
Sakarya University Journal of Science
ISSN 1301-4048 | e-ISSN 2147-835X | Period Bimonthly | Founded: 1997 | Publisher Sakarya University |

http://www.saujs.sakarya.edu.tr/

Title: On Generalized Tribonacci Octonions

Authors: Arzu Özkoç Öztürk
Recieved: 2019-02-11 00:00:00

Accepted: 2019-03-06 00:00:00

Article Type: Research Article
Volume: 23
Issue: 5
Month: October
Year: 2019
Pages: 731-735

How to cite
Arzu Özkoç Öztürk; (2019), On Generalized Tribonacci Octonions. Sakarya
University Journal of Science, 23(5), 731-735, DOI: 10.16984/saufenbilder.525320
Access link
http://www.saujs.sakarya.edu.tr/issue/44066/525320

New submission to SAUJS
http://dergipark.gov.tr/journal/1115/submission/start



On Generalized Tribonacci Octonions 

 

Arzu Özkoç Öztürk*1 

 

Abstract 

In this paper, we introduce generalized tribonacci octonion sequence which is a generalization 
of the third order recurrence relations. We investigate many identities which are created by 
using generalized tribonacci sequence. We get different results for these classes of octonions, 
comprised recurrence relation, summation formulas, Binet formula, norm value and generating 
function.  

Keywords: Tribonacci octonion, Binet formula, Generalized Tribonacci sequence 

 

 

1. INTRODUCTION 

Tribonacci numbers which are described as 

𝑇௡ = 𝑇௡ିଵ + 𝑇௡ିଶ + 𝑇௡ିଷ                 (1.1) 

for 𝑛 ≥ 4, with initial conditions 𝑇ଵ = 1, 𝑇ଶ = 1 
and 𝑇ଷ = 2. 

The generalized tribonacci sequence is the 
generalization of the sequences tribonacci, 
Padovan, Narayana and third order Jacobsthal 
sequences. The generalized Tribonacci sequence 
𝑉௡ defined as  

𝑉௡ = 𝑟𝑉௡ିଵ + 𝑠𝑉௡ିଶ + 𝑡𝑉௡ିଷ, 𝑛 ≥ 3, 

where 𝑉଴ = 𝑎, 𝑉ଵ = 𝑏, 𝑉ଶ = 𝑐 are arbitrary 
integers and 𝑟, 𝑠, 𝑡 are real numbers. Its 
characteristic equation is 𝑥ଷ − 𝑟𝑥ଶ − 𝑠𝑥 − 𝑡 = 0 
and it has one real and two conjugate complex 
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roots of it are 𝛼 =
௥

ଷ
+ 𝐴 + 𝐵, 𝜔ଵ =

௥

ଷ
+ 𝜀𝐴 + 𝜀ଶ𝐵 

and 𝜔ଶ =
௥

ଷ
+ 𝜀ଶ𝐴 + 𝜀𝐵 where 

𝐴 = ቆ
𝑟ଷ

27
+

𝑟𝑠

6
+

𝑡

2
+ √Δቇ

ଵ
ଷ

, 

𝐵 = ቆ
𝑟ଷ

27
+

𝑟𝑠

6
+

𝑡

2
+ √Δቇ

ଵ
ଷ

, 

with Δ =
௥య௧

ଶ଻
−

௥మ௦మ

ଵ଴଼
+

௥௦௧

଺
−

௦య

ଶ଻
+

௧మ

ସ
    and  

𝜀 = −
ଵ

ଶ
+

௜√ଷ

ଶ
.  

