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1. Introduction
Let H be an interval in R. The following concepts are known in the literature.

Definition 1.1. [1] A function : H — R is said to be convex if
n(tr+(1—t)y) <tn(@)+ (1 -t)n(y)
holds for all z,y € H and t € [0, 1].
Definition 1.2. [2] A function n : H — R is called strongly convex with modulus ¢ if
n(te+ (1= 1)y) <tn(z)+ (1= y) —ct(l —t) ]z —y|*
holds for all z,y € H and t € (0, 1).
Definition 1.3. [3] A nonnegative function 1 : H — R is said to be p-convex if
n(tz+(1=1t)y) <n(z)+n(y)

holds for all z,y € H and all t € [0, 1].
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Definition 1.4. [4] A nonnegative function : H — R is said to be strongly p-convex if
n(te+(1=1)y) <) +nly) —ct(l =) |z =y
holds for all z,y € H and all t € [0, 1].
Definition 1.5. [5] A function : H — [0, +00) is said to be Godunova-Levin function if
nte+(1—1t)y) < %4—%
holds for all z,y € H and t € (0,1).

Definition 1.6. [4] A function n : H — [0, +00) is said to be strong Godunova-Levin function if

—

n(te+(1—t)y) < X+ 29 — ct(1 —t) [z — y|?
holds for all z,y € H and all ¢t € (0,1).

Definition 1.7. [6] A function  : H — [0,+00) is said to be s-Godunova-Levin function, where
s € [0,1], if

n(te+(1—t)y) < 42 +
holds for all z,y € H and all ¢t € (0,1).

The most important inequality to study the error estimation for different numerical quadrature
rules is undoubtedly that known as the Ostrowski inequality which can be stated as follows:

Theorem 1.8. [7] Let n: U — R, where U C R is an interval, be a mapping, and e,g € U°, with
e <g. If || <M for all x € [e, g, then

() - /n (i) < Mg —a) |7+ L] (1)

(g—e)
e

In recent decades, the inequality (1) has generated much interest from researchers, several papers
dealing with its generalizations and extensions has appeared, see [8-19], and references have been cited
therein.

In [20], Cerone and Dragomir have shown the following identity:

Lemma 1.9. [20] Let n: H C R — R be a differentiable mapping on H°, where e, g € H with e < g.
If o' € Lle, g, then

g 1 1

2
n(v)—gle/n(u)du:(xgee) t (to+ (1 — ) a) /tn’ (to+ (1 1) g) dt
e 0 0

for each v € [e, g].

Based on the above lemma, they have established some Ostrowski-type inequalities via different
types of convexity. We cited the results therein.

Theorem 1.10. Let 7 : [a,b] — R be an absolutely continuous function on [a, b] and z € [a, b]. If ||
is convex on [a,x] and [z, b], then

b
-t [ <t [(22)' o @1+ (1) o
+ <1+2< M>2> W(:ﬁ!]
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In [21], Noor et al. have established the following Ostrowski-type inequalities for differential s-
Godunova-Levin functions.

Theorem 1.11. Let 7 : [a,b] — R be a differentiable mapping on (a,b) with a < b and 1’ € L ([a, b))
for all € [a,b]. If || is s-Godunova-Levin function of the second kind and |n’| < M, then the
following inequality holds,

b
M((b—z)?+(z—a)?
n(x) - b—la/n (u) du| < (((b—;)(l(—s) =

a

Theorem 1.12. Let 7 : [a,b] — R be a differentiable mapping on (a,b) with a < b and ' € L ([a, b))
for all x € [a,b]. If |1/|? is s-Godunova-Levin function of the second kind where ¢ > 1 and || < M,
then the following inequality holds,

b

n(x)—bla/nw)du <

a

M ((b—=)*+(z—a)”)
(b—a)(l—s)%Ql—‘l

Theorem 1.13. Let 7 : [a,b] — R be a differentiable mapping on (a,b) with a < b and ' € L ([a, b))
for all z € [a, b]. If |n/|? is s-Godunova-Levin function of the second kind where ¢, p > 1 with %—i—% 1

and |n/| < M, then the following inequality holds,

b
M((b—z)?+(z—a)?
n(l‘)—b_la/n(U)du < Ml )
(b—a)(1-s)4 (p+1)?

