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Long-time Behaviour of Solutions to Inverse Problem for Higher-order Parabolic 
Equation 

Metin Yaman* 

ABSTRACT 

We consider an inverse problem for the fourth-order parabolic equation. Long-time behavior of the solution 
for the higher-order nonlinear inverse problem is established. Additional condition is given in the form of 
integral overdetermination. 
 
Keywords: long-time behavior, integral overdetermination, higher-order parabolic equation, inverse 
problem  

 
 

1. INTRODUCTION 

In this study it is considered the following problem 
for the fourth-order parabolic equation: 
 

𝑢௧ + ∆ଶ𝑢 − ∑ 𝑏௜𝑢௫೔௫೔

௡
௜ୀଵ + |𝑢|௣𝑢  

     = 𝑓(𝑡)𝑤(𝑥), 𝑥 ∈ Ω, 𝑡 > 0    (1) 
 

𝑢 = ∆𝑢 = 0, 𝑥 ∈ 𝜕Ω, t ≥ 0     (2) 
 

𝑢(𝑥, 0) = 𝑢଴(𝑥), 𝑥 ∈ Ω       (3) 
 

∫ 𝑢(𝑥, 𝑡)𝑤(𝑥)𝑑𝑥
ஐ

= 𝜑(𝑡)     (4) 
 
where Ω ⊂ ℝ௡ is the bounded region which has a 
smooth boundary 𝜕Ω and 𝑝 > 0. 𝑢଴, 𝑤, 𝜑 are given 
functions and they satisfy the following conditions  
 

𝑤 ∈ 𝐻଴
ଶ(Ω) ∩ 𝐿୮ାଶ,∫ 𝑤ଶ𝑑𝑥

ஐ
=1                   (A1) 

 

𝐵଴ = max
௫∈ஐ

൫∑ 𝑏௜
ଶ௡

௜ୀଵ ൯
ଵ/ଶ

, 𝑥 ∈ Ω, 𝑏௜ ∈ 𝐶(Ωഥ).  (A2) 
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The inverse problem consists of finding a pair of 
functions {𝑢(𝑥, 𝑡), 𝑓(𝑡)}  satisfying (1)-(4) when  
 

𝑢଴ ∈ 𝐻଴
ଵ(Ω) ∩ 𝐿୮ାଶ(Ω),∫ 𝑢଴𝑤𝑑𝑥

ஐ
= 𝜑(0).  (A3) 

 
Condition (4) is the overdetermination condition 
for the inverse problem and is given sometimes 
point-wise or integral form. Here is the integral 
form. Physically it means measurements of the 
temperature 𝑢(𝑥, 𝑡) by a device averaging over the 
domain Ω [4]. 
 
Inverse problems are known as ill-posed problems 
in Hadamard’s sense and have many application 
areas in physics and engineering. For example 
inverse scattering problems in quantum physics, 
inverse problems in geophysics[2].  
 
There are some papers devoted to the study of 
existence and uniqueness of solutions of inverse 
problems for various parabolic type equations with 
unknown source functions [1,3,5]. In [6,7,8,9,10] 
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authors studied global nonexistence and blow-up 
solution to fourth-order equations.   
 
Here, we used the following notations: 
 

 (𝑢, 𝑣) = ∫ 𝑢𝑣𝑑𝑥
ஐ

, ‖𝑢(𝑡)‖ = ‖𝑢(𝑡)‖௅మ(ஐ),   
 
‖𝑢(𝑡)‖௣ = ‖𝑢(𝑡)‖௅೛(ஐ). 
 
Cauchy inequality with epsilon and Young 
inequality for 𝑎, 𝑏 > 0 are as follows;  
 
𝑎𝑏 ≤

ఢ

ଶ
𝑎ଶ +

ଵ

ଶఢ
𝑏ଶ ,  𝑎𝑏 ≤ 𝛽𝑎௣ + 𝐶(𝑝, 𝛽)𝑏௤       (5) 

 
with 1/𝑝 + 1/𝑞 = 1, 𝐶(𝑝, 𝛽) = 1/𝑞(𝛽𝑝)௤/௣ .  
 
𝜆ଵ‖𝑢(𝑡)‖ଶ ≤ ‖Δ𝑢(𝑡)‖ଶ , 𝑢 ∈ 𝐻0

2(Ω)                (6) 
 
where 𝜆ଵ is the least eigenvalue of the following 
eigenvalue problem  
 
𝜆𝑢 = Δଶ𝑢, 𝑥 ∈ Ω,   
𝑢 =

డ௨

డ௡
= 0, 𝑥 ∈ 𝜕Ω  [11]. 