It has Binet formula 

𝑉௡ =
𝑃𝛼௡

(𝛼 − 𝜔ଵ)(𝛼 − 𝜔ଶ)
−

𝑄𝜔ଵ
௡

(𝛼 − 𝜔ଵ)(𝜔ଵ − 𝜔ଶ)
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+
ோఠమ

೙

(ఈିఠమ)(ఠభିఠమ)
                                                           (1.2) 

where 𝑃 = 𝑐 − (𝜔ଵ + 𝜔ଶ)𝑏 + 𝜔ଵ𝜔ଶ𝑎,   𝑄 = 𝑐 −
(𝛼 + 𝜔ଶ)𝑏 + 𝛼𝜔ଶ𝑎 and 𝑅 = 𝑐 − (𝛼 + 𝜔ଵ)𝑏 +
𝛼𝜔ଵ𝑎. 

In Clifford algebra, octonions are a normed 
division algebra with eight dimensions over the 
real numbers larger than the quaternions. For 
𝛼௜ and 𝛽௜ ∈ ℝ  (𝑖 = 0,1, ⋯ ,7), the field of octo-
nion  

𝛼 = ∑଻
௦ୀ଴ 𝛼௦𝑒௦  and 𝛽 = ∑଻

௦ୀ଴ 𝛽௦𝑒௦ 

is an eight-dimensional non-commutative and 
non-associative (but satisfy a weaker form of a 
associativity) algebra generated by eight base 
elements 𝑒଴, 𝑒ଵ, ⋯ , 𝑒଺ and 𝑒଻ which satisfy the 
non-commutative and non-associative multip-
lication rules. Afterwards the Fibonacci octonion 
numbers are given in [1]. For 𝑛 ≥ 0 the Fibonacci 
octonion numbers that are given for the 𝑛-th 
classic Fibonacci 𝐹௡ number are defined by the 
following recurrence relation:  

𝑂௡ = ෍

଻

௦ୀ଴

𝐹௡ା௦𝑒௦. 

Also the sum and subtract of 𝑚 and 𝑛 are 

𝑚 ± 𝑛 = ෍

଻

௦ୀ଴

(𝛼௦ ± 𝛽௦)𝑒௦ 

where 𝑚 ∈ ℚ can be written as, respectively.  

𝑚 = 𝛼଴ − ෍

଻

௦ୀ଴

𝛼௦𝑒௦ 

is the conjugate of 𝑚 and this operation provides 
𝑚 = 𝑚, 𝑚 + 𝑛 = 𝑚 + 𝑛 and 𝑚 ⋅ 𝑛 = 𝑚 ⋅ 𝑛 for 
all 𝑚, 𝑛 ∈ ℚ. The norm of an octonion is defined 

𝑁𝑟ଶ(𝑚 ⋅ 𝑛) = 𝑁𝑟ଶ(𝑚)𝑁𝑟ଶ(𝑛)  and  

 (𝑚 ⋅ 𝑛)ିଵ = 𝑚ିଵ ⋅ 𝑛ିଵ. 

Octonions are alternative but not commutative 
and not associative, 𝑚 ⋅ (𝑚 ⋅ 𝑛) = 𝑚ଶ ⋅ 𝑛, (𝑚 ⋅

𝑛) ⋅ 𝑛 = 𝑚 ⋅ 𝑛ଶ, (𝑚 ⋅ 𝑛) ⋅ 𝑚 = 𝑚 ⋅ (𝑛 ⋅ 𝑚) = 𝑚 ⋅
𝑛 ⋅ 𝑚 

where ⋅ is the product on the octonions. 

We give a definition of generalized tribonacci 
sequence which is a generalization of tribonacci 
numbers. Also we consider generalized tribonacci 
octonions which contain tribonacci, Padovan, 
Narayana octonions. In our work, we introduce 
for finding special identities of generalized 
tribonacci octonions. We motivate by their results 
in [2], [3] and [4]. In [3], they studied Horadam 
octonions. In [5], they considered Padovan and 
Pell-Padovan quater-nions which is the third 
order quaternions. In our mind, with generalized 
tribonacci sequence 𝑉௡ helped us for construct the 
recurrence relations of the generalized tribonacci 
octonions. The generalized tribonacci octonions 
𝑂௏,௡ are the example of the third order octonions 
with 𝑛 ≥ 3, 

𝑂௏,௡ = ∑଻
௞ୀ଴ 𝑉௡ା௞𝑒௞                                     (1.3) 

where 𝑉௡ is the 𝑛 −th  generalized tribonacci 
sequence. Generalized tribonacci sequence was 
examined in detail [6], [7] and it was shown that 
this sequence is used to generalize all the third 
order linear recurrence relations on octonions. 

