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On Generalized Tribonacci Octonions

Arzu Ozkog Oztiirk ™!

Abstract

In this paper, we introduce generalized tribonacci octonion sequence which is a generalization
of the third order recurrence relations. We investigate many identities which are created by
using generalized tribonacci sequence. We get different results for these classes of octonions,
comprised recurrence relation, summation formulas, Binet formula, norm value and generating

function.
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1. INTRODUCTION

Tribonacci numbers which are described as
I =Th1+Th2+Ths (1.1)

for n > 4, with initial conditions T; =1, T, = 1
and T3 = 2.

The generalized tribonacci sequence is the
generalization of the sequences tribonacci,
Padovan, Narayana and third order Jacobsthal
sequences. The generalized Tribonacci sequence
1, defined as

Vn = T'Vn_l + SVn—Z + tVn_3,n = 3,

where Vy=a, V;=0b, V, =c are arbitrary
integers and 7,s,t are real numbers. Its
characteristic equation is x3 —rx? —sx —t =0
and it has one real and two conjugate complex
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It has Binet formula
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RwY

(a—w2)(w1-wz) (12)
where P = ¢ — (w1 + w3)b + wiwza, Q =c —
(a +wy)b+awya and R=c— (a+ w,)b +
awa.

In Clifford algebra, octonions are a normed
division algebra with eight dimensions over the
real numbers larger than the quaternions. For
a;and §; €ER (i =0,1,--+,7), the field of octo-
nion

a = ZZ:O ases and f = 22:0 Bses

is an eight-dimensional non-commutative and
non-associative (but satisfy a weaker form of a
associativity) algebra generated by eight base
elements ey, e, -, eq and e; which satisfy the
non-commutative and non-associative multip-
lication rules. Afterwards the Fibonacci octonion
numbers are given in [1]. For n > 0 the Fibonacci
octonion numbers that are given for the n-th
classic Fibonacci F,, number are defined by the
following recurrence relation:

7
Op = Z Fyises.

s=0
Also the sum and subtract of m and n are

m+n= (as £ Bs)es

NgE

0

[
I

where m € Q can be written as, respectively.

7
m=a,— Z age
s=0

is the conjugate of m and this operation provides
m=mm+n=m+n and m-n=m-n for
all m,n € Q. The norm of an octonion is defined

Nr?(m-n) = Nr2(m)Nr?(n) and

1 -1

(m-n)t=m1l-n

Octonions are alternative but not commutative
and not associative, m-(m-n) =m?-n, (m-
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n)-n=m-n ,(m-n) - m=m-(n-m)=m-
n-m

where - is the product on the octonions.

We give a definition of generalized tribonacci
sequence which is a generalization of tribonacci
numbers. Also we consider generalized tribonacci
octonions which contain tribonacci, Padovan,
Narayana octonions. In our work, we introduce
for finding special identities of generalized
tribonacci octonions. We motivate by their results
in [2], [3] and [4]. In [3], they studied Horadam
octonions. In [5], they considered Padovan and
Pell-Padovan quater-nions which is the third
order quaternions. In our mind, with generalized
tribonacci sequence V,, helped us for construct the
recurrence relations of the generalized tribonacci
octonions. The generalized tribonacci octonions
Oy ,, are the example of the third order octonions
withn > 3,

OV,n = Z%:o Visrex (1.3)

where V,, is the n —th generalized tribonacci
sequence. Generalized tribonacci sequence was
examined in detail [6], [7] and it was shown that
this sequence is used to generalize all the third
order linear recurrence relations on octonions.

Note that, the second order linear recurence
octonion sequences for example in [8], they
defined modified Pell and Modified k —Pell
octonions and in [9], authors studied Pell
octonions. Moreover in [10], (p,q) —Fibonacci
octonions are obtained which is the same results
in [3] but the initial conditions are Fy(p,q) =0
and F;(p,q) =1, also in [I1]. Another
octonionic sequence was devoted to studying
Jacobsthal and Jacobsthal-Lucas octonions in
[12]. Furthermore in [13], they derived third-
order Jacobsthal quaternions, now we expand all
third order recurrence octonion sequences in one
recurrence relations. New identities and relations
were introduced in [14], which is on tribonacci
quaternions. Also in [15], authors considered the
bicomplex generalized tribonacci quaternions.
Generalized tribonacci octonions were studied in
[16], we expect to find octonions in a new third
order recurrence concepts.
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2. GENERALIZED TRiBONACCi
OCTONIONS

The generalized tribonacci octonions Oy ,, are the
example of sequences defined by a recurrence
relation for n > 3,

Oyn =710yn_q1 +5S0yp_y +t0yy_3 (2.1)

with the initial conditions of

7
k=0

7

OV,l = Z V1+kek = V160 + V261+.. . +V887
k=0

7
OV,Z = z V2+kek = Vzeo + V361+. - +Vge7
k=0

Theorem 2.1 Binet Formula for the generalized
Tribonacci octonions Oy ,, are

0. = Pa*a™ Qwiwi
v (a=—w)(a—wy) (a—w)w —wy)
Rwyw}
+
(a —wy)(wy —wy)
where

a*=ey+ae, +a‘e,+-+a’e,
W1260+W161+W1232+"'+er7
WZ =€0+W261+W22€2+-"+W2767.

