize that due to Lancaster (1957).
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We illustrate the main results of this short note by several examples, see Example
1.1 and Examples 2.1 to 2.5. These examples give new expressions for expectations of
Hermite polynomials with random arguments and expectations of products of Hermite
polynomials with random arguments. Such expectations crop up in many theoretical as
well as applied areas. We mention: non-central limit theorems for non-linear functionals
of Gaussian fields (Dobrushin and Major, 1979, Section 4); combinatorial problems (Azor
et al., 1982); Wiener analysis of binary hysteresis systems (Nakayama and Omori, 1982);
level crossings for regularized Gaussian processes (Berzin et al., 1998); central limit theo-
rems for functionals of level overshoot by a Gaussian field with dependence (Jeon (1998),
see, for example, equation (4)); nonlinear time series analysis (Terdik (1999), see, for
example, equation (2.20)); locating human faces in a cluttered scene (Rajagopalan et
al. (2000), see, for example, equation (3)); influence of the order of input expansions
in spectral stochastic finite element methods (Gaignaire et al. (2006), see, for example,
equations (4)-(5)); stochastic finite element based on stochastic linearization for stochas-
tic nonlinear ordinary differential equations with random coefficients (Saleh et al., 2006,
Section 3). Hence, the expressions given in the examples can be very useful.

Let Ny and R denote the set of non-negative integers and the set of real numbers.
Suppose that

(1.1) X = Ny ~ N, (0, V),

a p-dimensional normal random variable with zero means and covariance V. If V > 0,
that is, if V is positive-definite, then its density is
ov(z) = (2m) " *det(V) P exp (—2'V 2 /2)
forz € R?. Forn € N, t € R”, v € R” and D; = 9/0z;, set nl = [[F_; n;!, t" =
Pt (=Dt = [I5-, (—=D;)" and define the nth multivariate Hermite polynomial

j=1Y% >
as

Ha(z,V) = ¢v (@) (=D)"¢v(z) = exp(q/2)(~D)" exp(—q/2)
for ¢ = 2’V "'z and n € N, This is shown in Withers (2000) to be given simply by
Ho(z,V)=E [V (z +iX)]",
where i = v/—1, see also Withers and McGavin (2003). Its exponential generating func-
tion (egf) is
(1.2)2 Hy(z, V)" /n! = E {exp [t’Vﬁl(at +iX)]} =exp (t'Vﬁlx - t'Vﬁlt/Q)
nENﬁ_
for z,t € RP. The nth modified multivariate Hermite polynomial is defined by
H(@,V) = év(@)D"¢v () =E{[V " (@ + X)]"}
for n € N¥. This is just Hy(x, V) with all its signs positive. Its egf is
(1.3) Z H (2, V)t" /0l =E[exp (V' (z + X))] = exp (' V 'z + 'V 't/2)

nGNi

for x,t € RP. There is a problem with notation: H,(z,V™') = E[(Vz + iX)"] and
its modified form exist for V' > 0 (positive semi-definite), not just for V' > 0 (positive
definite). Some authors get around this by using V rather than V=1 as the second
argument: see page 273 of Willink (2005).

We prefer to work with what we shall call the extended Hermite polynomial

hn(z,C) =E[(z+Y +1i2)"]



681

forn e N%, 2 € R? and C = A — B € RP*?, where Y ~ N,(0, 4) and Z ~ N,(0, B) are
independent. That this polynomial only depends on (A, B) through C, follows from its
egf,

Z hn(z,C)t" /n! = exp (t'z 4+ t'Ct/2)

nGNi

for t € RP. So, hy(x,0) = z™.
1.1. Theorem. Using the egf, it follows that
hn (1 4+ 22,C1 + C2) /n! = hp (21,C1) /n! & hy (22,C2) /nl,
(1.4) hn (x, A= B) /n! = hy (21, A) /n! @ hyn (z3,—B) /n!, x = z1 + z3.
For A > 0, B > 0 we shall see that this is essentially a convolution of a Hermite
polynomial and a modified Hermite polynomial. Here, a,, ® b, = Zogkgn, keny akbn—k

is the convolution of a, and b, in N}. The obvious choice of z1 is . In this case,
hn(23,—B) = hn (0, —B) = i"E[Z"] is essentially just a moment of a multivariate normal.

The choice of A, B is not unique. We can write C = H'AH, where H'H = I and
A = diag(A1,...,A\p) = diag(A1,0,—A3), where A1 > --- > Ay and A; > 0 for j = 1,3.
That is, A1 consists of the positive eigenvalues of C' and —As consists of the negative
eigenvalues of C'. Then the obvious choice of A, B is the minimal choice,

(1.5) A = H'diag (A1,0,0) H, B = H'diag (0,0, A3) H.