Note that, the second order linear recurence 
octonion sequences for example in [8], they 
defined modified Pell and Modified 𝑘 −Pell 
octonions and in [9], authors studied Pell 
octonions. Moreover in [10], (𝑝, 𝑞) −Fibonacci 
octonions are obtained which is the same results 
in [3] but the initial conditions are 𝐹଴(𝑝, 𝑞) = 0 
and 𝐹ଵ(𝑝, 𝑞) = 1 ,  also in [11]. Another 
octonionic sequence was devoted to studying 
Jacobsthal and Jacobsthal-Lucas octonions in 
[12]. Furthermore in [13], they derived third-
order Jacobsthal quaternions, now we expand all 
third order recurrence octonion sequences in one 
recurrence relations. New identities and relations 
were introduced in [14], which is on tribonacci 
quaternions. Also in [15], authors considered the 
bicomplex generalized tribonacci quaternions. 
Generalized tribonacci octonions were studied in 
[16], we expect to find octonions in a new third 
order recurrence concepts. 

Arzu Özkoç Öztürk

On Generalized Tribonacci Octonions

Sakarya University Journal of Science 23(5), 731-735, 2019 732



2. GENERALİZED TRİBONACCİ 
OCTONİONS 

The generalized tribonacci octonions 𝑂௏,௡ are the 
example of sequences defined by a recurrence 
relation for 𝑛 ≥ 3, 

𝑂௏,௡ = 𝑟𝑂௏,௡ିଵ + 𝑠𝑂௏,௡ିଶ + 𝑡𝑂௏,௡ିଷ           (2.1) 

with the initial conditions of  

𝑂௏,଴ = ෍

଻

௞ୀ଴

𝑉௞𝑒௞ = 𝑉଴𝑒଴ + 𝑉ଵ𝑒ଵ+. . . +𝑉଻𝑒଻ 

𝑂௏,ଵ = ෍

଻

௞ୀ଴

𝑉ଵା௞𝑒௞ = 𝑉ଵ𝑒଴ + 𝑉ଶ𝑒ଵ+. . . +𝑉 𝑒଻ 

and 

𝑂௏,ଶ = ෍ 𝑉ଶା௞𝑒௞

଻

௞ୀ଴

= 𝑉ଶ𝑒଴ + 𝑉ଷ𝑒ଵ+. . . +𝑉ଽ𝑒଻ 

Theorem 2.1 Binet Formula for the generalized 
Tribonacci octonions 𝑂௏,௡ are  

𝑂௏,௡ =
𝑃𝛼∗𝛼௡

(𝛼 − 𝑤ଵ)(𝛼 − 𝑤ଶ)
−

𝑄𝑤ଵ
∗𝑤ଵ

௡

(𝛼 − 𝑤ଵ)(𝑤ଵ − 𝑤ଶ)
 

                       +
𝑅𝑤ଶ

∗𝑤ଶ
௡

(𝛼 − 𝑤ଶ)(𝑤ଵ − 𝑤ଶ)
  

where 

𝛼∗ = 𝑒଴ + 𝛼𝑒ଵ + 𝛼ଶ𝑒ଶ + ⋯ + 𝛼଻𝑒଻ 

𝑤ଵ
∗ = 𝑒଴ + 𝑤ଵ𝑒ଵ + 𝑤ଵ

ଶ𝑒ଶ + ⋯ + 𝑤ଵ
଻𝑒଻ 

𝑤ଶ
∗ = 𝑒଴ + 𝑤ଶ𝑒ଵ + 𝑤ଶ

ଶ𝑒ଶ + ⋯ + 𝑤ଶ
଻𝑒଻. 

