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Abstract: In the study, two relations between the Dedekingl’$unction and6- function were established by using characteristic
values(g, ') = (0,0), (0,1)(mod) for 8-function according t(% coefficient of period pa{u, 7). The transformations among the theta
functions according to the periods have been given and di#acstyle elliptic functions has been set up the theta fandty the help

of a defined function.
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1 Introduction

It is of advantage to introduce function, defined &,T), which has a rapidly convergent expansion in infinite sgrie
and which is directly connected whith the sigma function dig¥strass.Let be a complex variable, with=%7é real,
Imr>0, andw= m w;+nw; with (m,n) # (0,0), m,n are integers and is a complex variable. We define the function
6(u, 1) by the series,

0] & (=Y exp! (n+ &) nir+ 2mi(n+ E)u+ &) @)
g | (T =2 &P (3 2173
n. | € £ 1 0 1 0 , . .
where(g, € ) is g and =111 1ol 0o (mod 2), € ande¢’ are integers, and n ranges over all the integers

(-0 to ). The series in [1] converges absolutely, and uniformlyampact sets of the u-complex plane, and therefore
represents an entire function of u[2]. We can see the foligwiternative theta functions.

€
0| ¢

wherep=exp{- (1 + 2)7i- (2u+e’)mi} and l;]

1 _1_
(u+—+i T)=uo Etya

2r o g+ 4
1| |of| |1
11’|1("|0}’

2

6 l;] (u,1) = ;exp{(f”rg) 711'T+2m'(n+§)(u+%/)}

2[

0
0

(mod 2, and¢’ are integers in [2].
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Wherel:/] = [ﬂ , [(1)] , lé] , [8] (mod 2, € ande’ are integersi ranges over all the integersq1o ) in [2].

6 ;] (ut)= Zexp{(n+g)2mr+2i(n+g)(u—%n)}

where ; = [ﬂ , [ﬂ , [é 8 (mod2), € ande’ are integers ranges over all the integersq4o o) in [4]. If

£,
alternative formula in [4].

[81 = i (mod 2 then® [ﬂ (uT)=—i z(—l)“exp{(n+ %)zm'H (2n+1)m'u} This functiond [ﬂ (u,T)isan

If [;] = lg] (mod 2 andu = 0 then the functior® (u,7) is an alternative formulain [4].

g (0,7) = S exp(n?mit) The functior® [g] (0,7) is an alternative formula
n

If [;] = [8] (mod 2 and u=0 ther®

Definition 1. A period, denotee{ z} is b+ar.

ifr=3then%{z}

A reduced quarter-period is a quarter-period in which ajméq or 1 [4]. With the help of this alternativa formula in [2]

1
ol
+
ool

Above, we can get the following equalities according to tpraperiods. If[:, = [ﬂ (mod 2 then

0 [ﬂ (u+%{i},r) = Zexp{(nJr%)zmr+2m(n+%)(u+%{1}+%}
Nt mr 7

2
’“Tz exp{ %) mr+(2n+1)mu+—+—+—+—}
i lj] = m (mod3 then

2 2 4 4
9[; (u+%{ } exp{ = mr+2m(n+;)(u+%{i}}

=€ T‘%Ze { = mr+(2n+1)mu+7+ﬂ4r+%+%}
n

Using the equations we can get

oY wstl? "
1| Utey D iem e 3 (— )exp{( 12rit+ (2n+L)mi +Tm+%+%+%}
= Tt i o R -
Bl(l) (u+%{1},r) e T%e {(n+ )mr+(2n+1)mu+ L L
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(i) If nis 0 or even integerther@,[ﬂ (U+%{1 ,T) =160 1 (u+%{1 ,T).
(i) If nis odd integerthen@[l (u+%{1},r)=—ie[1 }
1 1 0
£ 0
If [s’] = [11 (mod?2) then

6 li (u+%{i},r)Zexp{n2m1+2nm(u+%{i}+%}

=Z(—l)”exp{nzmr+2nm‘u+@+ﬂ}
mn 4 4
& 0
If [SI‘| = [O] (mod?2) then
0 1)1 - 2. . 1)1
6 [01 (U+§{1},T)—;exp{n mr+2nm(u+§{l}}
{2- . nmi nrn'r}
:zexp N7 T + 2n7iu + — + ——
n 4 4

From the above equations we obtain
0 [O
1

9[8 (u+%{1},r)

