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ABSTRACT 

In this study, the static analysis of a simply supported square functionally graded sandwich 
plate is performed. The core of the sandwich plate is assumed to be isotropic and the face 
sheets functionally graded. The variations in the effective properties of functionally graded 
face sheets along the thickness are obtained by using Mori-Tanaka Micromechanical Model. 
Four variable plate theory is used for the displacement fields. The equation of sandwich plate 
under sinusoidal load is obtained using the virtual displacement principle. Closed form 
solution is obtained with Navier’s approach. Parametric values are obtained for the core and 
face sheet thickness ratios. The numerical results are compared with the literature and a good 
agreement between the obtained results and other theories in the literature is observed. 

Keywords: Sandwich plate, functionally graded plate, navier’s solution, bending stress, 
shear stress 

 

1. INTRODUCTION 

Laminated composite materials are very popular and attractive for many application such as 
space, aircraft, automotive and sports etc. Since the laminates have different material 
properties, stress concentrations and delamination  may occur in the layer interface. In order 
to overcome these problems, a new composite material type whose material properties 
varying gradually along a function was developed. Composition and structure of this 
functionally graded materials change gradually along the volume as a result of the change in 
the properties of materials. As the application areas of functionally graded structures expand, 
predicting the behavior of these materials under static and dynamic loads has become an 
important research area. Researchers have used existing theories or proposed new ones for 
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analysis of bending, buckling and vibration of functionally graded plates and beams [1,2]. 
Numerous studies using the classical plate theory [3, 4], which does not take into account the 
effects of shear deformation, the First-Order Shear Deformation Theory [3-6], which assumes 
shear deformation to be linear along the thickness, or High Order Shear Deformation 
Theories [7-16] can be seen in the literature. High Order Shear Deformation Theories can 
produce more accurate results, satisfying the condition where the shear stress at the boundary 
is zero. However, the calculating procedures of high order theories are considerably complex. 
Shimpi [17] developed a new theory for isotropic plates that separate transverse displacement 
as bending displacement and shear displacement. In addition to the computing process being 
very simple, the theory is accurate as a high order theory. Four Variable Plate Theory has 
been used by Mechab et al. [18] for the bending analysis of functionally graded materials and 
Houari et al. [19] for the thermoelastic bending analysis of functionally graded sandwich 
plates. The theory has been used in numerous studies for static and dynamic analysis of 
functionally graded plates due to its simplicity of calculation [20-30].  

In the present study, static analysis of a square functionally graded sandwich plate is 
investigated by using the Four Variable Plate Theory. For the functionally graded face sheets, 
the effective properties of the material are varied through the thickness with a function which 
is derived by using Mori-Tanaka Micromechanical Model. The equations of the simply 
supported square plate are obtained through the virtual displacement principle. Navier’s 
approach are used for the closed-form solution. Deflection, normal stress and shear stress 
values for varying ratios of core and face sheet thickness are obtained and compared with the 
literature. 

 

2. EQUATIONS OF FUNCTIONALLY GRADED SANDWICH PLATE 

A sandwich plate with a thickness of h, a length of a and a width of b is considered. For a 
square sandwich plate, b is equal to a. The face sheets of the sandwich plate are assumed to 
be of a functionally graded material and the core is assumed to be of homogeneous isotropic 
material. The outer parts of the plate are metal and the inner part gradually change from metal 
to ceramic. The interface between face sheets and the core is completely of  ceramic.  

The variation of the properties of the sandwich plate along the thickness is given in Figure 1. 
The section between h1 and h2 is referred to as bottom FG face sheet, the section between h2 
and h3 is referred to as homogeneous core and the section between h3 and h4 is referred to as 
upper FG face sheet.  

 
Fig. 1 - Transverse section of FG square sandwich plate with sinusoidal loading 
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The variation of the elasticity modulus of the functionally graded sandwich plate is given in 
Equation (1). Among the lower indices, bottom is used for lower sheet and top is used for 
upper sheet. The lower index of c represents ceramic and m represents metal. p is the power 
convention index and when it takes the value of zero, it represents the ceramic material. 
Increasing p values represent metal-rich material. Poisson’s ratio is assumed to be constant 
along the thickness.  

E(z) = ቐEୠ୭୲୲୭୫(z)     for     hଵ ≤ z ≤ hଶEୡ                    for     hଶ < z < hଷE୲୭୮(z)         for     hଷ ≤ z ≤ hସ                    (1) 

In Eqs. (2)-(5), Vc and Vm are the volume fractions of metal and ceramic materials for lower 
and upper face sheets.  