Proof. Using the definition of the (1.3) and Binet 
formula for the generalized tribonacci numbers 
(1.2), we have  

𝑂௏,௡ = 𝑉௡𝑒଴ + 𝑉௡ାଵ𝑒ଵ + ⋯ + 𝑉௡ା଻𝑒଻ 

=

⎝

⎜
⎛

𝑃𝛼∗𝛼௡

(𝛼 − 𝑤ଵ)(𝛼 − 𝑤ଶ)
−

𝑄𝑤ଵ
∗𝑤ଵ

௡

(𝛼 − 𝑤ଵ)(𝑤ଵ − 𝑤ଶ)

+
𝑅𝑤ଶ

∗𝑤ଶ
௡

(𝛼 − 𝑤ଶ)(𝑤ଵ − 𝑤ଶ) ⎠

⎟
⎞

𝑒଴ 

 

     + ቌ

௉ఈ∗ఈ೙శభ

(ఈି௪భ)(ఈି௪మ)
−

ொ௪భ
∗௪భ

೙శభ

(ఈି௪భ)(௪భି௪మ)

+
ோ௪మ

∗௪మ
೙శభ

(ఈି௪మ)(௪భି௪మ)

ቍ 𝑒ଵ + ⋯  

       + ቌ

௉ఈ∗ఈ೙శళ

(ఈି௪భ)(ఈି௪మ)
−

ொ௪భ
∗௪భ

೙శళ

(ఈି௪భ)(௪భି௪మ)

+
ோ௪మ

∗௪మ
೙శళ

(ఈି௪మ)(௪భି௪మ)

ቍ 𝑒଻. 

Then make some arrangement, 

𝑂௏,௡ =
𝑃

(𝛼 − 𝑤ଵ)(𝛼 − 𝑤ଶ)
(𝛼௡𝑒଴ + 𝛼௡ାଵ𝑒ଵ + ⋯ + 𝛼௡ା଻𝑒଻) 

−
𝑄

(𝛼 − 𝑤ଵ)(𝑤ଵ − 𝑤ଶ)
(𝑤ଵ

௡𝑒଴ + 𝑤ଵ
௡ାଵ𝑒ଵ + ⋯ + 𝑤ଵ

௡ା଻𝑒଻) 

+
𝑅

(𝛼 − 𝑤ଶ)(𝑤ଵ − 𝑤ଶ)
(𝑤ଶ

௡𝑒଴ + 𝑤ଶ
௡ାଵ𝑒ଵ + ⋯ + 𝑤ଶ

௡ା଻𝑒଻), 

so 

𝑂௏,௡ =
𝑃𝛼∗𝛼௡

(𝛼 − 𝑤ଵ)(𝛼 − 𝑤ଶ)
−

𝑄𝑤ଵ
∗𝑤ଵ

௡

(𝛼 − 𝑤ଵ)(𝑤ଵ − 𝑤ଶ)
 

                   +
ோ௪మ

∗௪మ
೙

(ఈି௪మ)(௪భି௪మ)
. 

Theorem 2.2 [16] (Generating Function) The 
generating function for 𝑂௏,௡ is 

෍

ஶ

௡ୀ଴

𝑂௏,௡𝑥௡ =

ቊ
𝑂௏,଴ + ൣ𝑂௏,ଵ − 𝑟𝑂௏,଴൧𝑥

+ൣ𝑂௏,ଶ − 𝑟𝑂௏,ଵ − 𝑠𝑂௏,଴൧𝑥ଶ
ቋ

1 − 𝑟𝑥 − 𝑠𝑥ଶ − 𝑡𝑥ଷ
. 