(i) If nis O or even integer then

1
1 o
(U+§{1}7T) %(—1)”exp{n2m'r+2nm'u+%+%r}

%exp{nzm T(2nmiu+ M 4 nATY

(iv) If nis odd integer then

Theorem 1.The functiond [ﬂ (u,T) defined in [3] is odd function of u and it can be expressed byitefproduct

[ee]

0 [ﬂ (uT) = ce%zsinnuﬁl{lezmwu)m} {17 ez(npu)m}

n=1

where c= |°'o| (1—€”"T), Imt >0 [2]. We consider the functiop(u,t) expressed by product
n—1

8
8

¢(u,T) = {1,e[<2n71)r+zu]ni} {178[(2n71)r72u]rn'}.

n=1 n=1
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Gl(ur)
1|

Theorem 2.The functionW is a elliptic function with periods 1 and.

:
0 (u,1)
Proof.Let ¢(u,T) = ——=——, then we write

(u+1,1) Glﬂ (u,1) elﬂ (—u,T)

|
1
LIJ(U+ 1’ T) = ¢(U+ :]_7 '[) - ¢(U, T) - ¢(U, T)

where6 lﬂ (u,T)=-06 [ﬂ (—u, 1) from theorem 2.

6 [1 (u+t,1) —e(2HDg [ﬂ (ut) 6 [ﬂ (u,1)

d(u+T,7) - e (DT (u, 1) - é(u,1)

wutT7) =

since

8

—1s

o(u+1,7)

1— e(2n71)rrn'+2rri(u+r)} {17 e(2n71)rrn'72rri(u+r)}

1

=]
[l

1

8
=]
Il

_el

=

1_ e(2n+1)rrn'+2rriu} 2n73)rrn'72rriu}

I
—1s

T
L

n=1

8
8

——

{1 _ e[2(n71)71]rrn'72niu}

T
L

N

?:8 ?:|8

=

{
{
{ 1 _ g2n+1)-1jtrmi+2miu
{
{

1— e(2n+l)rrri+2rn'u} {1 _ e</2”*3>"i*2wi}

1_e(2n+l)rni+2rn'u} ﬁ 1_e<2m—1>rm>2m'u} {1_ ef(nirwtzmu)} {1_ e(m‘r+2m‘u)}’1
m=

_ 7e7(2u+1')7Tiq0(u7 .[.)

The functiony(u, T) is therefore a doubly periodic with periods 1 arfthving neither zeros nor poles on account of the
fact thatf 1 (u,7) possesses the same periodicity factorg@st). Hence the functiog(u, ) is an elliptic function
since the set of all meromorphic functions form a field aw@, 7) is meromorphic and periodic with periods 1 and

(2], [4].

We first define the Riemann&-function by the series
6% (= i exp{(n+a)2mr+2711(n+a)(u+b)}
b| e

with a given complex number u ,and complex numbeatisfying In{t = % #real) > 0 and characterist[cﬂ where

a,b are rational numbers. Let us recall the transformatibs n = n(n+ 1) is congruent to zero module (2 |n(n+1)
wheren = 0( mod 2 and? |n(n+ 1) from n+ 1= 0( mod 2if n= 1(mod2) [4].

(© 2017 BISKA Bilisim Technology
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In this article, we treat the special value®ffunction with charactenstl%g,]

——00

0 [;] (u,1) =n§ exp{(n+g)2m‘r+2m‘(n+%)(u+ %’)}

[ﬂ , lg] (mod2,ande, £’are integers6]. Thus, we have the following relations

where [‘:,]

0 [ﬂ (uT) = i (—1)"exp(n?7iiT 4 2nmiu).

Nn=—oo
Now , let us observe that
0 . :
6 u,t) =Y exp(n’mit + 2nmiu).
M( )=y el )
Then we see

2} lg] (u,T) = i (exp(nmiT 4 2niiu).

N=—o00
that the functionf 8 (0,7) defined by the series ifil] is a alternative formula oP l;] (u,T).The formulas

6 [8] (u,T) and@ [ﬂ (u,T) were used in this article whete# 0. At first we see the infinite products

00

0 0 (1) = l—l (1 €2MiT), ﬁ 1+ gen-Dmitt2niuy | (9 4 g(2n-1)rir—2riuy
0 n=1 n=1 n=1

8

which it converges absolutelg] .

Theorem 3.We have the relations

() n(u=e¥.0 m (558,7).