Vୡౘ౥౪౪౥ౣ(z) = ቀ ୸ି୦భ୦మି୦భቁ୮
                         (2) 

Vୡ౪౥౦(z) = ቀ ୸ି୦ర୦యି୦రቁ୮                  (3) 

V୫ౘ౥౪౪౥ౣ(z) = 1 − Vୡౘ౥౪౪౥ౣ(z)                     (4) V୫౪౥౦(z) = 1 − Vୡ౪౥౦(z)                        (5) 

In calculating the effective properties of composite materials composed of two different 
materials with different phases, Mori-Tanaka Micromechanical Model [30] is used. The 
change in the elasticity modulus of the lower and upper face sheets along the thickness is 
given by means of Ebottom and Etop functions. Equations (6)-(7). 

Eୠ୭୲୲୭୫(z) = E୫ + (Eୡ − E୫) ୚ౙౘ౥౪౪౥ౣ(୸)ଵା୚ౣౘ౥౪౪౥ౣ(୸)ቀ ుౙుౣିଵቁ భశಕయ(భషಕ)            (6) 

E୲୭୮(z) = E୫ + (Eୡ − E୫) ୚ౙ౪౥౦(୸)ଵା୚ౣ౪౥౦(୸)ቀ ుౙుౣିଵቁ భశಕయ(భషಕ)            (7) 

Displacement components u, v and w respectively denote the displacements in the x, y, and 
z-axes. (Eqs. (8)-(10)) The lower index of b represents the bending coupling of transverse 
displacement and s represents the shear coupling of transverse displacement.  u = u଴ − z ப୵ౘப୶ + f(z) ப୵౩ப୶                       (8) 

v = v଴ − z ப୵ౘப୷ + f(z) ப୵౩ப୷           (9) w = wୠ + wୱ                        (10) 
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Eqs. (11)-(16) give the relationships between strain and displacement.  ε୶ = ப୳ப୶ − z பమ୵ౘப୶మ + f(z) பమ୵౩ப୶మ                     (11) 

ε୷ = ப୴ப୷ − z பమ୵ౘப୷మ + f(z) பమ୵౩ப୷మ          (12) ε୸ = 0                              (13) γ୶୷ = ப୳ப୷ + ப୴ப୶ − 2z பమ୵ౘப୶ ப୷ + 2f(z) பమ୵౩ப୶ ப୷               (14) 

γ୷୸ = g(z) ப୵౩ப୷                        (15) 

γ୶୸ = g(z) ப୵౩ப୶                            (16) 

The f(z) and the g(z) functions are described in Equations (17)-(18). f(z) = z ቀଵସ − ହଷ ୸మ୦మቁ                   (17) 

g(z) = 1 + ୢ୤(୸)ୢ୸                        (18) 

The constitutive relationships for functionally graded sandwich plate can be derived as 
follows. (Eqs. (19)-(20). 

൝ σ୶σ୷τ୶୷ൡ = ൥Qଵଵ Qଵଶ 0Qଵଶ Qଶଶ 00 0 Q଺଺൩ ൝ ε୶ε୷γ୶୷ൡ                    (19) 

ቄτ୷୸τ୶୸ቅ = ൤Qସସ 00 Qହହ൨ ቄγ୷୸γ୶୸ቅ                   (20) 

Rigidity expressions along the thickness can be written as follows. (Eq. (21)) Qଵଵ = Qଶଶ = ୉(୸)ଵି஝మ  

Qଵଶ = ஝୉(୸)ଵି஝మ                          (21) 

Qସସ = Qହହ = Q଺଺ = ୉(୸)ଶ(ଵା஝)  
Governing equations can be obtained by using virtual displacement principle. Where U is the 
strain energy and W is the work done by external force: 
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δ(U − W) = 0                        (22) U = ׬ ׬ (σ୶ε୶ + σ୷ε୷ + τ୶୷γ୶୷ + τ୷୸γ୷୸ + τ୶୸γ୶୸)ஐ୦/ଶି୦/ଶ dΩdz     (23) W = ׬ qwdΩஐ                             (24) 

δ(U − W) = ׬ ቂN୶δ ቀப୳ப୶ቁ + N୷δ ቀப୴ப୷ቁ + N୶୷δ ቀப୳ப୷ + ப୴ப୶ቁ − M୶ୠδ ቀபమ୵ౘப୶మ ቁ − M୷ୠδ ቀபమ୵ౘப୷మ ቁ −ஐM୶୷ୠ δ ቀபమ୵ౘப୶ ப୷ቁ − M୶ୱδ ቀபమ୵౩ப୶మ ቁ − M୷ୱδ ቀபమ୵౩ப୷మ ቁ − M୶୷ୱ δ ቀபమ୵౩ப୶ ப୷ቁ + S୷୸ୱ δ ቀப୵౩ப୷ ቁ +S୶୸ୱ δ ቀப୵౩ப୶ ቁቃ dΩ − ׬ q(δwୠ + δwୱ)dΩ = 0ஐ                  (25) 

Force and moment components are obtained as follows:  N୶ = ׬ σ୶dz౞మି౞మ   

 N୷ = ׬ σ୷dz౞మି౞మ                   (26) 

