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Abstract: In this paper, by using an integral identity together with both the Hölder and the Power-Mean integral inequality we
established some new integral inequalities for functions whosenth derivatives in absolute value are(α,m)-convex functions.
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1 Introduction

In this work, we establish some new integral inequalities for functions whosenth derivatives in absolute value are(α,m)-

convex functions. Convexity theory has appeared as a powerful technique to study a wide class of unrelated problems in

pure and applied sciences. For some inequalities, generalizations and applications concerning convexity see [5, 7-9,12,

14, 16-18, 20]. Recently, in the literature there are so manypapers aboutn-times differentiable functions on several kinds

of convexities. In references [1, 3, 4, 6, 16, 19, 20], readers can find some results about this issue. Many papers have been

written by a number of mathematicians concerning inequalities for different classes of(α,m)-convex functions see for

instance the recent papers [1, 2, 10, 11, 13, 15] and the references within these papers.

Definition 1. A function f : I ⊆ R→ R is said to be convex if the inequality

f (tx+(1− t)y)≤ t f (x)+ (1− t) f (y)

is valid for all x,y∈ Iand t∈ [0,1]. If this inequality reverses, then f is said to be concave on interval I 6=∅. This definition

is well known in the literature.

In [18], G. Toader definedm-convexity as the following.

Definition 2. The function f: [0,b]→ R, b> 0, is said to be m-convex, where m∈ [0,1], if we have

f (tx+m(1− t)y)≤ t f (x)+m(1− t) f (y)

for all x,y∈ [0,b]and t∈ [0,1]. Denote by Km(b) the set of the m-convex functions on[0,b] for which f(0)≤ 0.

In [17], V.G. Miheşan defined(α,m)-convexity as the following.
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Definition 3. The function f: [0,b]→ R, b> 0, is said to be(α,m)-convex, where(α,m) ∈ [0,1]2 , if we have

f (tx+m(1− t)y)≤ tα f (x)+m(1− tα) f (y)

for all x,y ∈ [0,b]and t∈ [0,1]. Denote by Kαm(b) the class of all(α,m)-convex functions on[0,b] for which f(0) ≤ 0.

It can be easily seen that for(α,m) = (1,m), (α,m)-convexity reduces to m-convexity;(α,m) = (α,1), (α,m)-convexity

reduces toα-convexity and for(α,m) = (1,1), (α,m)-convexity reduces to the concept of usual convexity definedon

[0,b] , b> 0. For recent results and generalizations concerning(α,m)-convex functions, see ([2] and [15]).

Let 0< a< b, throughout this paper we will use

A(a,b) =
a+b

2
, Lp (a,b) =

(

bp+1−ap+1

(p+1)(b−a)

)

1
p

, a 6= b, p∈ R, p 6=−1,0,

for the arithmetic, geometric, logarithmic, generalized logarithmic mean fora,b> 0 respectively.

2 Main Results

Especially we note that;

(i) In case ofm= 1 andα = s, the results are obtained in this paper reduce to the resultsobtained fors-convex functions

in the first sense in [14].

(ii) In case ofα = m= 1, the results are obtained in this paper reduce to the results obtained for convex functions in

[16].

We will use the following Lemma [16] in order to obtain the main results.

Lemma 1. Let f : I ⊆ R→ R be n-times differentiable mapping on I
◦

for n∈ N and f(n) ∈ L[a,b], where a,b∈ I
◦

with

a< b, we have the identity

n−1

∑
k=0

(−1)k
(

f (k) (b)bk+1− f (k) (a)ak+1

(k+1)!

)

−

∫ b

a
f (x)dx=

(−1)n+1

n!

∫ b

a
xn f (n) (x)dx.

where an empty sum is understood to be nil.

Theorem 1. For all n ∈ N; let f : I ⊆ [0,∞) → Rbe n-times differentiable function on I
◦

and a,b ∈ I
◦

with a< b. If

f (n) ∈ L[a,b] and
∣

∣

∣
f (n)
∣

∣

∣

q
for q> 1 is (α,m)-convex on[a,b], then the following inequality holds.

