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Coefficient Inequalities for Janowski Type Close-to-Convex Functions Associated
with Ruscheweyh Derivative Operator

Oznur Ozkan Kili¢"!

ABSTRACT

The aim of this paper is to introduce a new subclasses of the Janowski type close-to-convex functions
defined by Ruscheweyh derivative operator and obtain coefficient bounds belonging to this class.
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1. INTRODUCTION

Let A denote the class of functions of the form

f(z)=z+ Z a,z"
n=2

which are analytic in the open unit disk
A={zeC: |z| <1}

Let & denote the subclasses of <A which are
univalent in A.

An analytic function f is subordinate to an
analytic function F , writtenas f < F or

f(z) < F(2), if there exists a Schwarz function

w:A— A with w(0)=0 and |w(z)|<1
satisfying f(z) = F(w(z)). In particular, if F is
univalent in A, we have the following equivalence:

f(2) <F(z) & [f(0)=F(0)af(d)=F()]

* Corresponding Author

The Hadamard product or convolution of two
functions f(z) =z + Y pa,z" € A and

9(2)=z+ Y7, b,z" € A, denoted by f * g, is
defined by

[oe)

(Fxg)@D =2+ ) aybyz"

n=2
for z € A.

In 1975, Ruscheweyh [5] introduced a linear
operator D% : A—A defined by

D° f(2) = 7=y (@)

=z+ Z 0 (8) az"
n=2

with
(6 + 1)n—1

@n(6) = (n—1)!
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for § >—1and (a), is Pochhammer symbol
defined by

_I'(a+n)

(a)n_W
(1 ifn=0
_{a(a+1)---(a+n—1) ifn€N

fora € Cand N = {1,2,3,... }.
Notice that

D f(2) = f(2),

D' f(2) = zf'(2)
and

Z(Zm_lf(Z))m

m!

D" f(2) =

= I'(n+m) n
=Z+;F(m+1)(n—1)!anz

forall6 =m e N, ={0,1,2,...}.

In geometric function theory, various subclasses
defined by Ruscheweyh derivative operator were
studied.

Let §* and C be the usual subclasses of functions
which members are univalent, starlike and convex
in A, respectively. We also denote §*(a) and C(a)
the class of starlike functions of order a and the
class of convex functions of order «, for 0 < a <
1, respectively. Note that §* = §*(0) and C =
C(0).

In 1973, Janowski [2] introduced the classes by
S§*(A,B) and C(A, B)

i} B .Zf’(Z) 1+ Az
S(A,B)—{fec/l. 0 <1+BZ}
and
B _ zf'"(z) 14+ Az
C(A,B)—{fec/l-1+ e <1+Bz}

for —1 < B < A<1, z€A. Note that
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S () =85"(1-2a,-1), $*=8§"(1,—-1) and
Cla)=¢(1-2a,-1), C=cC(1,-1).

A function f € A is said to be close-to-star if and
only if there exists g€ S§* such that
R{f(z)/g(z)} > 0 for all z € A. Also, a function

f € A issaid to be close-to-convex if and only if
there exists g € C such that R{f'(z)/g'(z)} > 0
for all z € A. The classes of close-to-star and
close-to-convex functions denote by CS™* and CC,
respectively. The class of close-to-star functions
was introduced by Reade in [4] and the class of
close-to-convex functions was introduced by
Kaplan in [3]. Similarly, we denote by CS*(y)
and CC(y) the classes of close-to-star functions of
order ¥ and close-to-convex functions of order y,
for 0 <y <1, respectively. Note that CS™ =
CS*(0) and cC = Cc(0).

The class of Janowski type close-to-starlike
functions in A, denoted by CS*(4, B), is defined
by

CS*(A,B)={fEcﬁl:f(Z) 1+ dz es*}

<
glz) 1+ Bz’ 9
for -1 < B < A<1, z€A. Similarly, the class

of Janowski type close-to-convex functions in A,
denoted by CC(A4, B), is defined by

! 1+ A
f,(z)< Z, geEecC
g'(z) 1+Bz

CC(A,B) = {f €A :

for —1<B<A<1, zeA. The classes are
introduced by Reade [4] in 1955.

Definition 1.1. The class of Janowski type
functions defined by Ruscheweyh derivative
operator in A, denoted by Jz(6,8,4,B), is
defined by

1+ Az
1+ Bz’

D% f(2)
DF g(z)

Jr(6,B,A,B) = {f EA:

gES*}

for §,>-1,-1<B<A<1, z€A.
We need the following lemma to obtain our results.

Lemma 1.2. [1] If the function p(z) of the form
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p(2) =1+ Z pnz"
n=1

is analytic in A and

1+ Az

1+ Bz

then |p,| <A—B, forneN,—-1<B<A<1.

p(z) <

2. MAIN RESULTS AND THEIR
CONSEQUENCES

We begin by finding the estimates on the
coefficient |a,| for functions in the class

Jﬁ(arﬁlAr B)'
Theorem 2.1. If the function f(z) € A be in the
class Jx(6,B,4, B), then

n en(B)+(A-B) Xy m om(B)
G . (2.1)

lan| <

Proof. Let f(z) € Jx(8,,4, B). Then, there are
analytic functions g(z) =z + g, byz™ €S8*,
w 1s a Schwarz function and

p(z) =14 Y7_,paz" asin Lemma 1.2 such that

D% f(2) _1+Aw(z)
DB g(z) 1+ Bw(z)

p(2) (2.2)

for z € A. Then (2.2) can be written as
D° f(z) = p(2).DF g(2)

or

zZ+ Z @ (8) a,z"™

n=2

o n
=z+ Z Z (pn—m+1(:8) byn-m+1 Pm-1

n=2m=1

Equating the coefficients of like powers of z, we
obtain

©2(6) az = ,(B) by + pq,
©3(8) az = ¢,(B) b, p1 + ¢3(B) bs + py,

and
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©n(8) an = @r(B) by + @p_1(B) by_1 11
+(pn—2(ﬁ) bn—z P2+...+Pn-1-

By using Lemma 1.2 and g € §*, we get

On(®)lan] <1 9u(B) + (A= B) Y m ()
m=1

and this inequality is equivalent to (2.1).

Corollary 2.2. If the function f(z) € A be in the
class CS*(4, B), then

(A-B)(n-1)n

la,| <n + >

Proof. In Theorem 2.1, we take § = 0, 8 = 0.

Corollary 2.3. If the function f(z) € A be in the
class CS*(y), then

la, | <n + (1 —-y)(n—1Dn.
Proof. In Theorem 2.1, we take § =0, f =0,
A=1-2y,B=-1.

Corollary 2.4. If the function f(z) € A be in the
class CS*, then

la,| < n?.
Proof. In Theorem 2.1, we take § =0, f =0,
A=1B=-1.

Corollary 2.5. If the function f(z) € A be in the
class CC(A4, B), then

janl < 1.4 420D
Proof. In Theorem 2.1, we take § =1, g = 0.

Corollary 2.6. If the function f(z) € A be in the
class CC(y), then

la,| <1+ (A —-y)(n—1).
Proof. In Theorem 2.1, wetake § =1, f =0,
A=1-2y,B=-1.

Corollary 2.7. If the function f(z) € A be in the
class CC, then

la,| < n.
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Proof. In Theorem 2.1, wetake § =1, f =0,
A=1B=-1.

We note that Results in Corollary 2.4 and
Corollary 2.7 were proved by Reade in 1955.

(See[4])
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