If C =0, that is A = B, then Y +iZ ~ CN,(0, V), the complex normal distribution with
complez covariance E[(YY'+ZZ')] = 2A. Tts real moments are all zero: E[(Y +iZ)"] =0

for n € N%.

By (1.2) and (1.3) we have the other special cases
(1.6) ho(z,V) = E[(z+X)"] iV >0,
(1.7) = Hy(V'z,V') ifV >0,
(1.8) holz,—V) = E[(z+iX)"] if V >0,
(1.9) = H,(V'z,V')ifV>o.

Equivalently when V' > 0, Hyi (2, V') = ho(V, V) and H, (2, V™) = h,(Vz, V). So,
the class of functions h,(x, C) includes =", H,(z, V), H;(x,V) as well as the mixed case,
where C' has both positive and negative eigenvalues.

Note that forp=1,n € Ny, z € Rand N ~N(0,1), hn(z,1) = E[(x + N)"] = H;;(z)
and hy(z,—1) = E[(z + iN)"] = Hn(x), where Hy(z) = Hp(z,1) and H;;(z) = H;(z,1)
are the usual univariate Hermite and modified Hermite polynomials. Also

(1.10) H, (m,aiQ) =0"Hy(ox) = 0"hp(ox,—1),
(1.11) H; (z,07%) = o"H}(02) = 0" hn (0w, 1).
We now partition X of (1.1) as (ﬁ;) with X; € RP/, so that p1 4+ p2 = p. We denote

conditional expectation by EX1[f(X)] = E[f(X)|X1]. Partition V into (Vjy, : j, k = 1,2),
where Vji is a p; X pi block matrix, and set Va.1 = covar(Xz|X1) = Vo — V21V1_11V12 if
p1 > 0, and Va.1 = covar(Xs2) = Vag if p1 = 0. The latter corresponds to not conditioning.
We assume that V2.1 > 0, that is, X2 is not just a multiple of X;.

Now consider & = (a1, a2) € R™*? with a; € R™*Pi so that aX = 25:1 a; X;. We
have the following.

1.2. Theorem. Suppose that Y = (2) =X+ pu~Np(p, V) withY; € RPIF, j =1,2.
Partition p in the same way. Set

(1.12) 0= (051 -+ 052‘/21‘/1;1) (Yl — /L1), Fy = OégVQ.la,g, F=Fy+C.
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Then
(1.13) E™ [k, (aY,C)] = hn (ap + 6, F).

We now give some special cases with u = 0, that is Y = X of (1.1), in terms of the
Hermite polynomials H,,, H;;. Taking C' = 0 gives
(1.14) EY [(aX)"] = H;; (Fy "6, Fy )
for Fo > 0, that is, for r < ps and as of rank r.

By (1.6) for C > 0, hn(z,C) = E[(z + N¢)"] so that by (1.13), the left hand side of
(1.13) is equal to h, (6, F) = E[(6 + NFr)"]. So, by (1.7),
(1.15) EY [Hy (O 'aXx, 0] =H; (F7'6,F7Y)
for C > 0. By (1.8) for D = —C > 0, hn(z,C) = E[(z + iNp)"] so that by (1.13), the
left hand side of (1.13) is equal to h, (8, F) = E[(d + iNg)"| if G = —F =D — Fy > 0.
So, by (1.9),
(1.16) E* [H, (D"'aX,D™")] = H. (G715,G7Y)
for G=D — Fy > 0.

Taking p1 = 0 gives E[h,(aY, C)] = hn(ap, F), where F = C + aVa2a’. For example,
taking C' > 0, then E[H};(C™*aY,C™ )] = Hi(F tap, F71).
1.3. Example. Take r =1 and set 8 = o/ € R? and §; = o € RP/. Set v = $5V2.102.
Then by (1.14), (1.15) at C =1, (1.11), (1.16) at C' = —1, and (1.10),