∣

∣

∣

∣

∣

n−1

∑
k=0

(−1)k
(

f (k) (b)bk+1− f (k) (a)ak+1

(k+1)!

)

−

∫ b

a
f (x)dx

∣

∣

∣

∣

∣

≤
1
n!
(b−a)Ln

np(a,b)

[

f (b)−m f
(

a
m

)

α +1
+m f

( a
m

)

]
1
q

where1
p +

1
q = 1.

Proof.Since
∣

∣

∣
f (n)
∣

∣

∣

q
for q> 1 is (α,m)-convex on[a,b], using Lemma 1, the Hölder integral inequality and

∣

∣

∣
f (n) (x)

∣

∣

∣

q
=

∣

∣

∣

∣

f (n)
(

x−a
b−a

b+m
b− x
b−a

a
m

)∣

∣

∣

∣

q

≤

[

x−a
b−a

]α
f (b)+m

[

1−

(

x−a
b−a

)α]

f
( a

m

)

we have
∣

∣

∣

∣

∣

n−1

∑
k=0

(−1)k
(

f (k) (b)bk+1− f (k) (a)ak+1

(k+1)!

)

−

∫ b

a
f (x)dx

∣

∣

∣

∣

∣

≤
1
n!

∫ b

a
xn
∣

∣

∣
f (n) (x)

∣

∣

∣
dx
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≤
1
n!

(

∫ b

a
xnpdx

)
1
p
(

∫ b

a

∣

∣

∣
f (n) (x)

∣

∣

∣

q
dx

)
1
q

≤
1
n!

(

∫ b

a
xnpdx

)
1
p
(

∫ b

a

([

x−a
b−a

]α
f (b)+m

[

1−

(

x−a
b−a

)α]

f
( a

m

)

)

dx

)

1
q

=
1
n!

(

bnp+1

np+1
−

anp+1

np+1

)

1
p
(

(b−a)α+1

α +1

[

f (b)

(b−a)α −m
f
(

a
m

)

(b−a)α

]

+m
f
(

a
m

)

(b−a)α
(b−a)α+1

)
1
q

=
1
n!

(

bnp+1−anp+1

np+1

)

1
p
(

b−a
α +1

[

f (b)−m f
( a

m

)]

+m f
( a

m

)

(b−a)

)
1
q

=
1
n!
(b−a)

1
p

[

bnp+1−anp+1

(np+1)(b−a)

]

1
p
(

b−a
α +1

[

f (b)−m f
( a

m

)]

+m f
( a

m

)

(b−a)

)1
q

=
1
n!
(b−a)

1
p+

1
q

[

bnp+1−anp+1

(np+1)(b−a)

]

1
p
[

f (b)−m f
(

a
m

)

α +1
+m f

( a
m

)

] 1
q

=
1
n!
(b−a)Ln

np(a,b)

[

f (b)−m f
(

a
m

)

α +1
+m f

( a
m

)

] 1
q

This completes the proof of theorem.

Corollary 1. Under the conditions Theorem 1 for n= 1we have the following inequality,

∣

∣

∣

∣

f (b)b− f (a)a
b−a

−
1

b−a

∫ b

a
f (x)dx

∣

∣

∣

∣

≤ Lp(a,b)

[

f (b)−m f
(

a
m

)

α +1
+m f

( a
m

)

]
1
q

.

Theorem 2.For all n ∈ N; let f : I ⊆ [0,∞)→ R be n-times differentiable function and0≤ a< b. If
∣

∣

∣
f (n)
∣

∣

∣

q
∈ L[a,b] and

∣

∣

∣
f (n)
∣

∣

∣

q
for q≥ 1 is (α,m)-convex on[a,b], then the following inequality holds.

∣

∣

∣

∣

∣

n−1

∑
k=0

(−1)k
(

f (k) (b)bk+1− f (k) (a)ak+1

(k+1)!