N୶୷ = ׬ τ୶୷dz୦/ଶି୦/ଶ   

M୶ୠ = ׬ σ୶zdz౞మି౞మ   

M୷ୠ = ׬ σ୷zdz౞మି౞మ                   (27) 

M୶୷ୠ = ׬ τ୶୷zdz౞మି౞మ   

M୶ୱ = ׬ σ୶f(z)dz౞మି౞మ   

M୷ୱ = ׬ σ୷f(z)dz౞మି౞మ                       (28) 

M୶୷ୱ = ׬ τ୶୷f(z)dz౞మି౞మ   

S୶୸ୱ = ׬ τ୶୸g(z)dz౞మି౞మ   
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S୷୸ୱ = ׬ τ୷୸g(z)dz୦/ଶି୦/ଶ                          (29) 

The rigidity matrix can be written as follows. 

⎩⎪⎪⎨
⎪⎪⎧N୶N୷M୶ୠM୷ୠM୶ୱM୷ୱ ⎭⎪⎪⎬

⎪⎪⎫ =
⎣⎢⎢
⎢⎢⎢
⎡ 

AଵଵAଵଶBଵଵBଵଶBଵଵୱBଵଶୱ
   

AଵଶAଶଶBଵଶBଶଶBଵଶୱBଶଶୱ
   

BଵଵBଵଶDଵଵDଵଶDଵଵୱDଵଶୱ
   

BଵଶBଶଶDଵଶDଶଶDଵଶୱDଶଶୱ
   

BଵଵୱBଵଶୱDଵଵୱDଵଶୱHଵଵୱHଵଶୱ
   

BଵଶୱBଶଶୱDଵଶୱDଶଶୱHଵଶୱHଶଶୱ
 
⎦⎥⎥
⎥⎥⎥
⎤

⎩⎪⎪⎨
⎪⎪⎧ ∂u ∂x⁄∂v ∂y⁄− ∂ଶwୠ ∂xଶ⁄− ∂ଶwୠ ∂yଶ⁄− ∂ଶwୱ ∂xଶ⁄− ∂ଶwୱ ∂yଶ⁄ ⎭⎪⎪⎬

⎪⎪⎫
            (30) 

The stiffness coefficients are given in Eq. (31) collectively.  

൛A୧୨, A୧୨ୱ , B୧୨, B୧୨ୱ , D୧୨, D୧୨ୱ , H୧୨ୱ ൟ = ׬ ሼ1, g, z, f, zଶ, fz, f ଶሽQ୧୨dz౞మି౞మ       (i, j = 1,2,4,5,6)  (31) 

Eqs. (32)-(35) are plate equilibrium equations.  

ப୒౮ப୶ + ப୒౮౯ப୷ = 0                         (32) 

ப୒౮౯ப୶ + ப୒౯ப୷ = 0                       (33) 

பమ୑౮ౘப୶మ + 2 ப୑౮౯ౘப୶ ப୷ + பమ୑౯ౘப୷మ + q = 0                    (34) 

பమ୑౮౩ப୶మ + 2 ப୑౮౯౩ப୶ ப୷ + பమ୑౯౩ப୷మ +  ப୒౮౰౩ப୶ + ப୒౯౰౩ப୷ + q = 0               (35) 

The differential equations of the plate (Eqs. (36)-(39)), are obtained by using the force and 
moment components in Eq.(30) by inserting in Eqs. (32)-(35). Aଵଵ பమ୳ப୶మ + A଺଺ பమ୳ப୷మ + (Aଵଶ + A଺଺) பమ୴ப୶ ப୷ − Bଵଵ பయ୵ౘப୶య − (Bଵଶ + 2B଺଺) பయ୵ౘப୶ ப୷మ − Bଵଵୱ பయ୵౩ப୶య −(Bଵଶୱ + 2B଺଺ୱ ) பయ୵౩ப୶ ப୷మ = 0                             (36) 

(Aଵଶ + A଺଺) பమ୳ப୶ ப୷ + A଺଺ பమ୴ப୶మ + Aଶଶ பమ୴ப୷మ − (Bଵଶ + 2B଺଺) பయ୵ౘப୶మ ப୷ − Bଶଶ பయ୵ౘப୷య − (Bଵଶୱ +2B଺଺ୱ ) பయ୵౩ப୶మ ப୷ − Bଶଶୱ பయ୵౩ப୷య = 0                        (37) 

