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Abstract 

In this study, the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas sequences are defined. Moreover, by using these sequences, 

the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas matrix sequences are defined. Furthermore, generating functions, Binet’s 

formulas and some summation formulas of these sequences are given. Finally, some relationships between 

Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas matrix sequences are obtained. 
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Gauss (𝒔, 𝒕)-Pell ve Pell-Lucas Dizileri ve Matris Gösterimleri 

 
 

Öz 

Bu çalışmada, Gauss (𝑠, 𝑡)-Pell ve Pell-Lucas dizileri tanımlanmıştır. Dahası, bu dizileri kullanarak Gauss (𝑠, 𝑡)-
Pell ve Pell-Lucas matris dizileri tanımlanmıştır. Ayrıca, bu dizilerin üreteç fonksiyonları, Binet formülleri ve bazı 

toplam formülleri verilmiştir. Son olarak, Gauss (𝑠, 𝑡)-Pell ve Pell-Lucas matris dizileri arasında bazı ilişkiler elde 

edilmiştir.  

 

Anahtar Kelimeler: (𝑠, 𝑡)-Pell dizisi, Gauss Pell dizisi, Gauss (𝑠, 𝑡)-Pell dizisi, Gauss (𝑠, 𝑡)-Pell matris dizisi.  

 
1. Introduction 

 

In recent years, we have seen so many studies on the different number sequences such as Fibonacci, 

Lucas, Pell, Pell-Lucas, modified Pell sequences. We refer the reader to [1,6,9,14,16,19,20]. For 𝑛 ≥ 2, 
the well-known Fibonacci {𝐹𝑛}, Lucas {𝐿𝑛}, Pell {𝑃𝑛}, Pell-Lucas {𝑄𝑛} and modified Pell {𝑞𝑛} sequences 

are defined as 𝐹𝑛 = 𝐹𝑛−1 + 𝐹𝑛−2, 𝐿𝑛 = 𝐿𝑛−1 + 𝐿𝑛−2, 𝑃𝑛 = 2𝑃𝑛−1 + 𝑃𝑛−2, 𝑄𝑛 = 2𝑄𝑛−1 +𝑄𝑛−2 and 

 𝑞𝑛 = 2𝑞𝑛−1 + 𝑞𝑛−2 where 𝐹0 = 0, 𝐹1 = 1, 𝐿0 = 2, 𝐿1 = 1, 𝑃0 = 0, 𝑃1 = 1, 𝑄0 = 2, 𝑄1 = 2 and 𝑞0 =
1, 𝑞1 = 1, respectively. 

In [4,5,8], two-parameters generalizations of the Fibonacci and Pell sequences are given. In 

[4,5], Civciv and Türkmen introduced (𝑠, 𝑡)-Fibonacci {𝐹𝑛(𝑠, 𝑡)}𝑛=0
∞  and (𝑠, 𝑡)-Lucas {𝐿𝑛(𝑠, 𝑡)}𝑛=0

∞  

sequences by using Fibonacci and Lucas sequences. On the other hand, the matrix sequences that 

concern this special number sequences have taken so much interest [4,5,8]. In [8], Güleç and Taşkara 

introduced (𝑠, 𝑡)-Pell {𝑀𝑃𝑛(𝑠, 𝑡)}𝑛∈𝑁 and (𝑠, 𝑡)-Pell-Lucas {𝑀𝑄𝑛(𝑠, 𝑡)}𝑛∈𝑁 matrix sequences by using 

(𝑠, 𝑡)-Pell and (𝑠, 𝑡)-Pell-Lucas sequences. They showed some properties of these matrix sequences 

using essentialy a matrix approach in [4,5,8]. 

Moreover, many authors studied on Gaussian Fibonacci, Lucas, Pell, Pell-Lucas and modified 

Pell sequences. We refer the reader to [2,3,7,10,12,13,15,18,21]. Halıcı and Öz [10] introduced the 

Gaussian Pell and Gaussian Pell-Lucas numbers respectively by 
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𝐺𝑃0 = 𝑖,   𝐺𝑃1 = 1;   𝐺𝑃𝑛 = 2𝐺𝑃𝑛−1 + 𝐺𝑃𝑛−2, 
 

𝐺𝑄0 = 2 − 2𝑖,   𝐺𝑄1 = 2 + 2𝑖;   𝐺𝑄𝑛 = 2𝐺𝑄𝑛−1 + 𝐺𝑄𝑛−2. 
 

The authors also studied Gaussian Pell polynomials and their some properties in [11]. In 

addition, Yağmur and Karaaslan [21] defined the Gaussian modified Pell numbers by 

 

𝐺𝑞0 = 1 − 𝑖,   𝐺𝑞1 = 1 + 𝑖;   𝐺𝑞𝑛 = 2𝐺𝑞𝑛−1 + 𝐺𝑞𝑛−2. 
 

Also, they studied their properties in the same paper. In addition, Catarino and Campos [3] studied the 

Gaussian modified Pell numbers. Moreover, in [17], Pektaş gave the definition of (𝑠, 𝑡)-Gaussian 

Fibonacci and (𝑠, 𝑡)-Gaussian-Lucas numbers and then presented their matrix representatios. 

In this study, we firstly define Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas sequences. Then, by using 

these sequences, we also define Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas matrix sequences. In the last of the 

study, we investigate the relationships between Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas matrix sequences.  

 

2. The Gaussian (𝒔, 𝒕)-Pell and Pell-Lucas Sequences 

 

In this section, we first give the definitions of the Gaussian (s, t )-Pell and Pell-Lucas sequences, and 

then we obtain Binet’s formulas, generating functions and sum formulas for these sequences. 

Firstly, we give the fundamental definitions and properties for these sequences. 

 

Definition 2.1. Let 𝑠 and 𝑡 be any real numbers satisfying that 𝑠 > 0, 𝑡 ≠ 0 and 𝑠2 + 𝑡 > 0. By the aid 

of the reference [10], let us define the Gaussian (𝑠, 𝑡)-Pell sequence {𝐺𝑃𝑛(𝑠, 𝑡)}𝑛𝜖𝑁 is defined 

recursively by 

 

𝐺𝑃𝑛(𝑠, 𝑡) = 2𝑠𝐺𝑃𝑛−1(𝑠, 𝑡) + 𝑡𝐺𝑃𝑛−2(𝑠, 𝑡), 𝑛 ≥ 2, 
 

with initial values  𝐺𝑃0(𝑠, 𝑡) = 𝑖 and 𝐺𝑃1(𝑠, 𝑡) = 1. 
 

One can see that 

𝐺𝑃𝑛(𝑠, 𝑡) = 𝑃𝑛(𝑠, 𝑡) + 𝑖𝑡𝑃𝑛−1(𝑠, 𝑡) 
 

where 𝑃𝑛(𝑠, 𝑡) is the 𝑛th (𝑠, 𝑡)-Pell number. 

 

Particular case of Gaussian (𝑠, 𝑡)-Pell sequence is: 

 If 𝑠 =
1

2
 and 𝑡 = 1, the classical Gaussian Fibonacci sequence is obtained in [2, 15]. 

 If 𝑠 = 1 and 𝑡 = 1, the classical Gaussian Pell sequence is obtained in [10]. 

 

Definition 2.2. Let 𝑠 and 𝑡 be any real numbers satisfying that 𝑠 > 0, 𝑡 ≠ 0 and 𝑠2 + 𝑡 > 0. By the aid 

of the reference [10], let us define the Gaussian (𝑠, 𝑡)-Pell-Lucas sequence {𝐺𝑄𝑛(𝑠, 𝑡)}𝑛𝜖𝑁 is defined 

recursively by 

 

𝐺𝑄𝑛(𝑠, 𝑡) = 2𝑠𝐺𝑄𝑛−1(𝑠, 𝑡) + 𝑡𝐺𝑄𝑛−2(𝑠, 𝑡), 𝑛 ≥ 2, 
 

with initial values 𝐺𝑄0(𝑠, 𝑡) = 2 − 2𝑖𝑠 and 𝐺𝑄1(𝑠, 𝑡) = 2𝑠 + 2𝑖𝑡. 
 