 
Definition 1 The pair of functions  {𝑢(𝑥, 𝑡), 𝑓(𝑡)} 
is called the weak solution of the inverse problem 
(1)-(4) if   
 
𝑢 ∈ 𝐿ଶ(0, 𝑇; 𝐻ସ(Ω) ∩ 𝐻଴

ଶ(Ω)) ∩ 𝐿୮ାଶ(Ω),   
𝑓 ∈ 𝐿ଶ(0, 𝑇)  
 
satisfying the identiy 
 
(𝑢௧ , 𝜓) + (∆𝜓, ∆𝑢) − (𝜓, ∑ 𝑏௜𝑢௫೔௫೔

௡
௜ୀଵ )  

 

+(𝜓, |𝑢|௣𝑢) = 𝑓(𝑡)(𝜓, 𝑤)  (7) 
 
where 𝜓 ∈ 𝐶଴

ஶ(Ω). 
 
Multiplying both sides of (1) by w and integrating 
the resulting equation over Ω leads to the following 
relation with the conditions (3), (4) and (A1) 
 
𝑓(𝑡) = 𝜑′(𝑡) + (Δ𝑤, Δ𝑢) − (𝑤, ∑ 𝑏௜𝑢௫೔௫೔

)௡
௜ୀଵ   

 

          +(𝑤, |𝑢|௣𝑢) .    (8) 
 
Substituting (8) into the equation (1), the problem 
(1)-(3) yields a direct problem given by [1].  

2. A PRIORI ESTIMATES 

Theorem 1. Suppose that the conditions (A2) and 
(A3) are satisfied and assume that 𝜑 and 𝜑′ are 
continuous functions defined on [0,∞)  which 
tends to zero as 𝑡 → ∞  . Then   
 
lim
௧→ஶ

ቀ‖Δ𝑢‖ଶ +
ଵ

௣ାଶ
‖𝑢‖௣ାଶ

௣ାଶ
ቁ = 0           (9) 

 

with a constant 1 >
(ସାఒభ)஻బ

మ

ସఒభ
, where 𝜆ଵ is the  

constant in (6).  
 
Proof. Let us multiply the equation (1) by 𝑢 + 𝑢௧   
and integrate over Ω then we get the relation 
 
ௗ

ௗ௧
𝜂(𝑡) + ‖Δ𝑢‖ଶ + ‖𝑢‖௣ାଶ

௣ାଶ
+ ‖𝑢௧‖ଶ + ‖Δ𝑢௧‖ଶ  

 
       = ൫𝜑 + 𝜑′൯𝑓(𝑡) + (𝑢 + 𝑢௧, ∑ 𝑏௜𝑢௫೔௫೔

௡
௜ୀଵ  )  (10) 

 
where   
 
 𝜂(𝑡) =

ଵ

ଶ
‖𝑢(𝑡)‖ଶ + ‖Δ𝑢(𝑡)‖ଶ +

ଵ

௣ାଶ
‖𝑢(𝑡)‖௣ାଶ

௣ାଶ .  

 
Replacing (8) into (10), we obtain   
 
ௗ

ௗ௧
𝜂(𝑡) + ‖Δ𝑢‖ଶ + ‖𝑢‖௣ାଶ

௣ାଶ
+ ‖𝑢௧‖ଶ + ‖Δ𝑢௧‖ଶ      

 
= (𝜑 + 𝜑ᇱ)[𝜑ᇱ(𝑡) + (Δ𝑤, Δ𝑢) + (𝑤, |𝑢|௣𝑢) 

 
−൫𝑤, ∑ 𝑏௜𝑢௫೔௫೔

௡
௜ୀଵ ൯൧ + ൫𝑢 + 𝑢௧, ∑ 𝑏௜𝑢௫೔௫೔

௡
௜ୀଵ ൯.   (11) 

 
Using the inequalities (5) and (6) on the right-hand 
side of (11), we have the following estimates 
 

ห(𝑢, ∑ 𝑏௜𝑢௫೔௫೔

௡
௜ୀଵ )ห ≤

஻బ
మ

ఒభ
‖Δ𝑢‖ଶ     (12)

     

ห(𝑢௧ , ∑ 𝑏௜𝑢௫೔௫೔

௡
௜ୀଵ )ห ≤ ‖𝑢௧‖ଶ +

஻బ
మ

ସ
‖Δ𝑢‖ଶ    (13)