)

−

∫ b

a
f (x)dx

∣

∣

∣

∣

∣

≤
1
n!
(b−a)1−

1
q L

n
(

q−1
q

)

n (a,b)

[

M

(b−a)α

[

f (b)−m f
( a

m

)]

+m(b−a) f
( a

m

)

Ln
n(a,b)

]
1
q

where M= M (a,b,α,n) =
∫ b

a xn(x−a)αdx.

Proof.From Lemma 1 and Power-mean integral inequality, we obtain

∣

∣

∣

∣

∣

n−1

∑
k=0

(−1)k
(

f (k) (b)bk+1− f (k) (a)ak+1

(k+1)!

)

−

∫ b

a
f (x)dx

∣

∣

∣

∣

∣

≤
1
n!

∫ b

a
xn
∣

∣

∣
f (n) (x)

∣

∣

∣
dx

≤
1
n!

(

∫ b

a
xndx

)1− 1
q
(

∫ b

a
xn
∣

∣

∣
f (n) (x)

∣

∣

∣

q
dx

)
1
q

≤
1
n!

(

∫ b

a
xndx

)1− 1
q
(

∫ b

a
xn
([

x−a
b−a

]α
f (b)+m

[

1−

(

x−a
b−a

)α]

f
( a

m

)

)

dx

)

1
q
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=
1
n!

(

∫ b

a
xndx

)1− 1
q
(

f (b)

(b−a)α

∫ b

a
xn(x−a)αdx+

m f
(

a
m

)

(b−a)α

∫ b

a
xn[(b−a)α − (x−a)α]dx

) 1
q

=
1
n!

(

bn+1−an+1

n+1

)1− 1
q
(

f (b)

(b−a)α M+m f
( a

m

)

(

bn+1−an+1

n+1

)

−
m f
(

a
m

)

(b−a)α M

) 1
q

=
1
n!
(b−a)1−

1
q

[

bn+1−an+1

(n+1)(b−a)

]1− 1
q

×

(

M

(b−a)α

[

f (b)−m f
( a

m

)]

+m(b−a) f
( a

m

)

[

bn+1−an+1

(n+1)(b−a)

])

1
q

=
1
n!
(b−a)1−

1
q L

n
(

q−1
q

)

n (a,b)

[

M

(b−a)α

[

f (b)−m f
( a

m

)]

+m(b−a) f
( a

m

)

Ln
n(a,b)

]
1
q

This completes the proof of theorem.

Corollary 2. Under the conditions Theorem 2.2 for n= 1we have the following inequality.

∣

∣

∣

∣

f (b)b− f (a)a
b−a

−
1

b−a

∫ b

a
f (x)dx

∣

∣

∣

∣

≤ A
q−1

q (a,b)

[

(α +1)b+a
(α +1)(α +2)

(

f (b)−m f
( a

m

))

+m f
( a

m

)

A(a,b)

] 1
q

.

Proposition 1.Under the conditions Corollary 2 for q= 1 we have the following inequality.

∣

∣

∣

∣

f (b)b− f (a)a
b−a

−
1

b−a

∫ b

a
f (x)dx

∣

∣

∣

∣

≤
(α +1)b+a
(α +1)(α +2)

(

f (b)−m f
( a

m

))

+m f
( a

m

)

A(a,b).

Corollary 3. Under the conditions Theorem 2 for q= 1 we have the following inequality.

∣

∣

∣

∣

∣

n−1

∑
k=0

(−1)k

(

f (k) (b)bk+1− f (k) (a)ak+1

(k+1)!

)

−

∫ b

a
f (x)dx

∣

∣

∣

∣

∣

≤
1
n!

[

M

(b−a)α

(

f (b)−m f
( a

m

))

+m(b−a) f
( a

m

)

Ln
n(a,b)

]

.