)
(1.17) E* [(BX)"] = o"Hy(8/o) for o =v >0,
(1.18) EY [Hy (/X)) = o"H;(5/0) for 0® =1+,
(1.19) EY [H, ('X)] = o"Hn(3/0) for o> =1—v >0,
= o"H;(5/o) for 0> =v —1>0,
6" for v =1.
For example, taking p1 = 0 and setting v = 8’V 3 and N ~ N(0, 1) gives
E[(B'X)"] = o"E[N"] for o’ =v>0,
E[H; (8'X)] = o"E[N"] foro®=1+v,
E[H, (8X)] = o"E[(iN)"] for o> =1—v >0,

c"E[N"] for 0> =v —1>0,

= §on forv =1,

where 0;5 = 1 or 0 for j = k or j # k. Consider the standardized bivariate normal,
p; =1LV = (’17’1’), where |p| < 1. Then in (1.17)-(1.19), § = (B1 + pB2) X1 and o2 is given
by (1 —p*)B3, 1+ (1 — p*)B3, 1 — (1 — p*)B3, respectively. If also B2 = 1 then one can
take o = p in (1.19) since pN has the same distribution as |p|N for N ~ N(0, 1), giving
EX[H, (61X1 + X2)] = p"Ha((B1/p + 1) X1).

In the notation of (1.1), we can write No, = H'Ny,, Noy, = H'Np,, where L; =
diag(A1,0,0) and Ls = diag(0,0,As). In our result, (1.13), the form of h,(z,C) is
determined by the eigenvalues of C, while the form of h,(d, F) is determined by the
eigenvalues of F'. We now show the following.

1.4. Theorem. An eigenvalue of F' of (1.12) is either an eigenvalue of C' or it satisfies
(1.20) det (V! — Jx) =0,
where Jy = ab( M — C)tas.
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In Section 2, we extend our result, (1.13), to products of extended Hermite polyno-
mials. Some conclusions and future work are noted in Section 3. The proofs of all main
results are provided in the appendix.

2. An extension to products

We now give an extension of Theorem 1.2 to products. Suppose that for 1 < k < K
ng € N:_k, tr € Rrk, Ck in Rrerk, ap = (Clkl,akg) S RTkXp, Qg € R™**Pj
2.1. Theorem. Suppose thatY = (}}%) ~Np(u, V) with Y; € RPI, 5 =1,2. Partition

in the same way. Set 0 = (k1 +o¢k2V21Vﬁl)(Yl —u1), gk = app+0ok, 5 = (gﬂ, e 0%),
n' = (ni, ..., nK), ¥ = (ala, ..., Aka), A = diag(C1, ..., Cx) and D = A + yVa.17v'.
Then

(2.1) EV [H By, (1Y, Cr)

k=1

= hn (S,D).

2.2. Example. Find a, = E[[[;_, Hy, (N)] for N ~N(0,1). So, p=p1 =0, po =V =
ar =1, Cr = —1, 5= 0, v = 1k, the K-vector of ones, D = 1x1% — Ix.

If K =1 then D =0 s0 an = dno.

If K =2then D = ((1)(1)) and g = t1t2. The coefficient of t™ in exp(q) iS dn,n, /11! so that
an = hn(0, D) = §pynoni!. So, {Hn(z)/n!*/?} are orthonormal with respect to ¢(z), as
is well-known.

If K = 3 then q = tltz =+ t2t3 —+ t3t1, exp(q) = Zil,mz,mgzo t"/m' at ny = mso =+ ms,
ny = mi1+ms, n3g = m1+ ma. Set |n| = Eizl nk. So, an = 0 if |n| is odd, while if |n| is
even, then a, = n!/m! at 2m1 = na + ng — n1, 2m2 = n1 + ng — N2, 2ms = N1 + n2 — nN3.
If K=4then ¢ =73 _;_;4tjtr has six terms. Also

oo

n
exp(q) = Z "/ (mi2!- - -msa!)
mi2,...,m34=0

at n; = Zk# mjk, where my; = mjk, j = 1,...,4. This gives four equations in six ms,
so we can make mi2 and ma3 arbitrary, giving

o o ’ ’

Mia = N1 — M2 — M3, 2M23 = Ny + N3 — Ny,
/ ! / ! ! /

(2.2) 2Mag = Ny + Ny — N3, 2m3zs = Ny + Ny — Ny,

/ — . .
where n}; = n; —ma;. So,

an=nl Y 1/[mizl--maal] 5, -
mi12,M13
For example, take ny = 1. Then (mi2,m13) = (0,0), (0,1) or (1,0). So, setting na3 =
Ny 4 N3 — Na, N2a = N + N4 — N3, N3a = N3 + na — g, Mjx = (njx —1)/2 and Nyj, =
(njk —+ 1)/2, we have an/n' = 1/N23!M24!M34! —+ 1/M23!N24!M34! + 1/M23!M24!N34!.