Bଵଵ பయ୳ப୶య + (Bଵଶ + 2B଺଺) பయ୳ப୶ ப୷మ + (Bଵଶ + 2B଺଺) பయ୴ப୶మ ப୷ + Bଶଶ பయ୴ப୷య − Dଵଵ பర୵ౘப୶ర − 2(Dଵଶ +2D଺଺) பర୵ౘப୶మ ப୷మ − Dଶଶ பర୵ౘப୷ర − Dଵଵୱ பర୵౩ப୶ర − 2(Dଵଶୱ + 2D଺଺ୱ ) பర୵౩ப୶మ ப୷మ − Dଶଶୱ பర୵౩ப୷ర + q = 0     (38) 
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Bଵଵୱ பయ୵౩ப୶య + (Bଵଶୱ + 2B଺଺ୱ ) பయ୳ப୶ ப୷మ + Bଶଶୱ பయ୴ப୷య − Dଵଵୱ பర୵ౘப୶ర − Dଶଶୱ பర୵ౘப୷ర + (Bଵଶୱ + 2B଺଺ୱ ) பయ୳ப୶మ ப୷ −Hଵଵୱ பర୵౩ப୶ర − Hଶଶୱ பర୵౩ப୷ర − 2(Dଵଶୱ + 2D଺଺ୱ ) பర୵ౘப୶మ ப୷మ − 2(Hଵଶୱ + 2H଺଺ୱ ) பర୵౩ப୶మ ப୷మ + Aହହୱ பమ୵౩ப୶మ +Aସସୱ பమ୵౩ப୷మ + q = 0                                 (39) 

Boundary conditions for the simply supported functionally graded sandwich plate are given 
in Eq.(40).  v(0, y) = wୠ(0, y) = wୱ(0, y) = ப୵ౘப୷ (0, y) = ப୵౩ப୷ (0, y) = 0  v(a, y) = wୠ(a, y) = wୱ(a, y) = ப୵ౘப୷ (a, y) = ப୵౩ப୷ (a, y) = 0  N୶(0, y) = M୶ୠ(0, y) = M୶ୱ(0, y) = N୶(a, y) = M୶ୠ(a, y) = M୶ୱ(a, y) = 0      (40) u(x, 0) = wୠ(x, 0) = wୱ(x, 0) = ப୵ౘப୶ (x, 0) = ப୵౩ப୶ (x, 0) = 0  u(x, b) = wୠ(x, b) = wୱ(x, b) = ப୵ౘப୶ (x, b) = ப୵౩ப୶ (x, b) = 0  N୷(x, 0) = M୷ୠ(x, 0) = M୷ୱ(x, 0) = N୷(x, b) = M୷ୠ(x, b) = M୷ୱ(x, b) = 0  

For the analytical solution of the simply supported plate, Navier’s procedure is used. The 
external force applied is written in double series expansion according to the Navier’s 
approach.  q(x, y) = ∑ ∑ q୫୬ sin(αx) sin(βy)ஶ୬ୀଵஶ୫ୀଵ            (41) 

where α = ௠గ௔ , β = ௡గ௕  . For sinusoidal loading, m, n, and qmn are defined as follows.  m = n = 1,               qଵଵ = q଴                       
 (42) 

The displacement components fulfilling the boundary conditions according to the Navier’s 
solution procedure are considered to be as follows: 

൞ uvwୠwୱൢ = ∑ ∑ ൞ U୫୬ cos(αx) sin(βy)V୫୬ sin(αx) cos(βy)Wୠ୫୬ sin(αx) sin(βy)Wୱ୫୬ sin(αx) sin(βy)ൢஶ୬ୀଵஶ୫ୀଵ                (43) 

Umn, Vmn, Wbmn, Wsmn are unknown coefficients. When K is the coefficients matrix and F is 
the applied external force, the unknown coefficients are obtained by solving the Eq. (44).  KΔ = F                                  (44) 
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Δ୘ = ሼU୫୬, V୫୬, Wୠ୫୬, Wୱ୫୬ሽ                 (45) F୘ = ሼ0, 0, −q୫୬, −q୫୬ሽ                  (46) 

K = ൦KଵଵKଵଶKଵଷKଵସ  KଵଶKଶଶKଶଷKଶସ  KଵଷKଶଷKଷଷKଷସ  KଵସKଶସKଷସKସସ൪                          (47) 

the coefficients of K matrix are given in Eq. (48) Kଵଵ = Aଵଵαଶ + A଺଺βଶ  Kଵଶ = αβ(Aଵଶ + A଺଺)  Kଵଷ = −αሾBଵଵαଶ + (Bଵଶ + 2B଺଺)βଶሿ  Kଵସ = −αሾBଵଵୱ αଶ + (Bଵଶୱ + 2B଺଺ୱ )βଶሿ  Kଶଶ = A଺଺αଶ + Aଶଶβଶ                           (48) Kଶଷ = −βሾ(Bଵଶ + 2B଺଺)αଶ + Bଶଶβଶሿ  Kଶସ = −βሾ(Bଵଶୱ + 2B଺଺ୱ )αଶ + Bଶଶୱ βଶሿ  Kଷଷ = Dଵଵαସ + 2(Dଵଶ + 2D଺଺)αଶβଶ + Dଶଶβସ  Kଷସ = Dଵଵୱ αସ + 2(Dଵଶୱ + 2D଺଺ୱ )αଶβଶ + Dଶଶୱ βସ  Kସସ = Hଵଵୱ αସ + 2(Hଵଶୱ + 2H଺଺ୱ )αଶβଶ + Hଶଶୱ βସ + Aହହୱ αଶ + Aସସୱ βଶ  