Also, it can be seen that 

𝐺𝑄𝑛(𝑠, 𝑡) = 𝑄𝑛(𝑠, 𝑡) + 𝑖𝑡𝑄𝑛−1(𝑠, 𝑡) 
 

where 𝑄𝑛(𝑠, 𝑡) is the 𝑛th (𝑠, 𝑡)-Pell-Lucas number. 

 

Particular case of Gaussian (𝑠, 𝑡)-Pell-Lucas sequence is: 
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 If 𝑠 =
1

2
 and 𝑡 = 1, the classical Gaussian Lucas sequence is obtained in [15]. 

 If 𝑠 = 1 and 𝑡 = 1, the classical Gaussian Pell-Lucas sequence is obtained in [10]. 

 

In this paper, we only present the proofs of the results given for the Gaussian (𝑠, 𝑡)-Pell 

sequence, because those for the Gaussian (𝑠, 𝑡)-Pell-Lucas sequence are similar. 

 

Now, we give the generating functions for these sequences by the following theorem. 

 

Theorem 2.1. The generating functions for the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas sequences are 

 

𝑓(𝑥) =
𝑥 + 𝑖(1 − 2𝑠𝑥)

1 − 2𝑠𝑥 − 𝑡𝑥2
, 

 

 

ℎ(𝑥) =
(2 − 2𝑠𝑥) + 𝑖(4𝑠2𝑥 + 2𝑡𝑥 − 2𝑠)

1 − 2𝑠𝑥 − 𝑡𝑥2
 

respectively. 

 

Proof. Let 𝑓(𝑥) be the generating function of the Gaussian (𝑠, 𝑡)-Pell sequence {𝐺𝑃𝑛(𝑠, 𝑡)}. Then, we 

can write 

 

𝑓(𝑥) =∑𝐺𝑃𝑖(𝑠, 𝑡)𝑥
𝑖

∞

𝑖=0

= 𝐺𝑃0(𝑠, 𝑡) + 𝐺𝑃1(𝑠, 𝑡)𝑥 + 𝐺𝑃2(𝑠, 𝑡)𝑥
2 +⋯+ 𝐺𝑃𝑛(𝑠, 𝑡)𝑥

𝑛 +⋯. 

 

Also, we can write by the recursive relations 

 

𝑓(𝑥)(1 − 2𝑠𝑥 − 𝑡𝑥2) = 𝐺𝑃0(𝑠, 𝑡) + [𝐺𝑃1(𝑠, 𝑡) − 2𝑠𝐺𝑃0(𝑠, 𝑡)]𝑥. 
 

Thus, we obtain 

𝑓(𝑥) =
𝑥 + 𝑖(1 − 2𝑠𝑥)

1 − 2𝑠𝑥 − 𝑡𝑥2
 

which is desired.   ■ 
 
It must be noted that for 𝑠 = 𝑡 = 1, these functions generalise the formulas in the reference [10]. That 

is 

 

𝑓(𝑥) =
𝑥 + 𝑖(1 − 2𝑥)

1 − 2𝑥 − 𝑥2
, 

 

𝑔(𝑥) =
(2 − 2𝑥) + 𝑖(6𝑥 − 2)

1 − 2𝑥 − 𝑥2
 

respectively. 

 

Theorem 2.2. Let 𝛼 = 𝑠 + √𝑠2 + 𝑡 and 𝛽 = 𝑠 − √𝑠2 + 𝑡 be the roots of the equation 𝑥2 − 2𝑠𝑥 − 𝑡 =
0. The Binet’s formulas for 𝑛𝑡ℎ Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas number are 

 

𝐺𝑃𝑛(𝑠, 𝑡) =
𝛼𝑛 − 𝛽𝑛

𝛼 − 𝛽
+ 𝑖
𝛼𝛽𝑛 − 𝛽𝛼𝑛

𝛼 − 𝛽
     𝑛 ≥ 0 

and  

𝐺𝑄𝑛(𝑠, 𝑡) = (𝛼
𝑛 + 𝛽𝑛) − 𝑖(𝛼𝛽𝑛 + 𝛽𝛼𝑛)     𝑛 ≥ 0, 

 

respectively. 
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Proof. We know that the general solution for the recurrence relation is given by 

 

𝐺𝑃𝑛(𝑠, 𝑡) = 𝑐𝛼
𝑛 + 𝑑𝛽𝑛 

 

for some coefficients 𝑐 and 𝑑.  
Using the initial values 𝐺𝑃0(𝑠, 𝑡) = 𝑖 and 𝐺𝑃1(𝑠, 𝑡) = 1,  
 

𝑐 =
1−𝑖(𝑠−√𝑠2+𝑡)

2√𝑠2+𝑡
 , 𝑑 =

−1+𝑖(𝑠+√𝑠2+𝑡)

2√𝑠2+𝑡
 

 

can be written. 

Hence, the Binet’s formula for 𝐺𝑃𝑛(𝑠, 𝑡) is obtained as 

 

𝐺𝑃𝑛(𝑠, 𝑡) =
𝛼𝑛 − 𝛽𝑛

𝛼 − 𝛽
+ 𝑖
𝛼𝛽𝑛 − 𝛽𝛼𝑛

𝛼 − 𝛽
. 

 

So, the proof is completed.   ■ 
 

Theorem 2.3. For 2𝑠 + 𝑡 ≠ 1, the sums of the Gaussian (𝑠, 𝑡)-Pell and -Pell-Lucas sequences are given 

as  

 

(𝒊) ∑𝐺𝑃𝑖(𝑠, 𝑡) =
1

2𝑠 + 𝑡 − 1
[𝐺𝑃𝑛+1(𝑠, 𝑡) + 𝑡𝐺𝑃𝑛(𝑠, 𝑡) − 1 − 𝑖𝑡]

𝑛

𝑖=1

, 

 

(𝒊𝒊)  ∑𝐺𝑄𝑖(𝑠, 𝑡) =
1

2𝑠 + 𝑡 − 1
[𝐺𝑄𝑛+1(𝑠, 𝑡) + 𝑡𝐺𝑄𝑛(𝑠, 𝑡) − 2(𝑠 + 𝑡) + 2𝑖𝑡(𝑠 − 1)].

𝑛

𝑖=1

 

 

Proof. By the definition of Gaussian (𝑠, 𝑡)-Pell sequence recurrence relation, we have 

 

𝐺𝑃𝑖−1(𝑠, 𝑡) =
1

2𝑠
𝐺𝑃𝑖(𝑠, 𝑡) −

𝑡

2𝑠
𝐺𝑃𝑖−2(𝑠, 𝑡). 

From this equation 

 

𝐺𝑃1(𝑠, 𝑡) =
1

2𝑠
𝐺𝑃2(𝑠, 𝑡) −

𝑡

2𝑠
𝐺𝑃0(𝑠, 𝑡), 

 

𝐺𝑃2(𝑠, 𝑡) =
1

2𝑠
𝐺𝑃3(𝑠, 𝑡) −

𝑡

2𝑠
𝐺𝑃1(𝑠, 𝑡), 

 

𝐺𝑃3(𝑠, 𝑡) =
1

2𝑠
𝐺𝑃4(𝑠, 𝑡) −

𝑡

2𝑠
𝐺𝑃2(𝑠, 𝑡), 

 

⋮ 
 

𝐺𝑃𝑛(𝑠, 𝑡) =
1

2𝑠
𝐺𝑃𝑛+1(𝑠, 𝑡) −

𝑡

2𝑠
𝐺𝑃𝑛−1(𝑠, 𝑡) 

can be written. 

Then, we have 

 

 ∑𝐺𝑃𝑖(𝑠, 𝑡)

𝑛

𝑖=1

=
1

2𝑠
∑𝐺𝑃𝑖(𝑠, 𝑡)

𝑛+1

𝑖=2

−
𝑡

2𝑠
∑𝐺𝑃𝑖(𝑠, 𝑡)

𝑛−1

𝑖=0

. 

 

After necessary calculations we get 
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∑𝐺𝑃𝑖(𝑠, 𝑡) =
1

2𝑠 + 𝑡 − 1
[𝐺𝑃𝑛+1(𝑠, 𝑡) + 𝑡𝐺𝑃𝑛(𝑠, 𝑡) − 1 − 𝑖𝑡]

𝑛

𝑖=1

. 