Proof. To compute generating function 𝑂௏,௡ 
∑ஶ

௡ୀ଴ 𝑂௏,௡𝑥௡ 

= 𝑂௏,଴ + 𝑂௏,ଵ𝑥 + 𝑂௏,ଶ𝑥ଶ + ⋯ + 𝑂௏,௡𝑥௡ + ⋯ 

then using the equations of     −𝑟𝑥 ∑ஶ
௡ୀ଴ 𝑂௏,௡𝑥௡, 

−𝑠𝑥ଶ ∑ஶ
௡ୀ଴ 𝑂௏,௡𝑥௡𝑥௡ and −𝑡𝑥ଷ ∑ஶ

௡ୀ଴ 𝑂௏,௡𝑥௡, 

⎩
⎪
⎨

⎪
⎧ ෍

ஶ

௡ୀ଴

𝑂௏,௡𝑥௡ − 𝑟𝑥 ෍

ஶ

௡ୀ଴

𝑂௏,௡𝑥௡

−𝑠𝑥ଶ ෍

ஶ

௡ୀ଴

𝑂௏,௡𝑥௡𝑥௡ − 𝑡𝑥ଷ ෍

ஶ

௡ୀ଴

𝑂௏,௡𝑥௡

⎭
⎪
⎬

⎪
⎫

 

= 𝑂௏,଴ + (𝑂௏,ଵ − 𝑟𝑂௏,଴)𝑥 + (𝑂௏,ଶ − 𝑟𝑂௏,ଵ

− 𝑠𝑂௏,଴)𝑥ଶ 
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+(𝑂௏,ଷ − 𝑟𝑂௏,ଶ − 𝑠𝑂௏,ଵ − 𝑡𝑂௏,଴)𝑥ଷ 

+ ⋯ + (𝑂௏,௡ − 𝑟𝑂௏,௡ିଵ − 𝑠𝑂௏,௡ିଶ − 𝑡𝑂௏,௡ିଷ)𝑥௡ 

+ ⋯ 

So, 

෍

ஶ

௡ୀ଴

𝑂௏,௡𝑥௡(1 − 𝑟𝑥 − 𝑠𝑥ଶ − 𝑡𝑥ଷ) 

= 𝑂௏,଴ + ൣ𝑂௏,ଵ − 𝑟𝑂௏,଴൧𝑥 + ൣ𝑂௏,ଶ − 𝑟𝑂௏,ଵ − 𝑠𝑂௏,଴൧𝑥ଶ 

we get the result.  

Then we can give the following theorem relative 
to summation formulas. 

Theorem 2.3 The sum of the first 𝑛 −terms of the 
octonion sequence 𝑂௏,௡ is given by; 

෍

௡

௟ୀ଴

𝑂௏,௟ =

൜
(𝑟 + 𝑠 − 1)𝑂௏,଴ + (𝑟 − 1)𝑂௏,ଵ − 𝑂௏,ଶ

+𝑡𝑂௏,௡ିଶ + (𝑠 + 𝑡)𝑂௏,௡ିଵ + (𝑟 + 𝑠 + 𝑡)𝑂௏,௡
ൠ

𝑟 + 𝑠 + 𝑡 − 1
 

Proof. Note that, applying (2.1), we deduce that  

𝑛 = 3 ⇒ 𝑂௏,ଷ = 𝑟𝑂௏,ଶ + 𝑠𝑂௏,ଵ + 𝑡𝑂௏,଴ 

𝑛 = 4 ⇒ 𝑂௏,ସ = 𝑟𝑂௏,ଷ + 𝑠𝑂௏,ଶ + 𝑡𝑂௏,ଵ 

 ⋯ (2.2) 

𝑛 = 𝑛 − 1 ⇒ 𝑂௏,௡ିଵ = 𝑟𝑂௏,௡ିଶ + 𝑠𝑂௏,௡ିଷ + 𝑡𝑂௏,௡ିସ 

𝑛 = 𝑛 ⇒ 𝑂௏,௡ = 𝑟𝑂௏,௡ିଵ + 𝑠𝑂௏,௡ିଶ + 𝑡𝑂௏,௡ିଷ. 