Proof. Using the definition of the (1.3) and Binet
formula for the generalized tribonacci numbers
(1.2), we have

Oy =Vneg+ Vipieg + -+ Viyyrey

/ Pa*a™ 3 Qwiwi \
_ | (a—w)la—wy) (a—w)w; —wy) |e
- Rwyw3 0
\ (@ = wy)(wy —ws) /
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Pa*antl _ Qwiwlt?!
+ (a-wi)(a-wz) (a-wi)(Wi—wgz) T
R * o MN+1 1
WaW;
(a—wz)(w1—wy)
Pa‘e™7 Qwiwlt?
(a-wy)(a—w3) (a—w1)(w1—-w3)
+ * N+7 €7.
Rwyw,

(a-wz)(wi—w3)

Then make some arrangement,

P
Oy n o) (aey + a™tle; + -+ a™7e;)

" la—wpla—
Q

T a—w) (W, —wy) (Wheo + witle, + -+ wit7e,)

+ R
(@ —wy)(wy —wy)

(Wheg + whtle, + -+ wit7e,),

SO

* N * N
Pa*a Qwiw,

Tla—wpl@—wy)  (a—w)w; —wy)

OV,n

Rwywl}

(a—wz)(wq —Wz)'

Theorem 2.2 [16] (Generating Function) The
generating function for Oy ,, 1s

) { Oy + [0y —10y,]x }
Z 0y " = +[0v,z —10yp1 — sOV,O]x2 |
n=0

1—1rx —sx%—tx3

Proof. To compute generating function Oy,
Y=o Oyux"

= OV,O + OV‘lx + OV’zxZ + -+ OV‘nxn + .-

then using the equations of —rx X"y Oy ,x",
—sx2 ¥ Oy nx™x™ and —tx3 Yo Oy nx™,

[oe] [ee)
n n
Z Oy nx™ —1x Z Oy nx
n=0

n=0

(o] (o]
L—sx2 Z Oy nx"x™ — tx? Z OV,nan
= n=0

n=0

= 0Oy, + (Oy1 —10y0)x + (Oy, — 10y,
- SOV‘O)xz
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+(Oy3 — 10y — sOy 1 — tOy)x>
+oee (OV,n - rOV,n—l - SOV,n—Z - tOV,n—3)xn
+ cee

So,

oo
z Oy nx™(1 — rx — sx? — tx?)
n=0

= OV,O + [OV,l - TOV’O]X + [OV,Z - rOVI]_ - SOVlO]XZ
we get the result.

Then we can give the following theorem relative
to summation formulas.

Theorem 2.3 The sum of the first n —terms of the
octonion sequence Oy ,, is given by;

n {(T‘ + S — 1)0‘/'0 + (T' - 1)0[/'1 - OV,Z }
Z 0, = +t0y 2+ (s+t)0pp1 + (T +5s+ )0y,
o res+e—1

Proof. Note that, applying (2.1), we deduce that
n=3=0y3 =10y, +s0y,;+t0y,
n=4=0y,=710y3+5s0y,+t0y,

(2.2)
n=n-12O0pp =70pnp+50yn_s+t0y,_,
n=n=0y, =1r0yp_1+50y,_,+t0y,_3.
If we sum of both sides of (2.2), then we obtain
Oyz+ -+ 0y,
=1 Xl=o Oy + s Xl=o Oy + tXi=o Oy (2.3)

If we make necessary regulations, (2.3) becomes

n
(r+s+t—1)z Oy,

=0
_ {(r +s—=1)0yo+ (r—1)0y, }
Oy + (5 + )0y + (r+ s+ )0y,
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as we claimed.

We formulate the norm value for the generalized
tribonacci octonions.

Theorem 2.4 The norm value for generalized
tribonacci  octonions  Op,(x) is  given
by

er(OV,n) = P2a®™(w; — wy)2a + Q*wi(a

~w3)?wy + R*w3™ (@ — wy)*w, + 2RP(wy —
wp)(a — W1)(“W2)n% — 2PQ(awq)" (w1 —
w2)(@ — wy)aw; — ZRQ(a — wy) (@ —

Wz)(W1W2)nm

where

a=1+a’+a*+a®+a®+a'®+a'?+a'

wy =1+ w{ +wi +wf +wf +wi®+wi? +wi?

wy =1+ wi +wi +wg +wp +wy° +wi? +wy

aw; =1+ awy + (aw;)? + (awy)® + (awy)*
+(awy)® + (aw;)® + (aw;)’

0(W2 = 1 + (XWZ + ((XWZ)Z + ((XWZ)3 + (aW2)4

+(aw,)® + (awy)® + (aw,)”

+wiwy)* + (Wyw,)®
+(W1W2)6 + (W1W2)7

wiW;

{1 +wiw, + (W1W2)2 + (W1W2)3}

Proof. Note that by the norm definition,

7
Nr2 Oy, = ) Vi
=0

also

_ Pa(wy —wy) — Qwy'(a —wy) + Rwy'(a — wy)

n (@ =w))(w; —wy) (@ —wy)

where
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§ = (a —wp)(wy —wy)(a —wy).
Then
62‘/712
= P2a?™(wy — w,)? — 2PQa™wi (w; — wy)(a — wy)
+Q2w (a — w,)? + 2RPa™(w; — wy)wh (a — w;)
—2RQWIwWH (a — wy)(a —wy) + R*w?(a — wy)?
SO
82N7r2(0y )
= P2a®™(wy —w,)? — 2PQa™wi (wy — w;)
(a —wy) + Q*wi™(a — wy)? + 2RPa™
(wy —wy)wy' (@ —wy) — 2ZRQwi'w; (@ — wy)(a — wy)
+R2w2 (@ — wy)? + - + P2a?™ 4 (W, — wy)?
FQIW2MH (@ — wy)? + R2wZ ™14 (@ — wy)?
+2RPa™ 7 (w; — wy))wit7 (a — wy) — 2PQa™ wit’
(wy — wa)(a — wy) — 2RQWI Wi (a — wy) (@ — wy).

Moreover, we done extra calculations so the result
is clear.
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