 

 

So, the proof is completed.   ■ 
 
Theorem 2.4. Let 𝑋 be odd indexed Gaussian (𝑠, 𝑡)-Pell numbers and  𝑌 be even indexed Gaussian 

(𝑠, 𝑡)-Pell numbers. Then the following equalities hold: 

 

𝑋 =∑𝐺𝑃2𝑖−1(𝑠, 𝑡) =
(1 − 𝑡)[𝐺𝑃2𝑛+1(𝑠, 𝑡) − 1] + 2𝑠𝑡[𝐺𝑃2𝑛(𝑠, 𝑡) − 𝑖]

4𝑠2 − (1 − 𝑡)2

𝑛

𝑖=1

, 

 

𝑌 =∑𝐺𝑃2𝑖(𝑠, 𝑡) =
𝐺𝑃2𝑛+2(𝑠, 𝑡) − 𝑡

2𝐺𝑃2𝑛(𝑠, 𝑡) − 2𝑠 + 𝑖𝑡(𝑡 − 1)

4𝑠2 − (1 − 𝑡)2
.

𝑛

𝑖=1

 

 

Proof. Terms of odd index of 𝐺𝑃𝑛(𝑠, 𝑡) are 

 

𝐺𝑃1(𝑠, 𝑡) = 2𝑠𝐺𝑃0(𝑠, 𝑡) − 𝑡𝐺𝑃−1(𝑠, 𝑡), 
 

𝐺𝑃3(𝑠, 𝑡) = 2𝑠𝐺𝑃2(𝑠, 𝑡) − 𝑡𝐺𝑃1(𝑠, 𝑡), 
 

𝐺𝑃5(𝑠, 𝑡) = 2𝑠𝐺𝑃4(𝑠, 𝑡) − 𝑡𝐺𝑃3(𝑠, 𝑡), 
 

⋮ 
 

𝐺𝑃2𝑛−1(𝑠, 𝑡) = 2𝑠𝐺𝑃2𝑛−2(𝑠, 𝑡) − 𝑡𝐺𝑃2𝑛−3(𝑠, 𝑡). 
 

Then, we obtain 

 

𝑋 =
2𝑠𝑌 + 1 − 𝐺𝑃2𝑛+1(𝑠, 𝑡)

1 − 𝑡
.          (1) 

 

Similarly, terms of even index of 𝐺𝑃𝑛(𝑠, 𝑡) are 

 

𝐺𝑃2(𝑠, 𝑡) = 2𝑠𝐺𝑃1(𝑠, 𝑡) − 𝑡𝐺𝑃0(𝑠, 𝑡), 
 

𝐺𝑃4(𝑠, 𝑡) = 2𝑠𝐺𝑃3(𝑠, 𝑡) − 𝑡𝐺𝑃2(𝑠, 𝑡), 
 

𝐺𝑃6(𝑠, 𝑡) = 2𝑠𝐺𝑃5(𝑠, 𝑡) − 𝑡𝐺𝑃4(𝑠, 𝑡), 
 

⋮ 
 

𝐺𝑃2𝑛(𝑠, 𝑡) = 2𝑠𝐺𝑃2𝑛−1(𝑠, 𝑡) − 𝑡𝐺𝑃2𝑛−2(𝑠, 𝑡). 
 

Then, we get 

 

𝑌 =
2𝑠𝑋 − 𝑡𝐺𝑃2𝑛(𝑠, 𝑡) + 𝑖𝑡

1 − 𝑡
.          (2) 

 

By considering Eq. (1) and (2), we obtain 

 



N. Karaaslan, T. Yağmur / BEÜ Fen Bilimleri Dergisi 8 (1), 46-59, 2019 

51 

𝑋 =∑𝐺𝑃2𝑖−1(𝑠, 𝑡) =
(1 − 𝑡)[𝐺𝑃2𝑛+1(𝑠, 𝑡) − 1] + 2𝑠𝑡[𝐺𝑃2𝑛(𝑠, 𝑡) − 𝑖]

4𝑠2 − (1 − 𝑡)2

𝑛

𝑖=1

, 

 

𝑌 =∑𝐺𝑃2𝑖(𝑠, 𝑡) =
𝐺𝑃2𝑛+2(𝑠, 𝑡) − 𝑡

2𝐺𝑃2𝑛(𝑠, 𝑡) − 2𝑠 + 𝑖𝑡(𝑡 − 1)

4𝑠2 − (1 − 𝑡)2
.

𝑛

𝑖=1

 

■ 

 

Theorem 2.5. Let 𝑋 be odd indexed Gaussian (𝑠, 𝑡)-Pell-Lucas numbers and  𝑌 be even indexed 

Gaussian (𝑠, 𝑡)-Pell-Lucas numbers. Then the following equalities hold: 

 

𝑋 =∑𝐺𝑄2𝑖−1(𝑠, 𝑡) =
(1 − 𝑡)[𝐺𝑄2𝑛+1(𝑠, 𝑡) − 2𝑠 − 2𝑖𝑡] + 2𝑠𝑡[𝐺𝑄2𝑛(𝑠, 𝑡) − 2 + 2𝑖𝑠]

4𝑠2 − (1 − 𝑡)2

𝑛

𝑖=1

, 

 

𝑌 =∑𝐺𝑄2𝑖(𝑠, 𝑡) =
𝐺𝑄2𝑛+2(𝑠, 𝑡) − 𝑡

2𝐺𝑄2𝑛(𝑠, 𝑡) − 2(2𝑠
2 + 𝑡 + 𝑖𝑠𝑡) + 𝑡2(2 − 2𝑖𝑠)

4𝑠2 − (1 − 𝑡)2
.

𝑛

𝑖=1

 

 

Proof. This theorem is easily obtained by proceeding as in the proof of Theorem 2.4.   ■ 

 

We now investigate some identities of the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas sequences. 

 

Theorem 2.6. Let 𝑛 ≥ 0 and 𝑛 ≥ 𝑟. Then Catalan’s identity for the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas 

is 

(𝒊) 𝐺𝑃𝑛−𝑟(𝑠, 𝑡)𝐺𝑃𝑛+𝑟(𝑠, 𝑡) − 𝐺𝑃𝑛
2(𝑠, 𝑡) =

(𝑡+1−2𝑖𝑠)(−𝑡)𝑛−𝑟[4(−𝑡)𝑟−(𝛼𝑟+𝛽𝑟)2]

4(𝑠2+𝑡)
, 

 

(𝒊𝒊) 𝐺𝑄𝑛−𝑟(𝑠, 𝑡)𝐺𝑄𝑛+𝑟(𝑠, 𝑡) − 𝐺𝑄𝑛
2(𝑠, 𝑡) = (𝑡 + 1 − 2𝑖𝑠)(−𝑡)𝑛−𝑟[(𝛼𝑟 + 𝛽𝑟)2 − 4(−𝑡)𝑟]. 

 

Proof. Let 𝐴 = 1 − 𝛽𝑖 and 𝐵 = 1 − 𝛼𝑖. Then, using Theorem 2.2, we can write 

 

𝐺𝑃𝑛−𝑟(𝑠, 𝑡)𝐺𝑃𝑛+𝑟(𝑠, 𝑡) − 𝐺𝑃𝑛
2(𝑠, 𝑡) = (

𝐴𝛼𝑛−𝑟 − 𝐵𝛽𝑛−𝑟

𝛼 − 𝛽
)(
𝐴𝛼𝑛+𝑟 − 𝐵𝛽𝑛+𝑟

𝛼 − 𝛽
) − (

𝐴𝛼𝑛 − 𝐵𝛽𝑛

𝛼 − 𝛽
)

2

. 

 

After necessary calculations, we get 

 

𝐺𝑃𝑛−𝑟(𝑠, 𝑡)𝐺𝑃𝑛+𝑟(𝑠, 𝑡) − 𝐺𝑃𝑛
2(𝑠, 𝑡) =

𝐴𝐵𝛼𝑛−𝑟𝛽𝑛−𝑟(2𝛼𝑟𝛽𝑟 − 𝛼2𝑟 − 𝛽2𝑟)

(𝛼 − 𝛽)2
. 