If we sum of both sides of (2.2), then we obtain  

𝑂௏,ଷ + ⋯ + 𝑂௏,௡ 

= 𝑟 ∑௡
௟ୀ଴ 𝑂௏,௟ + 𝑠 ∑௡

௟ୀ଴ 𝑂௏,௟ + 𝑡 ∑௡
௟ୀ଴ 𝑂௏,௟. (2.3) 

If we make necessary regulations, (2.3) becomes  

(𝑟 + 𝑠 + 𝑡 − 1) ෍

௡

௟ୀ଴

𝑂௏,௟

= ൜
(𝑟 + 𝑠 − 1)𝑂௏,଴ + (𝑟 − 1)𝑂௏,ଵ

+𝑡𝑂௏,௡ିଶ + (𝑠 + 𝑡)𝑂௏,௡ିଵ + (𝑟 + 𝑠 + 𝑡)𝑂௏,௡
ൠ 

as we claimed.  

We formulate the norm value for the generalized 
tribonacci octonions. 

Theorem 2.4  The norm value for generalized 
tribonacci octonions 𝑂௛,௡(𝑥) is given 
by                                         

𝑁𝑟ଶ൫𝑂௏,௡൯ = 𝑃ଶ𝛼ଶ௡(𝑤ଵ − 𝑤ଶ)ଶ𝛼 + 𝑄ଶ𝑤ଵ
ଶ௡(𝛼 

 −𝑤ଶ)ଶ𝑤ଵ + 𝑅ଶ𝑤ଶ
ଶ௡(𝛼 − 𝑤ଵ)ଶ𝑤ଶ + 2𝑅𝑃(𝑤ଵ −

𝑤ଶ)(𝛼 − 𝑤ଵ)(𝛼𝑤ଶ)௡𝛼𝑤ଶ − 2𝑃𝑄(𝛼𝑤ଵ)௡(𝑤ଵ −

𝑤ଶ)(𝛼 − 𝑤ଶ)𝛼𝑤ଵ − 2𝑅𝑄(𝛼 − 𝑤ଵ)(𝛼 −

𝑤ଶ)(𝑤ଵ𝑤ଶ)௡𝑤ଵ𝑤ଶ 

where  

𝛼 = 1 + 𝛼ଶ + 𝛼ସ + 𝛼଺ + 𝛼଼ + 𝛼ଵ଴ + 𝛼ଵଶ + 𝛼ଵସ 

𝑤ଵ = 1 + 𝑤ଵ
ଶ + 𝑤ଵ

ସ + 𝑤ଵ
଺ + 𝑤ଵ

଼ + 𝑤ଵ
ଵ଴ + 𝑤ଵ

ଵଶ + 𝑤ଵ
ଵସ 

𝑤ଶ = 1 + 𝑤ଶ
ଶ + 𝑤ଶ

ସ + 𝑤ଶ
଺ + 𝑤ଶ

଼ + 𝑤ଶ
ଵ଴ + 𝑤ଶ

ଵଶ + 𝑤ଶ
ଵସ 

𝛼𝑤ଵ = 1 + 𝛼𝑤ଵ + (𝛼𝑤ଵ)ଶ + (𝛼𝑤ଵ)ଷ + (𝛼𝑤ଵ)ସ 

            +(𝛼𝑤ଵ)ହ + (𝛼𝑤ଵ)଺ + (𝛼𝑤ଵ)଻ 

𝛼𝑤ଶ = 1 + 𝛼𝑤ଶ + (𝛼𝑤ଶ)ଶ + (𝛼𝑤ଶ)ଷ + (𝛼𝑤ଶ)ସ 

 +(𝛼𝑤ଶ)ହ + (𝛼𝑤ଶ)଺ + (𝛼𝑤ଶ)଻ 

𝑤ଵ𝑤ଵ = ቐ

1 + 𝑤ଵ𝑤ଶ + (𝑤ଵ𝑤ଶ)ଶ + (𝑤ଵ𝑤ଶ)ଷ

+(𝑤ଵ𝑤ଶ)ସ + (𝑤ଵ𝑤ଶ)ହ

+(𝑤ଵ𝑤ଶ)଺ + (𝑤ଵ𝑤ଶ)଻

ቑ. 