2.3. Example. Find a, = E[[];_, H (N)] for N ~ N(0,1). The parameters are as for
Example 2.1 except that C, = 1, D = 11 + Ix and ¢ = S 1, 7 + Yi<jen<i tith
If K = 1then g = t* and exp(q) = S.°°_, t*™/m), giving azm+1 = 0 and a2y, = (2m)!/ml.

m=0
If K =2 then g = t? 4 t3 4 t1t2 and exp(q) = 3.°° t"/m! at n; = 2m; + ms.

mi,ma,m3=0

So, a, = 0 if |n| is odd, while if |n| is even and n; < ng, then

min(ny,ng)

an =n! E 1/m1lmalms! ,

k=0 2mi=ni—k, 2mo=ngs—k
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writing k for ms. For example,
Aony = E [H:;Z (N)] = nz!/ (77,2/2)!,
ain, = E[NH;,,(N)] =n2!/ ([n2 — 1] /2)!, n2 > 1,
asn, =E[(N° +3N) Hy;,(N)] = 3lna! {1/ ([n2 — 1] /2)! + 1/3! ([n2 — 3] /2)!}, n2 > 3.

2.4. Example. Find a, = 0"E[H}; (N/o1) Hn,(N/02)] = E[hn, (N, 07) hn, (N, —03)].
So, K =2, Cy = 0}, Co = —03, D = 1514 + diag(c}, —03) and q = Z?Zl ity + tita,
where ¢; = (1+0%)/2 and c2 = (1—03)/2. So, in a derivation similar to that of Example
2.2 for K = 2 one obtains a, = 0 for |n| odd, while if |n| is even and n; < ng, then

min(ny,n2)
(2.3) an = n! E et ey? /malmalms!

k=0 2mi=ni1—k, 2mo=ngo—k

For example,
Qony = nale??/ (n2/2)!,
A1ny = 121272/ ([n2 — 1] /2), na > 1,
asn, = 3lns! {61c§”2‘”/2/ ([n2 — 1] /2)! + 52732 /31 ([ns — 3] /2)!} e > 3.

2.5. Example. Find a, = 0"E[Hn,(N/0o1) - Hnp (N/ok)] =Elhn, (N,C1) - - - hny (N, Ck)],
where Cy = —02, pu =0,V =1, v = 1g, D = 1xl — diag(c?), ¢ = 3.5 it +

j=1
Zlgj<kSKt]‘tk and ¢, = (1 — 0})/2. So,

exp(q) = Z H (thi)n% /mk' Z H (t]'tk)]wjk /Mjk!, neg = ka + ZMjk.

m k=1 M j<k j#k

If K = 2 then a, = 0 if |n| is odd, while if |n| is even and n1 < ng, then a, is given by
(2.3).

By Theorem 2.1, Examples 2.1-2.4 can be extended by (i) replacing N by u+ N; and
(ii) replacing expectation by conditional expectation.

According to (1.4), the form of h,, depends on the positive and negative parts of D,
and these are determined by the positive and negative eigenvalues of D, which we now
obtain. Suppose that x is an eigenvector of D with eigenvalue A. Then Dx = Az implies
YVaay'w = (M — A)z. So, either )\ is an eigenvalue of A, that is an eigenvalue of Cj, for
somek € {1,..., K}, ordet(\I—A) # 0 and z = Va.1y'z satisfies z = Va.1y (A —A) " 'yz,
which implies that

(2.4) det (V1! — Jn) =0,

where J) = Zle (M, — C’k)flam. That is, the r eigenvalues of D are given by
(2.4) and the eigenvalues of {Cj}. The number of roots of (2.4) depends on the number
of distinct {C%}. We illustrate this with an important example that takes up the rest of
this section.

2.6. Example. Suppose that r = 1, that is, the arguments of the h,, functions in (2.1)
are all scalar. Consider the case when C;, = —1, 0 or 1. Then
1
(2.5) Io= 3 A=),
j=—1
where w; = Eck:j Qo2 > 0 € RP2XP2 gnd w = Zszl wj > 0, assuming that age # 0
for k=1,...,K. (We can always assume this, since if ax2 = 0, then the corresponding
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term in the product on the left hand side of (2.1) can be factored out.) There are a
number of cases to consider when evaluating the roots of (2.4).

Consider the situation, where p, = 1. Then {w;} are scalar and the equation (2.4) for
the eigenvalues of D of (2.1) becomes the cubic v = Z;:AO‘ —§) " w;, where v = V.

The case w—1 > 0 = wo = w1: The only root is A = w/v — 1.

The case wo > 0 = w_1 = wi: The only root is A = w/v.

The case w1 > 0 = w_1 = wo: The only root is A = w/v + 1.