 

Hence, from 𝐴𝐵 = 𝑡 + 1 − 2𝑖𝑠, we have 

 

𝐺𝑃𝑛−𝑟(𝑠, 𝑡)𝐺𝑃𝑛+𝑟(𝑠, 𝑡) − 𝐺𝑃𝑛
2(𝑠, 𝑡) =

(𝑡 + 1 − 2𝑖𝑠)(−𝑡)𝑛−𝑟[4(−𝑡)𝑟 − (𝛼𝑟 + 𝛽𝑟)2]

4(𝑠2 + 𝑡)
, 

 

as required.   ■ 

 

By setting 𝑟 = 1 in Theorem 2.6, we obtain the following corollary which is Cassini’s identity of the 

Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas sequences. 

 

Corollary 2.1. For positive integer 𝑛, we have 

 

(𝒊) 𝐺𝑃𝑛−1(𝑠, 𝑡)𝐺𝑃𝑛+1(𝑠, 𝑡) − 𝐺𝑃𝑛
2(𝑠, 𝑡) = −(𝑡 + 1 − 2𝑖𝑠)(−𝑡)𝑛−1, 
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(𝒊𝒊) 𝐺𝑄𝑛−1(𝑠, 𝑡)𝐺𝑄𝑛+1(𝑠, 𝑡) − 𝐺𝑄𝑛
2(𝑠, 𝑡) = 4(𝑠2 + 𝑡)(𝑡 + 1 − 2𝑖𝑠)(−𝑡)𝑛−1. 

 

In the rest of paper, the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas sequences will be denoted by 𝐺𝑃𝑛 

and 𝐺𝑄𝑛 instead of 𝐺𝑃𝑛(𝑠, 𝑡) and 𝐺𝑄𝑛(𝑠, 𝑡), respectively. 

 
3. The Matrix Representations For The Gaussian (𝒔, 𝒕)-Pell and Pell-Lucas Sequences 

 

In this section, we give the definitions of the Gaussian (s, t )-Pell and Pell-Lucas matrix sequences. 

Then, we obtain Binet’s formulas, generating functions and sum formulas for these matrix sequences. 

We also investigate their properties. 

 

Definition 3.1. Let 𝑠 and 𝑡 be any real numbers satisfying that 𝑠 > 0, 𝑡 ≠ 0 and 𝑠2 + 𝑡 > 0. The 

Gaussian (𝑠, 𝑡)-Pell matrix sequence {𝑀𝐺𝑃𝑛(𝑠, 𝑡)}𝑛∈𝑁 is defined recursively by  

 

𝑀𝐺𝑃𝑛(𝑠, 𝑡) = 2𝑠𝑀𝐺𝑃𝑛−1(𝑠, 𝑡) + 𝑡𝑀𝐺𝑃𝑛−2(𝑠, 𝑡)     𝑛 ≥ 2 
 

with initial values  𝑀𝐺𝑃0(𝑠, 𝑡) = (
1 𝑖
𝑖𝑡 1 − 2𝑖𝑠

)    and   𝑀𝐺𝑃1(𝑠, 𝑡) = (
2𝑠 + 𝑖𝑡 1
𝑡 𝑖𝑡

). 

 

   Also, it is easily seen that 

𝑀𝐺𝑃𝑛(𝑠, 𝑡) = 𝑀𝑃𝑛(𝑠, 𝑡) + 𝑖𝑡𝑀𝑃𝑛−1(𝑠, 𝑡) 
 

where 𝑀𝑃𝑛(𝑠, 𝑡) is the 𝑛th (𝑠, 𝑡)-Pell matrix sequence. 

 

Definition 3.2. Let 𝑠 and 𝑡 be any real numbers satisfying that 𝑠 > 0, 𝑡 ≠ 0 and 𝑠2 + 𝑡 > 0. The 

Gaussian (𝑠, 𝑡)-Pell-Lucas matrix sequence {𝑀𝐺𝑄𝑛(𝑠, 𝑡)}𝑛∈𝑁 is defined recursively by  

 

𝑀𝐺𝑄𝑛(𝑠, 𝑡) = 2𝑠𝑀𝐺𝑄𝑛−1(𝑠, 𝑡) + 𝑡𝑀𝐺𝑄𝑛−2(𝑠, 𝑡)     𝑛 ≥ 2 
 

with initial values  𝑀𝐺𝑄0(𝑠, 𝑡) = (
2𝑠 + 2𝑖𝑡 2 − 2𝑖𝑠
2𝑡 − 2𝑖𝑠𝑡 −2𝑠 + 4𝑖𝑠2 + 2𝑖𝑡

)    and 

 

   𝑀𝐺𝑄1(𝑠, 𝑡) = (
4𝑠2 + 2𝑡 + 2𝑖𝑠𝑡 2𝑠 + 2𝑖𝑡
2𝑠𝑡 + 2𝑖𝑡2 2𝑡 − 2𝑖𝑠𝑡

). 

 

   Also, it is easily seen that 

𝑀𝐺𝑄𝑛(𝑠, 𝑡) = 𝑀𝑄𝑛(𝑠, 𝑡) + 𝑖𝑡𝑀𝑄𝑛−1(𝑠, 𝑡) 
 

where 𝑀𝑄𝑛(𝑠, 𝑡) is the 𝑛th (𝑠, 𝑡)-Pell-Lucas matrix sequence. 

 

In the rest of paper, the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas matrix sequences will be denoted 

by 𝑀𝐺𝑃𝑛 and 𝑀𝐺𝑄𝑛 instead of 𝑀𝐺𝑃𝑛(𝑠, 𝑡) and 𝑀𝐺𝑄𝑛(𝑠, 𝑡), respectively. 

 

Theorem 3.1. Let 𝑛 ≥ 0. We have 

 

(𝒊) 𝑀𝐺𝑃𝑛 = (
𝐺𝑃𝑛+1 𝐺𝑃𝑛
𝑡𝐺𝑃𝑛 𝑡𝐺𝑃𝑛−1

), 

 

(𝒊𝒊) 𝑀𝐺𝑄𝑛 = (
𝐺𝑄𝑛+1 𝐺𝑄𝑛
𝑡𝐺𝑄𝑛 𝑡𝐺𝑄𝑛−1

). 

 

Proof. By induction on 𝑛 we can prove the theorem. For 𝑛 = 0, we get 
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𝑀𝐺𝑃0 = (
𝐺𝑃1 𝐺𝑃0
𝑡𝐺𝑃0 𝑡𝐺𝑃−1

) = (
1 𝑖
𝑖𝑡 1 − 2𝑖𝑠

). 

 

Now, assume that the theorem holds for 𝑛 = 𝑘, that is 

 

𝑀𝐺𝑃𝑘 = (
𝐺𝑃𝑘+1 𝐺𝑃𝑘
𝑡𝐺𝑃𝑘 𝑡𝐺𝑃𝑘−1

). 

 

Then, for 𝑛 = 𝑘 + 1, we obtain 

  
𝑀𝐺𝑃𝑘+1 = 2𝑠𝑀𝐺𝑃𝑘 + 𝑡𝑀𝐺𝑃𝑘−1 
 

               = 2𝑠 (
𝐺𝑃𝑘+1 𝐺𝑃𝑘
𝑡𝐺𝑃𝑘 𝑡𝐺𝑃𝑘−1

) + 𝑡 (
𝐺𝑃𝑘 𝐺𝑃𝑘−1
𝑡𝐺𝑃𝑘−1 𝑡𝐺𝑃𝑘−2

) 

 

                 = (
2𝑠𝐺𝑃𝑘+1 + 𝑡𝐺𝑃𝑘 2𝑠𝐺𝑃𝑘 + 𝑡𝐺𝑃𝑘−1
2𝑠𝑡𝐺𝑃𝑘 + 𝑡

2𝐺𝑃𝑘−1 2𝑠𝑡𝐺𝑃𝑘−1 + 𝑡
2𝐺𝑃𝑘−2

) 

 

                 = (
𝐺𝑃𝑘+2 𝐺𝑃𝑘+1
𝑡𝐺𝑃𝑘+1 𝑡𝐺𝑃𝑘

). 

