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ABSTRACT. We define and study an equivalence relation in the class Tr(SVs)
of translationally slowly varying positive real sequences and its relations with
selection principles and game theory. We also prove a game-theoretic result
for translationally rapidly varying sequences.

1. INTRODUCTION

Throughout the paper N will denote the set of natural numbers, R the set of real
numbers, S the set of sequences of positive real numbers.

The theory of regular variation, including in particular slow variation, was ini-
tiated in 1930 by J. Karamata [§]. Nowadays this branch of asymptotic analysis of
divergent processes is known as Karamata’s theory of reqular variation. Another
kind of variation, called rapid variation, was introduced and first studied in 1970 by
de Haan [7]. These two theories are developed for functions and sequences and have
various applications in several mathematical disciplines: number theory, differen-
tial and difference equations, probability theory, g-calculus, and so on. For more
information about the theory of regular variation and the theory of rapid variation
we refer the reader to the book [I]. In this article we are interested in two classes
of sequences related to slow and rapid variations.

We recall first the definitions of slowly and rapidly varying sequences.

Definition 1.1. ([T, 2 12]) A sequence ¢ = (¢p)nen € S is slowly varying (re-
spectively, rapidly varying) if for each A > 0 (respectively, A > 1) the following is

satisfied:
Cnl _

li 1 1.1
A e = b (1.1)
(respectively,
c
lim 21 = o), (1.2)

n—oo Cp

where for x € R, [x] denotes the greatest integer part of x.
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The classes of slowly varying and rapidly varying sequences are denoted by SV
and Rs o, respectively.
In what follows we work with the following two classes of sequences.

Definition 1.2. ([3, [II]) A sequence ¢ = (c¢y)nen € S is translationally slowly
varying (respectively, translationally rapidly varying) if for each A > 1 the following
asymptotic condition is satisfied:

Cln+A]

e, (5)
(respectively,
lim A _ ). (1.4)

n—oo  Cp

Tr(SVs) denotes the class of translationally slowly varying sequences, and Tr(Rs o)
denotes the class of translationally rapidly varying sequences (see [2] 3, [4) [B]).

Observe that Rs oo N Tr(SVs) # 0, Rsoo \ Tr(SVs) # 0, Tr(SVs) \ Rs,co # 0, and
Tr(Rs,00) C Rs oo-

In this paper we define and study a new equivalence relation in the class Tr(SVs),
in particular its relations with selection principles and game theory. We also provide
a game-theoretic result concerning the class Tr(Rs o).

2. RESULTS
We begin this section with definitions of concepts we use in this article.

Definition 2.1. Sequences ¢ = (¢p)nen and d = (dp,)nen from S are mutually
translationally slowly equivalent, denoted by

ts
Cp ~dy, a8 N — 00,
if
Cln+A]

dp,
=1 and lim A _
n—oo  Cp

lim
n— o0

hold for each \ > 1.

1 (2.1)

n

Definition 2.2. Sequences ¢ = (¢p)neny and d = (dp)nen from S are mutually
translationally rapidly equivalent, denoted by

tr
Ccp ~ dy, a8 N — 00,
if
. Cln4-X
lim [n A

dp,
—= =00 and lim@:oo
n—oo  Cp

(2.2)

n— o0

hold for each A > 1.

n

Theorem 2.1. Let sequences ¢ = (¢p)nen and d = (dp,)nen be elements from S. If
n R dy, asn — oo, then ¢ € Tr(SVs) and d € Tr(SVs).

Proof. For A > 1 we have

(Al
. Cln4+-X . Cn+1
lim N lim nt
n—oo Cn n—oo Cn

if the limit on the right side exists. Further, since ¢, Iy d,, we have

. Cn+2 . Cn+2 dn+1 . Cn+2 . dn+1
lim = lim . = lim - lim =1.
n—00  Cp n—o0 n+1 Cn n—00 Op41 N0 Cp
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Therefore

2
. Cn+2  Cnil . Ck+1

1= lim (2.2 ) = lim + ,
n—00 \ Cpi1 Cpn, k—o0 Ck

. Cn+1
lim —*

hence
=1.

n—oo  Cp,

This means that
1i Cln+A]
im ——

n—oo  Cp

=1 foreach A > 1,

ie. c e Tr(SVs).
Similarly we prove d € Tr(SVs). O

In a similar way, by suitable modifications in the proof, we prove the following
result.