Theorem 3.For all n ∈ N; let f : I ⊆ [0,∞)→ R be n-times differentiable function and0≤ a< b. If
∣

∣

∣
f (n)
∣

∣

∣

q
∈ L[a,b] and

∣

∣

∣
f (n)
∣

∣

∣

q
for q> 1 is (α,m)-convex on[a,b], then the following inequality holds.

∣

∣

∣

∣

∣

n−1

∑
k=0

(−1)k
(

f (k) (b)bk+1− f (k) (a)ak+1

(k+1)!

)

−

∫ b

a
f (x)dx

∣

∣

∣

∣

∣

≤
1
n!
(b−a)L

qn−1
q

p
(

n− 1
q

) (a,b)

(

[

f (b)−m f
( a

m

)]

[

(α +1)b+a
(α +1)(α +2)

]

+m f
( a

m

) a+b
2

)
1
q

where1
p +

1
q = 1.

Proof.Since
∣

∣

∣
f (n)
∣

∣

∣

q
for q> 1 is (α,m)-convex on[a,b], using Lemma 2.1 and the Hölder integral inequality, we have the

following inequality.

∣

∣

∣

∣

∣

n−1

∑
k=0

(−1)k
(

f (k) (b)bk+1− f (k) (a)ak+1

(k+1)!

)

−

∫ b

a
f (x)dx

∣

∣

∣

∣

∣

≤
1
n!

∫ b

a
xn− 1

q .x
1
q

∣

∣

∣
f (n) (x)

∣

∣

∣
dx

≤
1
n!

(

∫ b

a

(

xn− 1
q

)p
dx

)
1
p
(

∫ b

a

(

x
1
q

)q∣
∣

∣
f (n) (x)

∣

∣

∣

q
dx

)
1
q
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≤
1
n!

(

∫ b

a
xpqn−1

q dx

)
1
p
(

∫ b

a
x

([

x−a
b−a

]α
f (b)+m

[

1−

(

x−a
b−a

)α]

f
( a

m

)

)

dx

)

1
q

=
1
n!

(

∫ b

a
xpqn−1

q dx

)
1
p
([

f (b)

(b−a)α −
m f
(

a
m

)

(b−a)α

]

∫ b

a
x(x−a)αdx+m f

( a
m

)

∫ b

a
xdx

)
1
q

=
1
n!
(b−a)

1
p





bpqn−1
q +1

−apqn−1
q +1

(

pqn−1
q +1

)

(b−a)





1
p

×

(

[

f (b)−m f
( a

m

)]

[

(b−a)2

α +2
+a

b−a
α +1

]

+m f
( a

m

)

[

(b−a)(b+a)
2

]

) 1
q

=
1
n!
(b−a)L

qn−1
q

p
(

n− 1
q

) (a,b)

(

[

f (b)−m f
( a

m

)]

[

(α +1)b+a
(α +1)(α +2)

]

+m f
( a

m

) a+b
2

) 1
q

This completes the proof of theorem.

Corollary 4. Under the conditions Theorem 2.3 for n= 1we have the following inequality,

∣

∣

∣

∣

f (b)b− f (a)a
b−a

−
1

b−a

∫ b

a
f (x)dx

∣

∣

∣

∣

≤ A
1
p (a,b)

(

[

f (b)−m f
( a

m

)]

[

(α +1)b+a
(α +1)(α +2)

]

+m f
( a

m

) a+b
2

)
1
q

.

3 Conclusions

In this paper, by using an integral identity we obtained somenew integral inequalities for functions whosenth derivatives

in absolute value are(α,m)-convex functions.
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[9] İ. İşcan, “Hermite-Hadamard type inequalities for harmonically convex functions”, Hacettepe Journal of Mathematics and

Statistics, Volume 43 (6) (2014), 935–942.
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[16] S. Maden, H. Kadakal, M. Kadakal andİ. İşcan, “Some new integral inequalities for n-times differentiable convex and concave

functions”. Available online at:https://www.researchgate.net/publication/312529563.
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