 

So, we obtain  the desired result.   ■ 

 

Theorem 3.2. For 𝑛 ≥ 0, we have 

 

(𝒊) 𝑀𝐺𝑃𝑛 = (
𝑀𝐺𝑃1−𝛽𝑀𝐺𝑃0

𝛼−𝛽
)𝛼𝑛 − (

𝑀𝐺𝑃1−𝛼𝑀𝐺𝑃0

𝛼−𝛽
)𝛽𝑛, 

 

(𝒊𝒊) 𝑀𝐺𝑄𝑛 = (
𝑀𝐺𝑄1−𝛽𝑀𝐺𝑄0

𝛼−𝛽
)𝛼𝑛 − (

𝑀𝐺𝑄1−𝛼𝑀𝐺𝑄0

𝛼−𝛽
)𝛽𝑛. 

 

Proof. We know that the general solution for the recurrence relation 

 

𝑀𝐺𝑃𝑛 = 𝑐𝛼
𝑛 + 𝑑𝛽𝑛 

for some coefficients 𝑐 and 𝑑. 
 

Then, using the initial conditions imply that 𝑀𝐺𝑃0 = 𝑐 + 𝑑 and 𝑀𝐺𝑃1 = 𝑐𝛼 + 𝑑𝛽. 
Solving the system, we get 

 

𝑐 =
𝑀𝐺𝑃1−𝛽𝑀𝐺𝑃0

𝛼−𝛽
  and  𝑑 = −

𝑀𝐺𝑃1−𝛼𝑀𝐺𝑃0

𝛼−𝛽
. 

 

Thus, the Binet’s formula for 𝑀𝐺𝑃𝑛 is obtained as 

 

𝑀𝐺𝑃𝑛 = (
𝑀𝐺𝑃1 − 𝛽𝑀𝐺𝑃0

𝛼 − 𝛽
)𝛼𝑛 − (

𝑀𝐺𝑃1 − 𝛼𝑀𝐺𝑃0
𝛼 − 𝛽

)𝛽𝑛 . 

 

So, the proof is completed.   ■ 

 

Theorem 3.3. The generating functions for the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas matrix sequences 

are 

 

𝑔(𝑥) =
1

1 − 2𝑠𝑥 − 𝑡𝑥2
[(
1 𝑖
𝑖𝑡 1 − 2𝑖𝑠

) + 𝑥 (
𝑖𝑡 1 − 2𝑖𝑠

𝑡 − 2𝑖𝑠𝑡 −2𝑠 + 𝑖(4𝑠2 + 𝑡)
)], 
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𝑛(𝑥) =
1

1 − 2𝑠𝑥 − 𝑡𝑥2
[(
2𝑠 + 2𝑖𝑡 2 − 2𝑖𝑠

2𝑡 − 2𝑖𝑠𝑡 −2𝑠 + 2𝑖𝑡 + 4𝑖𝑠2
) + 𝑥 ( 2𝑡 − 2𝑠𝑡𝑖 −2𝑠 + 2𝑖𝑡 + 4𝑖𝑠2

−2𝑠𝑡 + 2𝑖𝑡2 + 4𝑖𝑠2𝑡 4𝑠2 + 2𝑡 − 6𝑖𝑠𝑡 − 8𝑖𝑠3
)] 

 

respectively. 

 

Proof. Let 𝑔(𝑥) be the generating function of the Gaussian (𝑠, 𝑡)-Pell sequence {𝑀𝐺𝑃𝑛}. Then we can 

write 

𝑔(𝑥) =∑𝑀𝐺𝑃𝑖𝑥
𝑖

∞

𝑖=0

= 𝑀𝐺𝑃0 +𝑀𝐺𝑃1𝑥 +𝑀𝐺𝑃2𝑥
2 +⋯+𝑀𝐺𝑃𝑛𝑥

𝑛 +⋯. 

 

Also, we can write by the recursive relations 

 

𝑔(𝑥)(1 − 2𝑠𝑥 − 𝑡𝑥2) = 𝑀𝐺𝑃0 + [𝑀𝐺𝑃1 − 2𝑠𝑀𝐺𝑃0]𝑥. 
 

Thus, we obtain 

 

𝑔(𝑥) =
1

1 − 2𝑠𝑥 − 𝑡𝑥2
[(
1 𝑖
𝑖𝑡 1 − 2𝑖𝑠

) + 𝑥 (
𝑖𝑡 1 − 2𝑖𝑠

𝑡 − 2𝑖𝑠𝑡 −2𝑠 + 𝑖(4𝑠2 + 𝑡)
)]. 

 

The proof is completed.   ■ 

 

Theorem 3.4. For 2𝑠 + 𝑡 ≠ 1, the sums of the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas matrix sequences 

are given as 

 

(𝒊) ∑𝑀𝐺𝑃𝑖 =
1

2𝑠 + 𝑡 − 1
[𝑀𝐺𝑃𝑛+1 + 𝑡𝑀𝐺𝑃𝑛 −𝑀𝐺𝑃2 + (2𝑠 − 1)𝑀𝐺𝑃1]

𝑛

𝑖=1

, 

 

(𝒊𝒊)  ∑𝑀𝐺𝑄𝑖 =
1

2𝑠 + 𝑡 − 1
[𝑀𝐺𝑄𝑛+1 + 𝑡𝑀𝐺𝑄𝑛 −𝑀𝐺𝑄2 + (2𝑠 − 1)𝑀𝐺𝑄1].

𝑛

𝑖=1

 

 

Proof. By the definition of Gaussian (𝑠, 𝑡)-Pell matrix sequence recurrence relation, we have 

 

−𝑡𝑀𝐺𝑃𝑖−2 = −𝑀𝐺𝑃𝑖 + 2𝑠𝑀𝐺𝑃𝑖−1. 
 

From this equation 

 

−𝑡𝑀𝐺𝑃1 = −𝑀𝐺𝑃3 + 2𝑠𝑀𝐺𝑃2, 
 

−𝑡𝑀𝐺𝑃2 = −𝑀𝐺𝑃4 + 2𝑠𝑀𝐺𝑃3, 
 

−𝑡𝑀𝐺𝑃3 = −𝑀𝐺𝑃5 + 2𝑠𝑀𝐺𝑃4, 
 

⋮ 
 

−𝑡𝑀𝐺𝑃𝑛 = −𝑀𝐺𝑃𝑛+2 + 2𝑠𝑀𝐺𝑃𝑛+1 
 

can be written. 

Then, we have  

 

−𝑡∑𝑀𝐺𝑃𝑖 = (2𝑠 − 1)(𝑀𝐺𝑃3 +𝑀𝐺𝑃4 +⋯+𝑀𝐺𝑃𝑛+1)

𝑛

𝑖=1

−𝑀𝐺𝑃𝑛+2 + 2𝑠𝑀𝐺𝑃2. 
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After necessary calculations we get 

 

∑𝑀𝐺𝑃𝑖 =
1

2𝑠 + 𝑡 − 1
[𝑀𝐺𝑃𝑛+1 + 𝑡𝑀𝐺𝑃𝑛 −𝑀𝐺𝑃2 + (2𝑠 − 1)𝑀𝐺𝑃1].