Theorem 2.2. Let ¢ = (¢y)nen and d = (dy,)nen be sequences in S. If ¢, I dn,
asn — 00, then ¢ € Tr(Rs o) and d € Tr(Rs o).

Theorem 2.3. Relation % is an equivalence relation on Tr(SVs).
Proof. 1. (Reflexivity) Let ¢ € Tr(SVs). Then lim, o @ =1 for each A > 1,
that is ¢, L cn as n — 00, and so reflexivity holds.

2.(Symmetry) It follows from the definition of relation £,
3. (Transitivity) Let ¢ = (¢n)nen, d = (dp)neny and e = (e,)nen be elements

from Tr(SVs) such that ¢, I§ dp, n — 00, and d, I§ en, n — 00. Then we have

. Cn42 . Cpy2 . dpy
lim —F = lim 22 . lim 2 —1.
n—oo €y n—=00 Oy N0 €y
We conclude
. Cnt+2 €En41
1= lim n42  Entl .
n—00 \ €n41 en

Because of e € Tr(SVs), we obtain
lim Sntl _ 1.
n—oo €,
It follows from here that for each A > 1 it holds
& n
lim A g
n— oo en
In a similar way one proves
li Cln+A]
im ——= =

n—oo  Cp

1, A>1

) — )

. ts
which means ¢,, ~ e,. O

Remark. Let a sequence ¢ = (¢p)nen belong to the class Tr(SVs) and let d =
(dn)nen € S be such that ¢, ¥ d,,. Then

lim <% = lim Cn_ Cnt1) _ 4

n—ocod, n—oo\Cyr1 dp
and we conclude that sequences ¢ and d are strongly asymptotically equivalent (see,
for instance. [I1,[6]), i.e. lim, o 5= = 1.
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Recall the definition of selection principles, which we need in what follows (see
[9, [10]).

Definition 2.3. Let A and B be subfamilies of the set S. The symbol «;(A, B),
i € {2,3,4}, denotes the following selection hypotheses: for each sequence (Ay)nen
of elements from A there is an element B € B such that:

(1) aa(A,B): the set Im(A,,) NIm(B) is infinite for each n € N;

(2) as(A,B): the set Im(A,,) NIm(B) is infinite for infinitely many n € N;

(3) as(A, B): the set Im(A,,) NIm(B) is nonempty for infinitely many n € N,

where Im denotes the image of the corresponding sequence.

The following infinitely long game is related to as (see [9} [10]).

Definition 2.4. Let A and B be nonempty subfamilies of S. The symbol G, (A, B)
denotes the following infinitely long game for two players, I and II, who play a round
for each natural number n. In the first round I chooses an arbitrary element Ay =
(A1,j)jen from A, and II chooses a subsequence y,., = (A; ;) en of the sequence
Aj. At the k' round, k > 2, T chooses an arbitrary element Ay, = (A ;);en from
A and II chooses a subsequence y,, = (A, (j))jen of the sequence Ay, such that
Im(ry(;)) N Im(ry;)) = 0 is satisfied, for each p < k — 1. II wins a play

AL Yrys o3 Ak Yy - -

if and only if all elements from V' = Uy cyU;jen Ak Tx(j), With respect to second
index, form a subsequence y = (ym)men € B.

A strategy o for the player II is a coding strategy if II remembers only the most
recent move by I and by II before deciding how to play the next move.

Observe, that if I has a winning strategy in the game G, (A, B), then the
selection principle as(A, B) is true. Also, as(A, B) = az(A, B) = as(A, B).

Let ¢ = (¢p)nen € S. Then we define
[C]ts = {d = (dn)neN €S:cp i~ dp,m — OO} (2'3)
as the equivalence class of ¢ in Tr(SVs).

Theorem 2.4. For a fized element ¢ € Tr(SVs), the player IT has a winning coding
strategy in the game Gg, ([Clts, [Cts),

Proof. (1% round): Let o be the strategy of the player II. The player I chooses a
sequence X1 = (£1,n)nen € [c]is arbitrary. Then the player II chooses the subse-
quence 0 (X1) = (o1,k, (n))nen of the sequence x3, where Im(ky) is the set of natural
numbers greater of or equal to ny € N which are divisible by 2 and not divisible by
22, and 1—%§ Lfn—"n < 1+%holds for each n > n;.