The case w_1 > 0, wo > 0, w1 = 0: There are two roots, A = (w — v + €}/)/(2v),
where €1 = (w — v)? + 4vwo > 0. So, one root is positive and the other negative.

The case w_1 > 0, w1 > 0, wo = 0: There are two roots, A = (w =+ /%) /(2v), where
€0 = w? + dv(v+wr —w-1) = (w— 21))2 + 8vwi > 0. If v 4+ w1 < w_1 then both roots
are positive. If v + w1 > w_1 then one root is positive and the other negative.

The case wo > 0, wy > 0, w—1 = 0: There are two positive roots, A = (v + w +
61_/12)/(21)), where e_1 = (v + w)? — dvwo = (w — v)? + dvw; > 0.

The general case w—1 > 0, wo > 0, wy > 0: There are three roots, those of vA* —
wA? + (w—1 — w1 —v)X +wo = 0. So, one or two roots are positive and the other two or
one are negative.

3. Conclusions

We have given new expressions for conditional and unconditional expectations of prod-
ucts of multivariate Hermite polynomials with multivariate normal arguments. This re-
quired development of an extended Hermite polynomial. Some possible applications of
the expressions are noted.

Future work is to extend the results to matric variate Hermite polynomials and com-
plex variate Hermite polynomials. The future work could also consider multivariate
non-normal arguments, matric variate non-normal arguments and complex variate non-
normal arguments.

Appendix: Proofs
Proof of Theorem 1.2: We prove (1.13). We use the well-known representation
(A1) Xy =Na+BXi, A=Va, B=VaVi]',
where Na ~ N(0, A) is independent of X;. (This works since it implies that Xs ~
N(0, Vaz), E[X2X1] = Va1, and X is normal.) So, for @ = (a1, a2), aj € R™*Pi, aX =
Z?zl a;jX; =0+ aaNa, where § = (a1 + a2B)X;. (1.13) now follows since the egf of
E¥1[h, (aY, C)] is B [exp (t'aY +t'Ct/2)] = exp [t (au + &) +t'Ft/2].
Proof of Theorem 1.1: Using the minimal choice of A, B of (1.5), for ¢t € R? set
u = Ht so that t = H'u, t'Ct = u'Au = ) A1u1 — u3Asus, where u; = H;t, partitioning
H’ as (H{H5H3). For any x1 € R?, set 3 = x — 21,

=tz + u'1A1u1/2 =tr + u’Vlu/Q =tz + t'Clz‘//27

g3 = t'ws — uzAsus/2 = t'zs — u'Vau/2 = t'ws — t'Cst/2,
say with C; = HjA;H; > 0. So, exp(q1) is the egf of hn(z1,C1) = E[(z1 + Ney)"]

and exp(qs) is the egf of h,(x3, —C3) = E[(z3 + iN¢,;)"]. But exp(q1 + ¢3) is the egf of
hn(z,C). So, we obtain

ha(z,0) = > (Z) By (21,C1) hng (w3, —Cs)

ni+nz=n
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that is, hn(x, C)/n! can be written as (1.4), the convolution of hy, (z1,C1)/n and hn (23, —Cs)/nl.
O

Proof of Theorem 1.3: For A\ an eigenvalue of F' with eigenvector z, Fz = Cx + a2z,
where z = Vaqabz € RP2. In the special case that abz = 0, that is, 2 = 0 then \

is an eigenvalue of C' with eigenvector x and a5z = 0, implying ps constraints on z

so that po < r and we can take r — pa orthogonal solutions for the eigenvalues = from

the nullspace {z : ajz = 0}. But if 2 # 0 then Az = Fz = Cxz + asz implies that

2z = Vaaas( A, — C’)_lagz with z # 0 so that (1.20) holds. O

Proof of Theorem 2.1: For A of (A.1), o}, Y = Sp + apaNa. So, for t' = (t1,...,tx) €

R", r = Zszl 5, the egf of EY1| szl hn, (arY,Cy)] as a function of (n1,...,ng) € R”

18

(A.2) E

exp {Z (trarY + t,Crtr/2) }:| = exp(q),
k=1

where q = Ele qQk, Q. = t§€(5~k + 1, Dyt /2 and Dy = ag2Va.1ajy + Ck. The exponent in
the left hand side of (A.2) is

i [t;c (gk + kagNA) +t;€thk/2] = i [t;cgk + tLthk/Q] + ’u,l]\/vA7

k=1 =1
where u = Zszl oty ='tand t' = (t1,...,t%). So,
K ~ ~
= (tfcék n t;Oktk/Q) ' Au/2 = 5 + ' Dt /2.
k=1

This completes the proof. O
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