𝑛

𝑖=1

 

 

So, the proof is completed.   ■ 
 

 

Theorem 3.5. For 2𝑠 + 𝑡 ≠ 1, we have 

 

(𝒊) ∑𝑀𝐺𝑃𝑘 =
1

2𝑠 + 𝑡 − 1

𝑛

𝑘=1

(
𝐺𝑃𝑛+2 + 𝑡𝐺𝑃𝑛+1 − 2𝑠 − 𝑡 − 𝑖𝑡 𝐺𝑃𝑛+1 + 𝑡𝐺𝑃𝑛 − 1 − 𝑖𝑡

𝑡𝐺𝑃𝑛+1 + 𝑡
2𝐺𝑃𝑛 − 𝑡 − 𝑖𝑡

2 𝑡𝐺𝑃𝑛 + 𝑡
2𝐺𝑃𝑛−1 − 𝑡 + 𝑖𝑡(2𝑠 − 1)

), 

 

(𝒊𝒊) ∑𝑀𝐺𝑄𝑘 =
1

2𝑠 + 𝑡 − 1

𝑛

𝑘=1

(
𝐺𝑄𝑛+2 + 𝑡𝐺𝑄𝑛+1 − 2(2𝑠

2 + 𝑠𝑡 + 𝑡) − 𝑖(𝑡2 + 2𝑠𝑡) 𝐺𝑄𝑛+1 + 𝑡𝐺𝑄𝑛 − 2(𝑠 + 𝑡) + 2𝑖𝑡(𝑠 − 1)

𝑡𝐺𝑄𝑛+1 + 𝑡
2𝐺𝑄𝑛 − 2𝑡(𝑠 + 𝑡) + 2𝑖𝑡

2(𝑠 − 1) 𝑡𝐺𝑄𝑛 + 𝑡
2𝐺𝑄𝑛−1 + 2𝑡(𝑠 − 1) − 2𝑖𝑡(2𝑠

2 − 𝑠 + 𝑡
). 

 

Proof. From the Theorem 3.1, we have 

 

∑𝑀𝐺𝑃𝑘 =∑(
𝐺𝑃𝑘+1 𝐺𝑃𝑘
𝑡𝐺𝑃𝑘 𝑡𝐺𝑃𝑘−1

) =

(

 
 
 
∑𝐺𝑃𝑘+1

𝑛

𝑘=1

∑𝐺𝑃𝑘

𝑛

𝑘=1

∑𝑡𝐺𝑃𝑘

𝑛

𝑘=1

∑𝑡𝐺𝑃𝑘−1

𝑛

𝑘=1 )

 
 
 𝑛

𝑘=1

𝑛

𝑘=1

. 

 

Then, by using the Theorem 2.3 we obtain 

 

∑𝑀𝐺𝑃𝑘 =
1

2𝑠 + 𝑡 − 1

𝑛

𝑘=1

(
𝐺𝑃𝑛+2 + 𝑡𝐺𝑃𝑛+1 − 2𝑠 − 𝑡 − 𝑖𝑡 𝐺𝑃𝑛+1 + 𝑡𝐺𝑃𝑛 − 1 − 𝑖𝑡

𝑡𝐺𝑃𝑛+1 + 𝑡
2𝐺𝑃𝑛 − 𝑡 − 𝑖𝑡

2 𝑡𝐺𝑃𝑛 + 𝑡
2𝐺𝑃𝑛−1 − 𝑡 + 𝑖𝑡(2𝑠 − 1)

). 

 

This completes the proof.   ■ 
 
Theorem 3.6. Let 𝑋, 𝑌 be odd indexed Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas numbers and 𝑍, 𝑇 be even 

indexed Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas numbers. Then the following equalities hold: 

 

𝑋 =∑𝑀𝐺𝑃2𝑖−1 =
(1 − 𝑡)[𝑀𝐺𝑃2𝑛+1 −𝑀𝐺𝑃1] + 2𝑠𝑡[𝑀𝐺𝑃2𝑛 −𝑀𝐺𝑃0]

4𝑠2 − (1 − 𝑡)2

𝑛

𝑖=1

, 

 

𝑌 =∑𝑀𝐺𝑄2𝑖−1 =
(1 − 𝑡)[𝑀𝐺𝑄2𝑛+1 −𝑀𝐺𝑄1] + 2𝑠𝑡[𝑀𝐺𝑄2𝑛 −𝑀𝐺𝑄0]

4𝑠2 − (1 − 𝑡)2

𝑛

𝑖=1

, 

 

𝑍 =∑𝑀𝐺𝑃2𝑖 =
𝑀𝐺𝑃2𝑛+2 − 𝑡

2𝑀𝐺𝑃2𝑛 −𝑀𝐺𝑃2 + 𝑡
2𝑀𝐺𝑃0

4𝑠2 − (1 − 𝑡)2
,

𝑛

𝑖=1

 

 

𝑇 =∑𝑀𝐺𝑄2𝑖 =
𝑀𝐺𝑄2𝑛+2 − 𝑡

2𝑀𝐺𝑄2𝑛 −𝑀𝐺𝑄2 + 𝑡
2𝑀𝐺𝑄0

4𝑠2 − (1 − 𝑡)2
.

𝑛

𝑖=1

 

 

Proof. This theorem is easily obtained by proceeding as in the proof of Theorem 2.4.   ■ 
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Theorem 3.7. Let us consider, 𝑠2 + 𝑡 > 0, 𝑠 > 0 and 𝑡 ≠ 0. We get 

 

(𝒊) ∑
𝑀𝐺𝑃𝑘

𝑥𝑘
=

1

𝑥2−2𝑠𝑥−𝑡
(𝑥𝑀𝐺𝑃1 + (𝑥

2 − 2𝑠𝑥)𝑀𝐺𝑃0) −
1

𝑥𝑛(𝑥2−2𝑠𝑥−𝑡)
𝑛
𝑘=0 (𝑥𝑀𝐺𝑃𝑛+1 + 𝑡𝑀𝐺𝑃𝑛), 

 

(𝒊𝒊) ∑
𝑀𝐺𝑄𝑘

𝑥𝑘
=

1

𝑥2−2𝑠𝑥−𝑡
(𝑥𝑀𝐺𝑄1 + (𝑥

2 − 2𝑠𝑥)𝑀𝐺𝑄0) −
1

𝑥𝑛(𝑥2−2𝑠𝑥−𝑡)
𝑛
𝑘=0 (𝑥𝑀𝐺𝑄𝑛+1 + 𝑡𝑀𝐺𝑄𝑛). 

 

Proof. From Theorem 3.2, we get 

 

∑
𝑀𝐺𝑃𝑘
𝑥𝑘

=

𝑛

𝑘=0

(
𝑀𝐺𝑃1 − 𝛽𝑀𝐺𝑃0

𝛼 − 𝛽
)∑ (

𝛼

𝑥
)
𝑘

− (
𝑀𝐺𝑃1 − 𝛼𝑀𝐺𝑃0

𝛼 − 𝛽
)∑ (

𝛽

𝑥
)
𝑘

.
𝑛

𝑘=0

𝑛

𝑘=0
 

 

By considering the definition of a geometric sequence, we have 

 

   ∑
𝑀𝐺𝑃𝑘
𝑥𝑘

=

𝑛

𝑘=0

(
𝑀𝐺𝑃1 − 𝛽𝑀𝐺𝑃0

𝛼 − 𝛽
)(
𝑥𝑛+1 − 𝛼𝑛+1

𝑥𝑛+1 (
𝑥 − 𝛼
𝑥
)
) − (

𝑀𝐺𝑃1 − 𝛼𝑀𝐺𝑃0
𝛼 − 𝛽

)(
𝑥𝑛+1 − 𝛽𝑛+1

𝑥𝑛+1 (
𝑥 − 𝛽
𝑥
)
) 

 

                        =
1

𝑥𝑛(𝑥2 − 2𝑠𝑥 − 𝑡)
[(
𝑀𝐺𝑃1 − 𝛽𝑀𝐺𝑃0

𝛼 − 𝛽
) (𝑥𝑛+1 − 𝛼𝑛+1)(𝑥 − 𝛽) − (

𝑀𝐺𝑃1 − 𝛼𝑀𝐺𝑃0
𝛼 − 𝛽

) (𝑥𝑛+1 − 𝛽𝑛+1)(𝑥 − 𝛼)] 

 

                  =
1

𝑥𝑛(𝑥2−2𝑠𝑥−𝑡)
[(
𝑀𝐺𝑃1−𝛽𝑀𝐺𝑃0

𝛼−𝛽
) (𝑥𝑛+2 − 𝑥𝑛+1𝛽 − 𝑥𝛼𝑛+1 + 𝛼𝑛+1𝛽) 

 

                                                     − (
𝑀𝐺𝑃1−𝛼𝑀𝐺𝑃0

𝛼−𝛽
) (𝑥𝑛+2 − 𝑥𝑛+1𝛼 − 𝑥𝛽𝑛+1 + 𝛽𝑛+1𝛼)]. 