  

Proof. Note that by the norm definition,  

𝑁𝑟ଶ(𝑂௏,௡)   = ෍

଻

௟ୀ଴

𝑉௡ା௟
ଶ  

also  

𝑉௡ =
𝑃𝛼௡(𝑤ଵ − 𝑤ଶ) − 𝑄𝑤ଵ

௡(𝛼 − 𝑤ଶ) + 𝑅𝑤ଶ
௡(𝛼 − 𝑤ଵ)

(𝛼 − 𝑤ଵ)(𝑤ଵ − 𝑤ଶ)(𝛼 − 𝑤ଶ)
 

where  
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𝛿 = (𝛼 − 𝑤ଵ)(𝑤ଵ − 𝑤ଶ)(𝛼 − 𝑤ଶ). 

Then 

𝛿ଶ𝑉௡
ଶ 

= 𝑃ଶ𝛼ଶ௡(𝑤ଵ − 𝑤ଶ)ଶ − 2𝑃𝑄𝛼௡𝑤ଵ
௡(𝑤ଵ − 𝑤ଶ)(𝛼 − 𝑤ଶ) 

+𝑄ଶ𝑤ଵ
ଶ௡(𝛼 − 𝑤ଶ)ଶ + 2𝑅𝑃𝛼௡(𝑤ଵ − 𝑤ଶ)𝑤ଶ

௡(𝛼 − 𝑤ଵ) 

−2𝑅𝑄𝑤ଵ
௡𝑤ଶ

௡(𝛼 − 𝑤ଶ)(𝛼 − 𝑤ଵ) + 𝑅ଶ𝑤ଶ
ଶ௡(𝛼 − 𝑤ଵ)ଶ 

so 

𝛿ଶ𝑁𝑟ଶ(𝑂௏,௡) 

= 𝑃ଶ𝛼ଶ௡(𝑤ଵ − 𝑤ଶ)ଶ − 2𝑃𝑄𝛼௡𝑤ଵ
௡(𝑤ଵ − 𝑤ଶ) 

    (𝛼 − 𝑤ଶ) + 𝑄ଶ𝑤ଵ
ଶ௡(𝛼 − 𝑤ଶ)ଶ + 2𝑅𝑃𝛼௡ 

  (𝑤ଵ − 𝑤ଶ)𝑤ଶ
௡(𝛼 − 𝑤ଵ) − 2𝑅𝑄𝑤ଵ

௡𝑤ଶ
௡(𝛼 − 𝑤ଶ)(𝛼 − 𝑤ଵ) 

   +𝑅ଶ𝑤ଶ
ଶ௡(𝛼 − 𝑤ଵ)ଶ + ⋯ + 𝑃ଶ𝛼ଶ௡ାଵସ(𝑤ଵ − 𝑤ଶ)ଶ 

    +𝑄ଶ𝑤ଵ
ଶ௡ାଵସ(𝛼 − 𝑤ଶ)ଶ + 𝑅ଶ𝑤ଶ

ଶ௡ାଵସ(𝛼 − 𝑤ଵ)ଶ 

    +2𝑅𝑃𝛼௡ା଻(𝑤ଵ − 𝑤ଶ)𝑤ଶ
௡ା଻(𝛼 − 𝑤ଵ) − 2𝑃𝑄𝛼௡ା଻𝑤ଵ

௡ା଻ 

     (𝑤ଵ − 𝑤ଶ)(𝛼 − 𝑤ଶ) − 2𝑅𝑄𝑤ଵ
௡ା଻𝑤ଶ

௡ା଻(𝛼 − 𝑤ଶ)(𝛼 − 𝑤ଵ). 

Moreover, we done extra calculations so the result 
is clear.  
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