(m!" round, m > 2): The player I chooses a sequence Xm = (Ty.n)nen € [Clis-
Then the player IT chooses the subsequence

J(Xm7 (l’m—l,km,l(n))nEN) = (Im,km(n))neN
of the sequence Xy, so that Im(k,,) is the set of natural numbers greater of or equal

to n,, € N, which are divisible by 2™, and not divisible by 2m+!, and 1 — 2% <
o <1+ -L holds for each n > n,,.

Tm,n — 2
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Consider now the set Y = {J,, ey Upen Zm k.. (n) in S indexed by the second index
km(n). This set we can consider as the subsequence of the sequence y = (y;)ien
given by:

o { Ty (n), it @ = kp(n) for some m,n € N;
Yi= ci, otherwise.
By the construction y € S. Also, the intersection of y and x,,, m € N, is an infinite
set.

Let us prove that y,, ¥ Cm, @ m — 00. Let € > 0. Let m be the smallest
natural number such that 2% <e. For each k € {1,2,...,m — 1} there is n}, € N, so
that 1 —e < -9 <1+ ¢ for each n > n}. Set n* = max{n},ns,...,n};,_,}. For

Ty —
each 7 >n* we have 1 — e < ;—1 < 1+ e. Therefore, lim,,_ o % = 1. It follows

. Ci+1 . Ci+1 G
lim = = lim o) =
1—>00 Yi 1—00 C; Yi

because ¢ € Tr(SVs). In a similar way we prove

lim JHL 1,

71— 00 C;
One concludes that for each A > 1
. .
lim LG = lim A 1
1—00 Ci i—o00  Y;
i.e. ¥y = (¥i)ien € [c]is- The theorem is proved. O

Corollary 2.5. The selection principle as([clis, [c]is) holds for each fixed element
c € Tr(SVs). Consequently, as([clis, [clis) and aq([c)es, [clis) also hold.

We end the paper by proving a result about mutually translationally rapidly
equivalent sequences.

Let ¢ = (¢p)nen € S. Then we define
[clir = {d = (dp)nen €S ¢n ~ dp,n — o0} (2.4)

Theorem 2.6. The player II has a winning coding strategy in the game Gq, ([C]tr, [Cler),
for any fized element ¢ € Tr(Rs o).

Proof. Let o be the strategy of II.
(mt" round, m > 1): The player I chooses a sequence X, = (Tm,n)neN € [Clir
Then the player I chooses the subsequence

U(Xm7 (xm—l,km,l(n))nEN) = (Im,km(n))neN

of the sequence X,,, so that Im(k,,) is the set of natural numbers greater of or
equal to n,,, which are divisible with 2™, and not divisible with 2™+ n,, € N,
and S > 2™ and Zmtil > 9™ for each n > ngy,. Let A > 1. Since ¢ € Tr(Rs o),

we have <L > 1 for sufficiently large n. Then
ntAl _ _AntN CntAl=t Cndl o om
Tm,n Cln+A]—1  Cln+A]—2 Tm,n

. t
for each n > n,,. Since z,, , < ¢p, as n — 00, we have X € Tr(Rs,00) (Theorem
. In a similar way we prove =21 > 2™ for all n > n,,.

n
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Form the set Y = {,,cny Unen Tm. ko (n) Of Positive real numbers indexed by the
second index. This set is a subsequence of the sequence y = (y;)ien defined by:

) Tmkam), ifi= km(n) for some m,n € N;
Yi Cis otherwise.

Evidently, y € S and the intersection of y and xy,, m € N, is an infinite set.

We prove 4o, x Cm, as m — oo. Let M > 0. Choose the smallest m € N such
that 2™ > M. For each k € {1,2,...,m — 1} there is n} € N, so that % > M

and 22 > 0T for each A > 1 and each n > n}. Let n* = max{nZ,...,n%_,}.

Cn

Thereforé, the inequalities % > M and @ > M hold for each A > 1 and each

. . t .
i > n*. As M was arbitrary, one concludes 3; ~ ¢;, as i — 0o. In other words,
y € [C]tr~ [l

Corollary 2.7. The selection principle as([clir, [C]ir) holds for each fized element
c € Tr(Rs,0), and thus as([cler, [cler) and aa([clir, [clir) hold.
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