 

Since 𝛼 + 𝛽 = 2𝑠, 𝛼𝛽 = −𝑡 and also by using the Binet’s formula of Gaussian (𝑠, 𝑡)-Pell matrix 

sequence, we get 

 

∑
𝑀𝐺𝑃𝑘
𝑥𝑘

=
1

𝑥𝑛(𝑥2 − 2𝑠𝑥 − 𝑡)
[𝑥𝑛+2𝑀𝐺𝑃0 − 𝑥

𝑛+1(2𝑠𝑀𝐺𝑃0 −𝑀𝐺𝑃1) − 𝑥𝑀𝐺𝑃𝑛+1 − 𝑡𝑀𝐺𝑃𝑛]

𝑛

𝑘=0

. 

 

After necessary calculations we obtain 

 

∑
𝑀𝐺𝑃𝑘
𝑥𝑘

=
1

𝑥2 − 2𝑠𝑥 − 𝑡
(𝑥𝑀𝐺𝑃1 + (𝑥

2 − 2𝑠𝑥)𝑀𝐺𝑃0) −
1

𝑥𝑛(𝑥2 − 2𝑠𝑥 − 𝑡)

𝑛

𝑘=0

(𝑥𝑀𝐺𝑃𝑛+1 + 𝑡𝑀𝐺𝑃𝑛). 

 

■ 

 

Theorem 3.8. For 𝑗 > 𝑚, we get 

 

(𝒊) ∑ 𝑀𝐺𝑃𝑚𝑖+𝑗 =
𝑀𝐺𝑃𝑚𝑛+𝑚+𝑗+(−𝑡)

𝑚𝑀𝐺𝑃𝑗−𝑚−(−𝑡)
𝑚𝑀𝐺𝑃𝑚𝑛+𝑗−𝑀𝐺𝑃𝑗

𝛼𝑚+𝛽𝑚−(−𝑡)𝑚−1
𝑛
𝑖=0 , 

 

(𝒊𝒊) ∑ 𝑀𝐺𝑄𝑚𝑖+𝑗 =
𝑀𝐺𝑄𝑚𝑛+𝑚+𝑗+(−𝑡)

𝑚𝑀𝐺𝑄𝑗−𝑚−(−𝑡)
𝑚𝑀𝐺𝑄𝑚𝑛+𝑗−𝑀𝐺𝑄𝑗

𝛼𝑚+𝛽𝑚−(−𝑡)𝑚−1
𝑛
𝑖=0 . 

 

Proof. Let us consider 𝐴 =
𝑀𝐺𝑃1−𝛽𝑀𝐺𝑃0

𝛼−𝛽
 and 𝐵 =

𝑀𝐺𝑃1−𝛼𝑀𝐺𝑃0

𝛼−𝛽
. After, we write 

 

∑ 𝑀𝐺𝑃𝑚𝑖+𝑗 = ∑
𝐴𝛼𝑚𝑖+𝑗−𝐵𝛽𝑚𝑖+𝑗

𝛼−𝛽
𝑛
𝑖=0

𝑛
𝑖=0   
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                      =
1

𝛼−𝛽
(𝐴𝛼𝑗 ∑ 𝛼𝑚𝑖 − 𝐵𝛽𝑗 ∑ 𝛽𝑚𝑖𝑛

𝑖=0
𝑛
𝑖=0 ) 

 

                      =
1

𝛼−𝛽
[𝐴𝛼𝑗 (

1−𝛼𝑚𝑛+𝑚

1−𝛼𝑚
) − 𝐵𝛽𝑗 (

1−𝛽𝑚𝑛+𝑚

1−𝛽𝑚
)]. 

 

After necessary calculations we obtain 

 

∑ 𝑀𝐺𝑃𝑚𝑖+𝑗 =
𝑀𝐺𝑃𝑚𝑛+𝑚+𝑗 + (−𝑡)

𝑚𝑀𝐺𝑃𝑗−𝑚 − (−𝑡)
𝑚𝑀𝐺𝑃𝑚𝑛+𝑗 −𝑀𝐺𝑃𝑗

𝛼𝑚 + 𝛽𝑚 − (−𝑡)𝑚 − 1

𝑛

𝑖=0
. 

 

So, the proof is completed.   ■ 

 

By using the matrix representation in the following theorem, we have given some equations for these 

newly defined numbers. 

 

Theorem 3.9. For 𝑚, 𝑛 ≥ 0, we get 

 

(𝒊) 𝑀𝐺𝑃𝑚𝑀𝐺𝑃𝑛 = 𝑀𝐺𝑃𝑛𝑀𝐺𝑃𝑚, 
  

(𝒊𝒊) 𝑀𝐺𝑄𝑚𝑀𝐺𝑄𝑛 = 𝑀𝐺𝑄𝑛𝑀𝐺𝑄𝑚, 
 

(𝒊𝒊𝒊) 𝑀𝐺𝑃𝑚𝑀𝐺𝑃𝑛+1 = 𝑀𝐺𝑃𝑚+1𝑀𝐺𝑃𝑛, 
  

(𝒊𝒗) 𝑀𝐺𝑄𝑚𝑀𝐺𝑄𝑛+1 = 𝑀𝐺𝑄𝑚+1𝑀𝐺𝑄𝑛. 
 

Proof. 𝑀𝐺𝑄𝑚𝑀𝐺𝑄𝑛 = (𝑀𝑄𝑚 + 𝑖𝑡𝑀𝑄𝑚−1)(𝑀𝑄𝑛 + 𝑖𝑡𝑀𝑄𝑛−1) 
 

                                    = 𝑀𝑄𝑚𝑀𝑄𝑛 + 𝑖𝑡𝑀𝑄𝑚𝑀𝑄𝑛−1 + 𝑖𝑡𝑀𝑄𝑚−1𝑀𝑄𝑛 − 𝑡
2𝑀𝑄𝑚−1𝑀𝑄𝑛−1 

 

Since 𝑀𝑄𝑚𝑀𝑄𝑛+1 = 𝑀𝑄𝑚+1𝑀𝑄𝑛 (see [8, Theorem 13]) and 𝑀𝑄𝑚𝑀𝑄𝑛 = 𝑀𝑄𝑛𝑀𝑄𝑚 (see [8, 

Proposition 9]) where 𝑀𝑄𝑛 is the nth Pell-Lucas matrix, we have 

 

𝑀𝐺𝑄𝑚𝑀𝐺𝑄𝑛 = 𝑀𝑄𝑛𝑀𝑄𝑚 + 𝑖𝑡𝑀𝑄𝑛𝑀𝑄𝑚−1 + 𝑖𝑡𝑀𝑄𝑛−1𝑀𝑄𝑚 − 𝑡
2𝑀𝑄𝑛−1𝑀𝑄𝑚−1 

 

                        = (𝑀𝑄𝑛 + 𝑖𝑡𝑀𝑄𝑛−1)(𝑀𝑄𝑚 + 𝑖𝑡𝑀𝑄𝑚−1) 
 

                        = 𝑀𝐺𝑄𝑛𝑀𝐺𝑄𝑚. 
 

The proof is completed.   ■ 

 

Theorem 3.10. (Catalan’s Identity) For 𝑛 ≥ 0 and 𝑛 ≥ 𝑟, the following results hold. 

 

(𝒊) 𝑀𝐺𝑃𝑛−𝑟𝑀𝐺𝑃𝑛+𝑟 = 𝑀𝐺𝑃𝑛
2, 

 

(𝒊𝒊) 𝑀𝐺𝑄𝑛−𝑟𝑀𝐺𝑄𝑛+𝑟 = 𝑀𝐺𝑄𝑛
2. 

 

Proof. Let 𝐴 = 𝑀𝐺𝑃1 − 𝛽𝑀𝐺𝑃0 and 𝐵 = 𝑀𝐺𝑃1 − 𝛼𝑀𝐺𝑃0. Then, using Theorem 3.2, we can write 

 

𝑀𝐺𝑃𝑛−𝑟𝑀𝐺𝑃𝑛+𝑟 −𝑀𝐺𝑃𝑛
2 = (

𝐴𝛼𝑛−𝑟 − 𝐵𝛽𝑛−𝑟

𝛼 − 𝛽
)(
𝐴𝛼𝑛+𝑟 − 𝐵𝛽𝑛+𝑟

𝛼 − 𝛽
) − (

𝐴𝛼𝑛 − 𝐵𝛽𝑛

𝛼 − 𝛽
)

2

. 