 

3. RESULTS 

Some results are presented for the Navier’s solution of the functionally graded square 
sandwich plate which is under sinusoidally distributed load and simply supported in all edges. 
The properties of the material used for obtaining the numerical results are defined as follows: 

Ceramic (ZrO2)        Eୡ = 151 GPa,             ν = 0.3 

Metal (Al)                E୫ = 70 GPa,              ν = 0.3 

In order to compare the values with those in the literature, the following non-dimensional 
expressions are used. Wഥ = ଵ଴୦୉బ୯బୟమ W ቀୟଶ , ୠଶቁ , σ୶തതത = ଵ଴୦మ୯బୟమ σ୶ ቀୟଶ , ୠଶ , ୦ଶቁ , τ୶୸തതതത = ୦୯బୟ τ୶୸(0, ୠଶ , 0)       (49) 

where E଴ = 1 𝐺𝑃𝑎.  For the comparison of numerical results, plate thickness ratios found in 
the literature are used. Four symmetric and two non-symmetric ratios are used. 

(1-0-1) FG sandwich plate: The plate without a core. h2=0 and h3=0 
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(1-1-1) FG sandwich plate: The thickness of the core and face sheets are equal. h2=-h/6 and 
h3=h/6 

(1-2-1) FG sandwich plate: The functionally graded face sheets have half the thickness of the 
core. h2=-h/4 and h3=h/4 

(2-1-2) FG sandwich plate: The core has half the thickness of the functionally graded face 
sheets. h2=-h/10 and h3=h/10 

(2-1-1) FG sandwich plate: The thickness of the lower face sheet is twice as much as the 
thickness of the core and upper face sheet. h2=0 and h3=h/4 

(2-2-1) FG sandwich plate: The upper face sheet has half the thickness of the core and lower 
face sheet h2=-h/10 and h3=3h/4 

The results are presented in the Tables 1-3 and in the Figs. 3-7.  

In the Figure 2, the variation of elasticity modulus along the thickness for symmetric and 
non-symmetric sandwich plates is given. The plate, which is metal in the outer surfaces, turns 
into a ceramic-rich form as it gets closer to the midplane. The change in the elasticity modulus 
diverges from being linear with the increasing power law index and shows parabolic 
distribution. 

 

 
(a) (1-0-1) FG sandwich plate         (b) (1-1-1) FG sandwich plate 

 
(c) (1-2-1) FG sandwich plate         (d) (2-1-2) FG sandwich plate 
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(e) (2-1-1) FG sandwich plate         (f) (2-2-1) FG sandwich plate 

Fig.2 - Elasticity modulus function with different p values (Ec=151GPa, Em=70GPa, 
a/h=10) 

 

Tables 1, 2 and 3 respectively display the values for non-dimensional deflection, normal 
stress and shear stress. Results obtained based on a polynomial four variable refined plate 
theory in this study is compared with those given by Zenkour (2005) based on first [3a] and 
third [3b] order plate theory, Bessaim et al. (2013) based on high-order shear and normal 
deformation theory, Nguyen et al. (2014) based on an inverse trigonometric shear 
deformation theory, Thai et al. (2016) based on a simple four-unknown shear and normal 
deformations theory. In Table 1, it is seen that the lowest deflection value is obtained with 
the p=0 where the plate is completely ceramic. Its metallic properties increase with the 
increase in the p and thus, the deflection increases. Different thickness ratios reveal that the 
highest deflection value is observed in the (1-0-1) FG sandwich plate where there is no core. 
The deflection value decreases as the core-to-plate thickness ratio increases. The lowest 
deflection value is obtained in (1-2-1) FG sandwich plate. Non-dimensional normal stress 
values are listed in Table 2 with different p values for different thickness ratios. Non-
dimensional shear stress values are listed in Table 3. In the table, obtained results are over-
assumed compared to the references. 

 

Table 1 - Non-dimensional center deflections of Al/ZrO2 square sandwich plates. 

P Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 
0 [3a] 0.19607 0.19607 0.19607 0.19607 0.19607 0.19607 
 [3b] 0.19606 0.19606 0.19606 0.19606 0.19606 0.19606 
 [30] - 0.19486 0.19486 0.19486 0.19486 0.19486 
 [14] 0.19597 0.19597 0.19597 0.19597 0.19597 0.19597 
 [31] 0.19490 0.19490 0.19490 0.19490 0.19490 0.19490 
 Present 0.19606 0.19606 0.19606 0.19606 0.19606 0.19606 
1 [3a] 0.32484 0.30750 - 0.29301 0.28168 0.27167 
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Table 1 - Non-dimensional center deflections of Al/ZrO2 square sandwich plates.(continue) 

P Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 
 [3b] 0.32358 0.30632 - 0.29199 0.28085 0.27094 
 [30] - 0.30430 0.29448 0.29007 0.27874 0.26915 
 [14] 0.32348 0.30622 0.29666 0.29191 0.28077 0.27086 
 [31] 0.32000 0.30280 - 0.28870 0.27780 0.26830 
 Present 0.34539 0.32677 0.31494 0.31032 0.29665 0.28519 
2 [3a] 0.37514 0.35408 - 0.33441 0.31738 0.30370 
 [3b] 0.37335 0.35231 - 0.33289 0.31617 0.30263 
 [30] - 0.35001 0.33495 0.33068 0.31356 0.30060 
 [14] 0.37322 0.35221 0.33769 0.33279 0.31608 0.30255 
 [31] 0.36890 0.34740 - 0.32830 0.31190 0.29900 
 Present 0.38650 0.36655 0.35030 0.34653 0.32763 0.31366 
5 [3a] 0.41120 0.39418 - 0.37356 0.35123 0.33631 
 [3b] 0.40927 0.39183 - 0.37145 0.34960 0.33480 
 [30] - 0.38934 0.36981 0.36902 0.34649 0.33255 
 [14] 0.40911 0.39170 0.37295 0.37134 0.34950 0.33472 
 [31] 0.40530 0.38630 - 0.36580 0.34450 0.33040 
 Present 0.41291 0.39706 0.39760 0.37727 0.35452 0.33994 
10 [3a] 0.41919 0.40657 - 0.38787 0.36395 0.34996 
 [3b] 0.41772 0.40407 - 0.38551 0.36215 0.34824 
 [30] - 0.40153 0.38111 0.38303 0.35885 0.34591 
 [14] 0.41754 0.40398 0.38430 0.38540 0.36202 0.34815 
 [31] 0.41450 0.39890 - 0.38010 0.35740 0.34430 
 Present 0.41900 0.41295 0.39248 0.39482 0.37041 0.35683 

 
Table 2 - Non-dimensional normal stress of Al/ZrO2 square sandwich plates. 

P Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 
0 [3a] 1.97576 1.97576 1.97576 1.97576 1.97576 1.97576 
 [3b] 2.04985 2.04985 2.04985 2.04985 2.04985 2.04985 
 [30] - 1.99524 1.99524 1.99524 1.99524 1.99524 
 [14] 1.99482 1.99482 1.99482 1.99482 1.99482 1.99482 
 [31] 2.00480 2.00430 - 2.00400 2.00340 2.00360 
 Present 1.95721 1.95721 1.95721 1.95721 1.95721 1.95721 
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Table 2 - Non-dimensional normal stress of Al/ZrO2 square sandwich plates.(continue) 

P Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 
1 [3a] 1.53245 1.45167 - 1.38303 1.27749 1.28096 
 [3b] 1.57923 1.49587 - 1.42617 1.32062 1.32309 
 [30] - 1.46131 1.35053 1.39243 1.28274 1.29030 
 [14] 1.54441 1.46297 1.35703 1.39406 1.28852 1.29174 
 [31] 1.56760 1.48570 - 1.41520 1.30280 1.30970 
 Present 1.62848 1.54457 1.41548 1.46713 1.33792 1.34633 
2 [3a] 1.77085 1.67496 - 1.58242 1.42528 1.43580 
 [3b] 1.82167 1.72144 - 1.62748 1.47095 1.47988 
 [30] - 1.68472 1.52101 1.59170 1.42887 1.44497 
 [14] 1.78383 1.68682 1.52988 1.59393 1.43693 1.44707 
 [31] 1.81230 1.71730 - 1.62320 1.45640 1.47210 
 Present 1.82102 1.73586 1.56265 1.64304 1.46762 1.48584 
5 [3a] 1.93576 1.86479 - 1.76988 1.56401 1.59309 
 [3b] 1.99272 1.91302 - 1.81580 1.61181 1.63814 
 [30] - 1.87516 1.66856 1.77919 1.56627 1.60203 
 [14] 1.95031 1.87709 1.67895 1.78159 1.57620 1.60459 
 [31] 1.97620 1.91190 - 1.81800 1.60150 1.63830 
 Present 1.93514 1.87915 1.67627 1.79068 1.57722 1.61390 
10 [3a] 1.96780 1.92165 - 1.83754 1.61645 1.65844 
 [3b] 2.03036 1.97126 - 1.88376 1.66660 1.70417 
 [30] - 1.93266 1.71835 1.84705 1.61792 1.66754 
 [14] 1.98382 1.93431 1.72890 1.84933 1.62840 1.67019 
 [31] 2.00410 1.96840 - 1.88820 1.65820 1.70990 
 Present 1.95453 1.91930 1.71255 1.84092 1.61617 1.66440 
 