(i) 6 (”+6 T) = e*%r;(u). |°'o| (1—el2n-D7u) hetween the functiord 8] (u1), 0 [ﬂ (u,T) and Dedekind’s

n-functlon which defined by the infinite product

wherelImt > 0 and k is a integer [6].

Proof.

(i) Letusrecall the formula

0 hd . e o0
0 [0] U= (1—e2mm), M (1+ el2n-rit2riu) )7 ¢ (14 el2n-Drir—2riuy
n=1 n=1 n—1
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If k integer, then we have

0 ® . © =) ]
2] [0 (3u+2k, T) — (1_e2nm(3u+2k)). I—l (1+e(2n 1) 71 (3u+2K) +2mr I—l 1+eZn 1) 71 (3u+2K)— Zmr)
n=1 n=1 n—1
—_ (1ieﬁnmu>' (1+ 6nrnu 2miu—(2k—1)mi |—| nmu 4riu—(2l +1)m)
n=1 n=1 n=1
— 2 (1ieGnrriU)' ad (1 6nrnu 2rnu ad 6nrnu 4rnu>
n=1 n=1 n:l

If we setG = €™, then we obtain

0 [oe] [oe] [oe]
0| |Bu+2kt)=[]1-GC".[11-G"1).[1(1-GC"?.
B fle-snfa-sif
On the other hand, we may set m+ 1, then
O [oe] 0 0
6| | (But+2k1)=[](1-G™3). [ (1-G"2). N (1-Gm1
5 I I I

= (1-G)(1-GH(1-G}(1-G* =

|‘| (1-GM =[] @—&™™).

m=1 m=1

According to above equations, we have

n(u) = et 0 [8 (Bu+2k, 1)

from the Dedekind’s)-function defined by the infinite product
— et |—| e,2nmu
(i) According to the equation,

n=—oo

0 [ﬂ (u,T) = % (—1)"exp(nmiT + 2n7Tiu)
we have
6 m (U8 1) = i (—1)"exp[3n(3n+ 1) miu]
=1+ Y (~1)"{exp[3n(3n— 1)7iu] +exp[3n(3n+ 1)7iu] }
Where%n(3nwL 1) are the pentagonal numbers and n is negative integers [4].

This results play a role of key stone in the forthcoming waska@erning relation between ttéetheta function and
Dedekind’sn-function. In fact , if the application of theorem.3(ii)onet relation obtained with the theorem.3.(i)
which known as the equation between DedekimgFfunction and L.Euler’s theorem on pentagonal numbers is

(© 2017 BISKA Bilisim Technology
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done, we obtain

6 [ﬂ (%22.1) % (—=1)"exp(2n(3n+ 1) miu)

n=—oco

|°—°| (17 e(2n—1)m'u) |°—°| (17 e(Zn—l)m'u)
n=1 —

n=1
ma-em . |
_ oon: |j (1_e2n7TIU) :e’l_r](u).

|—| (17e(2n—1)m'u) _n 1
n=1

.
c

As a result, the relation has been obtained between thetBealkind’s 1) (u) functions by using the characteristic

ﬂ and the variablé‘j—6 instead of the characterist[cﬂ and the variablé‘%1 which were previously used by

[4].

2 Conclusion

A new correlation was established between theta and Dedliekafunctions using 1/8 times of periods and an appropriate
value of the variable.

Competing interests

The authors declare that they have no competing interests.

Authors’ contributions

All authors have contributed to all parts of the article. &lithors read and approved the final manuscript.

References

[1] Gregory L. Wilson, A family of modular functions Arisinfyjom the theta function London Math. Soc. (3),55,1987, Lamd

[2] Harry E.Rauch, Elliptic Functions, Theta FunctionsddRiemann surfaces, The Library of Congress catalog cardbaui-
88141, SBN 683-07187-4, 1973 Baltimore, USA.

[3] Komaravolu, C., Elliptic functions, Springer-VerlagBin Heidelberg New York Tokyo, ISBN 0-387-15295-4,19&ermany.

[4] Yildiz.I., Uyanik. N., “On The Elliptic Function Arising From the &ta Functions and Dedekind’s -function” Journal of Math.
and Stat.1 (2):153-159 ( 2005).

[5] Yildiz, 1., On extension of the modular transformatiomger the modular group by reflection” journal of applied neatfatics and
computation. 153 (2004).111-116.

[6] Tom M. Apostol., Modular functions and Dirichled SeriesNumber theory.California institute of technology. Janul976.

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

	Introduction
	Conclusion