 

After necessary calculations, we get 
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𝑀𝐺𝑃𝑛−𝑟𝑀𝐺𝑃𝑛+𝑟 −𝑀𝐺𝑃𝑛
2 =

𝐴𝐵𝛼𝑛−𝑟𝛽𝑛−𝑟(2𝛼𝑟𝛽𝑟 − 𝛼2𝑟 − 𝛽2𝑟)

(𝛼 − 𝛽)2
. 

 

Hence, from 𝐴𝐵 = (
0 0
0 0

), we have 𝑀𝐺𝑃𝑛−𝑟𝑀𝐺𝑃𝑛+𝑟 = 𝑀𝐺𝑃𝑛
2, as required. 

 

This completes the proof.   ■ 

 

Theorem 3.11. For 𝑛 ≥ 0, following equalities are valid: 

 

(𝒊) 𝑀𝐺𝑄𝑛 = 2𝑠𝑀𝐺𝑃𝑛 + 2𝑡𝑀𝐺𝑃𝑛−1, 
 

(𝒊𝒊) 𝑀𝐺𝑄𝑛 = 𝑀𝐺𝑃𝑛+1 + 𝑡𝑀𝐺𝑃𝑛−1. 
  

Proof.  
 

(𝒊)  2𝑠𝑀𝐺𝑃𝑛 + 2𝑡𝑀𝐺𝑃𝑛−1 = 2𝑠(𝑀𝑃𝑛 + 𝑖𝑡𝑀𝑃𝑛−1) + 2𝑡(𝑀𝑃𝑛−1 + 𝑖𝑡𝑀𝑃𝑛−2)      
 

                                             = 2𝑠𝑀𝑃𝑛 + 2𝑡𝑀𝑃𝑛−1 + 𝑖𝑡(2𝑠𝑀𝑃𝑛−1 + 2𝑡𝑀𝑃𝑛−2). 
 

Since 𝑀𝑄𝑛 = 2𝑠𝑀𝑃𝑛 + 2𝑡𝑀𝑃𝑛−1 (see [8, Theorem 10]), we have 

 

2𝑠𝑀𝐺𝑃𝑛 + 2𝑡𝑀𝐺𝑃𝑛−1 = 𝑀𝑄𝑛 + 𝑖𝑡𝑀𝑄𝑛−1 
 

                                       = 𝑀𝐺𝑄𝑛. 
 

(𝒊𝒊) 𝑀𝐺𝑃𝑛+1 + 𝑡𝑀𝐺𝑃𝑛−1 = (𝑀𝑃𝑛 + 𝑖𝑡𝑀𝑃𝑛−1) + 𝑡(𝑀𝑃𝑛−1 + 𝑖𝑡𝑀𝑃𝑛−2) 
   

                                           = (𝑀𝑃𝑛+1 + 𝑡𝑀𝑃𝑛−1) + 𝑖𝑡(𝑀𝑃𝑛 + 𝑡𝑀𝑃𝑛−1). 
 

Since 𝑀𝑄𝑛 = 𝑀𝑃𝑛+1 + 𝑡𝑀𝑃𝑛−1 (see [8, Theorem 10]), we get 

 

𝑀𝐺𝑃𝑛+1 + 𝑡𝑀𝐺𝑃𝑛−1 = 𝑀𝑄𝑛 + 𝑖𝑡𝑀𝑄𝑛−1 
 

                                    = 𝑀𝐺𝑄𝑛. 
■ 

 

4. Conclusion 

 

We firstly introduce the Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas sequences. By using these sequences, we 

define Gaussian (𝑠, 𝑡)-Pell and Pell-Lucas matrix sequences. We also give some results, such as Binet’s 

formulas, generating functions and summation formulas for these sequences. Moreover, we obtain some 

relationships between these matrix sequences. 

 

References 

 
[1] Benjamin A.T., Plott S.S., Sellers J.A. 2008. Tiling Proofs of Recent Sum Identities Involving Pell 

Numbers, Annals of Combinatorics, 12 : 271-278. 

[2]   Berzsenyi G. 1977. Gaussian Fibonacci Numbers, Fibonacci Quarterly, 15 (3): 233-236. 

[3] Catarino P., Campos H. 2018. A Note on Gaussian Modified Pell Numbers, Journal of Information 

& Optimization Sciences, 39 (6): 1363-1371. 

[4] Civciv H., Türkmen R. 2008. Notes on the (𝑠, 𝑡)-Lucas and Lucas Matrix Sequences, Ars 

Combinatoria, 89 : 271-285. 



N. Karaaslan, T. Yağmur / BEÜ Fen Bilimleri Dergisi 8 (1), 46-59, 2019 

59 

[5] Civciv H., Türkmen R. 2008. On the (𝑠, 𝑡)-Fibonacci and Fibonacci Matrix Sequences, Ars 

Combinatoria, 87: 161–173. 

[6] Daşdemir A. 2011. On the Pell, Pell-Lucas and modified Pell Numbers By Matrix Method, Applied 

Mathematical Sciences, 5 (64): 3173-3181. 

[7] Good J.J. 1981. Complex Fibonacci and Lucas Numbers, Continued Fractions, and the Square Root 

of the Golden Ratio, Fibonacci Quaterly, 31 (1): 7-20. 

[8] Gulec H.H., Taskara N. 2012. On the (s,t)-Pell and (s,t)-Pell-Lucas Sequences and Their Matrix 

Representations, Applied Mathematics Letters, 25 (10): 1554-1559. 

[9] Halıcı S., Daşdemir A. 2010. On Some Relationships Among Pell, Pell-Lucas and modified Pell 

Sequences, Fen Bilimleri Dergisi, 1 (1): 141-145. 

[10] Halıcı S., Öz S. 2016. On Some Gaussian Pell and Pell-Lucas Numbers, Ordu Univ. Science and 

Technology Journal, 6 (1): 8-18. 

[11] Halıcı S., Öz S. 2018. On Gaussian Pell Polynomials and Their Some Properties, Palestine Journal 

of Mathematics, 7 (1): 251-256. 

[12] Harman C.J. 1981. Complex Fibonacci Numbers, Fibonacci Quaterly, 19 (1): 82-86. 

[13] Horadam A.F. 1963. Complex Fibonacci Numbers and Fibonacci Quaternions, American Math. 

Monthly, 70: 289-291. 

[14] Horadam A.F. 1971. Pell Identities, Fibonacci Quarterly, 9 (3): 245-263. 

[15] Jordan J.H. 1965. Gaussian Fibonacci and Lucas Numbers, Fibonacci Quarterly, 3: 315-318. 

[16] Koshy T. 2001. Fibonacci and Lucas Numbers with Applications, John Wiley and Sons Inc., 672p. 

NY. 

[17] Pektaş P. 2015. (𝑠, 𝑡)-Gauss Fibonacci ve Lucas Sayılarının Kombinatorial Özellikleri Üzerine. 

Pamukkale Üniversitesi, Fen Bilimleri Enstitüsü, Yüksek lisans tezi, 53s, Denizli. 

[18] Pethe S., Horadam A.F. 1986. Generalized Gaussian Fibonacci Numbers, Bull. Austral. Math. Soc., 

33 (1): 37-48. 

[19] Stakhov A., Rozin B. 2006. Theory of Binet Formulas for Fibonacci and Lucas p-numbers, 

Solitions & Fractals, 27 (5): 1162-1177. 

[20] Taskara N., Uslu K., Guleç H.H. 2010. On the Properties of Lucas Numbers With Binomial 

Coefficients, Applied Mathematics Letters, 23 (1): 68-72. 

[21] Yagmur T., Karaaslan N. 2018. Gaussian Modified Pell Sequence and Gaussian Modified Pell 

Polynomial Sequence, Aksaray J. Sci. Eng., 2 (1): 63-72. 

 

 

 

 

 