Figure 3 shows the non-dimensional deflection of the symmetric sandwich plates with 
different thickness ratios. In each of four symmetric ratios, the lowest maximum deflection 
value is obtained for p=0 as expected. It is observed that, maximum deflection is increased 
along with increasing power convention index. When all the four symmetric ratios are 
compared, it is seen that, the highest maximum deflection value is obtained in the (1-0-1) FG 
sandwich plate. The second largest maximum deflection after the (1-0-1) FG sandwich plate 
occurs in the (2-1-2) FG sandwich plate, which is the condition where face sheet thickness is 
the highest as compared to the core thickness. In the (1-1-1) and (1-2-1) FG sandwich plates 
whose face thicknesses are equal, it is observed that the maximum deflection value decreases 
with the increase in the thickness of the core. Also, the non-dimensional deflection of the 
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non-symmetric sandwich plates with two different thickness ratios are given in the Figure 3. 
In the (2-2-1) FG sandwich plate where the core is thicker, the maximum deflection has a 
lower value. In the (2-1-1) FG sandwich plate, it is observed that the maximum deflection 
rapidly increases with increase in the p value. 

 

Table 3 - Non-dimensional shear stress of Al/ZrO2 square sandwich plates. 

P Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 
0 [3a] 0.19099 0.19099 0.19099 0.19099 0.19099 0.19099 
 [3b] 0.23857 0.23857 - 0.23857 0.23857 0.23857 
 [30] - 0.23794 0.23794 0.23794 0.23794 0.23794 
 [14] 0.23581 0.23581 0.23581 0.23581 0.23581 0.23581 
 [31] 0.19510 0.19510 - 0.19510 0.19480 0.19510 
 Present 0.23852 0.23852 0.23852 0.23852 0.23852 0.23852 
1 [3a] 0.26099 0.24316 - 0.23257 0.22762 0.22057 
 [3b] 0.29203 0.27104 - 0.26117 0.25951 0.25258 
 [30] - 0.27050 0.27017 0.26060 0.25890 0.25196 
 [14] 0.28953 0.26882 0.26852 0.25906 0.25736 0.25054 
 [31] 0.29810 0.28050 - 0.26820 0.25910 0.25190 
 Present 0.30078 0.26934 0.26824 0.25440 0.25222 0.24166 
2 [3a] 0.29731 0.26752 - 0.25077 0.24316 0.23257 
 [3b] 0.32622 0.28838 - 0.27188 0.26939 0.25834 
 [30] - 0.28792 0.28742 0.27138 0.26885 0.25776 
 [14] 0.32336 0.28607 0.28569 0.26982 0.26731 0.25645 
 [31] 0.34090 0.31520 - 0.29750 0.28410 0.27420 
 Present 0.34187 0.28911 0.28651 0.26543 0.26153 0.24566 
5 [3a] 0.34538 0.29731 - 0.27206 0.26009 0.24596 
 [3b] 0.38634 0.31454 - 0.28643 0.28265 0.26512 
 [30] - 0.31419 0.31293 0.28606 0.28217 0.26463 
 [14] 0.38250 0.31182 0.31087 0.28420 0.28047 0.26327 
 [31] 0.38260 0.34920 - 0.32660 0.30900 0.29690 
 Present 0.40619 0.31798 0.31239 0.28156 0.27490 0.25209 
10 [3a] 0.37277 0.31316 - 0.28299 0.26998 0.25257 
 [3b] 0.43206 0.33242 - 0.29566 0.29080 0.26895 
 [30] - 0.33210 0.32959 0.29534 0.29036 0.26850 
 [14] 0.42744 0.32936 0.32732 0.29326 0.28854 0.26705 
 [31] 0.40020 0.36680 - 0.33960 0.32040 0.30770 
 Present 0.44818 0.33540 0.32754 0.29172 0.28274 0.25611 
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     (a) (1-0-1) FG sandwich plate                  (b) (1-1-1) FG sandwich plate 

 
       (c) (1-2-1) FG sandwich plate                   (d) (2-1-2) FG sandwich plate 

 
        (e) (2-1-1) FG sandwich plate                 (f) (2-2-1) FG sandwich plate 

Fig.3 - Nondimensional deflection of the symmetric and nonsymmetric square sandwich 
plates with varying thickness combinations 

 

In the Figure 4, non-dimensional normal stress distributions of the symmetric sandwich plates 
along the thickness are given. In the (1-0-1) FG sandwich plate, the normal stress shows a 
linear distribution for p=0 and a parabolic distribution with the increase in p, and the values 
for maximum tensile and compressive stress decrease. In the (1-1-1) FG sandwich plate, 
which has core and face sheets thicknesses of equal value, it is observed that the local extreme 
stress, which occurs between the face and the core, is lower than the (2-1-2) FG plate. 
Nevertheless, it is clear that the highest local extreme stress occurs in the (1-2-1) FG 
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sandwich plate. For all thickness ratios, maximum tensile stress and compressive stress 
values decrease with the increase in the power convention index. Figure 4 also presents the 
non-dimensional normal stress distributions of the non-symmetric sandwich plates along the 
thickness. The normal stress distribution of the core appears to be linear for both plates, and 
the stress, which occurs between the face sheet and the interface of the core in the (2-1-1) FG 
sandwich plate is lower. The stress value decreases in the thinner face sheet with the increase 
in p. In the (2-2-1) FG sandwich plate, it is observed that the normal stress, which occurs 
between the thin face and core interface, is higher in comparison with the (2-1-1) FG 
sandwich plate. 