     
ห(Δ𝑤, Δ𝑢)൫𝜑 + 𝜑′൯ห ≤

క

ଶ
‖Δ𝑢‖ଶ  

 
                 + ଵ

క
‖Δ𝑤‖ଶ(|𝜑|ଶ + |𝜑′|ଶ)    (14) 

 

ห(𝑤, ∑ 𝑏௜𝑢௫೔௫೔

௡
௜ୀଵ )൫𝜑 + 𝜑′൯ห ≤

క

ଶ
‖Δ𝑢‖ଶ +   
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                          + ஻బ
మ

క
‖Δ𝑤‖ଶ(|𝜑|ଶ + |𝜑′|ଶ)     (15) 

 
ห(𝑤, |𝑢|௣𝑢)൫𝜑 + 𝜑′൯ห ≤ 𝜉‖𝑢(𝑡)‖௣ାଶ

௣ାଶ    

 
           +𝐶(𝜉, 𝑝)‖𝑤‖௣ାଶ

௣ାଶ(|𝜑|ଶ + |𝜑ᇱ|ଶ).   (16) 
 
Rewriting (11) with estimates (12)-(16), we get the 
following differential inequality 
 

𝑑

𝑑𝑡
𝜂(𝑡) + ቆ1 − 𝜉 −

(4 + 𝜆ଵ)𝐵଴
ଶ

4𝜆ଵ
ቇ ‖Δ𝑢‖ଶ 

 
+(1 − 𝜉)‖𝑢‖௣ାଶ

௣ାଶ
≤ 𝐷(𝑡)      (17) 

 
where   
 

𝐷(𝑡) = (|𝜑|ଶ + |𝜑′|ଶ) ቀ
క

ଶ
‖Δ𝑤‖ଶ +

஻బ
మ

క
‖Δ𝑤‖ଶ +

(𝜉, 𝑝)‖𝑤‖௣ାଶ
௣ାଶ

ቁ. 

 
We choose 𝜉଴ > 0 such that  
 

𝜉଴ ≤ 𝜉 ≤ 1 −
(ସାఒభ)஻బ

మ

ସఒభ
  

 
and take  
 

𝐾ଵ = 𝑚𝑖𝑛 ቄ1 − 𝜉଴ ,
ଶ

ଷ
ቀ1 − 𝜉଴ −

(ସାఒభ)஻బ
మ

ସఒభ
ቁ ቅ. 

 
So, (17) follows  
 
ௗ

ௗ௧
𝜂(𝑡) + 𝐾ଵ ቀ

ଷ

ଶ
‖Δ𝑢‖ଶ + ‖𝑢‖௣ାଶ

௣ାଶ
ቁ ≤ 𝐷(𝑡)  .    (18) 

 
The last term on the left-hand side of (18) can be 
written  
 
ଷ

ଶ
‖Δ𝑢‖ଶ + ‖𝑢‖௣ାଶ

௣ାଶ
≥

𝜆1

ଶ
‖𝑢‖ଶ + ‖Δ𝑢‖ଶ + ‖𝑢‖௣ାଶ

௣ାଶ   

 
           ≥ 𝐾ଶ ቀ

ଵ

ଶ
‖𝑢‖ଶ + ‖Δ𝑢‖ଶ +

ଵ

௣ାଶ
‖𝑢‖௣ାଶ

௣ାଶ
ቁ   (19) 

 

where  𝐾ଶ = 𝑚𝑖𝑛 ቄ𝜆ଵ,
ଵ

௣ାଶ
ቅ. It follows from (18) 

and (19)  
 
ௗ

ௗ௧
𝜂(𝑡) + 𝐾ଷ𝜂(𝑡) ≤ 𝐷(𝑡).      (20) 

 

where 𝐾ଷ = 𝐾ଵ𝐾ଶ. After solving first-order 
differential inequality (20), it concludes that  
 
lim
௧→ஶ

ቀ‖Δ𝑢‖ଶ +
ଵ

௣ାଶ
‖𝑢‖௣ାଶ

௣ାଶ
ቁ = 0 . 

 
The proof is completed. 

3. CONCLUSION 

Long-time behaviour of the solutions to the 
inverse problem (1)-(4) is asymptotically stable. It 
means that ‖Δ𝑢‖ 𝑎𝑛𝑑 ‖𝑢‖௣ାଶ  goes to zero  
𝑎𝑠 𝑡 → ∞. 
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