 

 
        (a) (1-0-1) FG sandwich plate                    (b) (1-1-1) FG sandwich plate 

 
        (c) (1-2-1) FG sandwich plate                    (d) (2-1-2) FG sandwich plate 
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        (e) (2-1-1) FG sandwich plate                    (f) (2-2-1) FG sandwich plate 

Fig.4 - Non-dimensional Normal Stress for different p values for symmetric and non-
symmetric square sandwich plates. 

 
Figure 5 shows the normal stress distributions along the thickness direction for different 
ratios of core and face sheet thickness values. Figure 5(a) demonstrates p=1 and Figure 5(b) 
demonstrates p=5. The highest normal stress values are seen at the interface of the core and 
face sheets in (1-2-1) FG sandwich plate for both p=1 and p=5. For p=5, local extreme 
stresses are observed at the interfaces. 

 
Fig.5 - Dimensionless Normal Stress for different type of square sandwich plates. 

 
Shear stress distributions of the symmetric sandwich plates along the thickness direction for 
different power law index values are seen in Figure 6. In (1-0-1) FG sandwich plate, which 
does not contain a core, shows that the maximum, stress which occurs in the interface 
between lower and upper face sheets, rapidly increases with the increase in the p-value. In 
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the (1-1-1) FG sandwich plate, in which the thickness of the core and the face are equal, it is 
observed that the shear stress value in the face sheets decreases, but the shear stress value at 
interface of the core and the face sheets, and the maximum shear stress increases with 
increasing p-value. With the increase in the p-value in the (1-2-1) FG sandwich plate, in 
which the thickness of the core is higher than that of the face sheets, the shear stress value 
decreases in the face sheets, but the same value slightly increases in the core. In the (2-1-2) 
FG sandwich plate, which has the smallest core-to-face thickness ratio, the shear stress 
decreases with the increasing p-value, but the shear stress values of the core and the interface 
increase rapidly. Shear stress distributions of the non-symmetric sandwich plates along the 
thickness direction for the power convention index values can be seen in Figure 6. In both 
combinations, the shear stress of the core has a non-symmetric distribution. The shear stress, 
which occurs in the interface between the core and the thicker face sheet is considerably 
higher than the other interface. In the shear stress distribution that occurs in the face sheets it 
can be seen that the thin face sheet is less severely affected by the power convention index, 
and the stress distribution of the thicker face sheet decreases with the increasing p-value in 
both conditions. 

 
       (a) (1-0-1) FG sandwich plate                 (b) (1-1-1) FG sandwich plate 

 
         (c) (1-2-1) FG sandwich plate         (d) (2-1-2) FG sandwich plate 
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      (e) (2-1-1) FG sandwich plate                    (f) (2-2-1) FG sandwich plate 

Fig.6 - Non-dimensional Shear Stress for different p values for symmetric and non-
symmetric square sandwich plates. 

 

Figure 7 gives the shear stress distributions along the thickness direction for different ratios 
of core and face sheet thickness values. Figure 7(a) demonstrates p=1 and Figure 7(b) 
demonstrates p=5. The shear stress in all ratios increases with the increase in the p-value. In 
the shear stress distribution of the (1-0-1) FG sandwich plate for p=5, it is observed that the 
shear stress rapidly increases in the section closer to the interfaces, and it takes values that 
are very similar to the p=2 condition in the areas closer to the face sheets. The stress 
distributions remain in the same form with the increase in the p-value and they are shifted 
towards higher values. The analysis of the shear stress distributions of the sandwiches with 
symmetric combinations reveals that as the core-to-face thickness ratio increases, the 
maximum shear stress and the shear stress which occurs in the interfaces decrease. 

      
Fig.7 - Dimensionless transverse shear stress for different type of square sandwich plates. 
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4. CONCLUSION 

Static analysis of a functionally graded square sandwich plate is studied in this paper. The 
effective properties of the functionally graded face sheets are varied through thickness 
direction with the Mori-Tanaka Micromechanical Model. For displacement fields, the Four 
Variable Plate Theory is used. The theory separates the bending and shear coupling of vertical 
displacements, so it is very simple and accurate. The equations of the simply supported square 
plate are obtained through the virtual displacement principle. Navier’s approach is used for 
the closed-form solution. Numerical results are obtained for Al-ZrO2 square sandwich plate 
with sinusoidal loading. Non-dimensional deflection, normal stress and shear stress values 
for different core and face sheet thickness ratios are obtained and compared with the 
references. It is seen that obtained results are sufficiently in agreement with the other theories. 
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