a

The last result is based on the Holder inequality, which can be stated as follows:

Theorem 1.14. [22, Holder Inequality for Integrals| Let p > 1 and % + % = 1. If f and g are real
functions defined on [e, g] and if |f|P, |g|? are integrable functions on [e, g], then

7|f(U)g(U)|du§ 7|f(U)|”du ; 7IQ(U)quu

with equality if and only if o |f (u)|” = S]g (u)|? almost everywhere for some constants o and f3.

Motivated by the above and some other existing results, we establish some new Ostrowski-type
inequalities for functions whose derivatives in absolute values lie in a new class of convex functions
called strong s-Godunova-Levin functions.

2. Main Results

Definition 2.1. A function n : H — [0,400) is said to be strong s-Godunova-Levin functions with
modulus ¢ > 0, where s € [0, 1], if

n(tr+(1—t)y) <42+ U —ct(1-1t) [z -y

holds for all z,y € H and all ¢t € (0,1).

Remark 2.2. Clearly all strong s-Godunova-Levin functions is s-Godunova-Levin functions. More-
over, we note that Definition 2.1 recaptures all definitions cited above by fixing the value of s or by
tending ¢ towards 0, with exception of Definitions 1 and 2.
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Theorem 2.3. Let 7 : [a,b] — R be a differentiable mapping on (a,b), where a < b, and 1’ € L [a, b].

If |n/| is strong s-Godunova-Levin functions with modulus ¢ > 0, where s € [0,1), then the following
inequality

b

z—a)? s '(a —x)? s
n(m)—bla/n(u)du < (=gl b1y oo (=gl oy o))

a

holds for all z € [a, b].

PROOF. From Lemma 1.9, modulus, and strong s-Godunova-Levin convexity of |n/|, we obtain
b 1

n(a:)—zia/n( "tz + (1 —t)a)| dt + &2 /t\n (tz + (1 —t)b)| dt

1

a 0 0
1
0

t ey —ct(l—t)(x—a)2> dt

1
/t '”(”““'Jr el - ct(l—t)(b—x)2)dt

0
1 1
= (W @] e @) e
X 0 0
—c(xz—a)* [P —t)dt
/
1 1
+ O )| [ e+ | )] [ — 1) de
/ /

1
c(bx)2/t2(1t)dt>
0

_(@=a)® ((1=s)|n'(x)|+|n(a)] (b—2)* ((1=9)|n'(z)|+]n' (b)|
= bfa< 1—5)(2—s) )+ fa< 1-s)(2—s) )

The proof is completed. ]

Corollary 2.4. In Theorem 2.3, if we choose = = aTH’, we obtain

b
0(458) = g [0 ) <t (o @]+ 20 - 9) o' (5] + o' @) - L

a

Corollary 2.5. In Theorem 2.3, if we tend ¢ to 0, i.e. ¢ — 0", we obtain

b
z—a)? —s a b—x)? —3)|n'(z !
n(x)—b_la/n(u)du <le=a) ((1 ()\77()()2|+|7;()|> 4 Ga) ((1 )In()\Hn(b)I)

—a 1-s s (1-s)(2—s)

a
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Moreover, if we choose x = “TH’, we obtain

b

n(5) — ot [ du] <t (1 @]+ 20 =917 (5] + |1 @)

a

Remark 2.6. In Corollary 2.5, if we assume that |’ (u)| < M, then the first inequality recaptures
Corollary 3.1 from [21].

Corollary 2.7. In Theorem 2.3, if we take s = 0, we obtain

! (a 7:E2 (2 / c 714 z7(14
77(30)—;,1(1/77( ) du <! 7(1) (\n()lgln()l)_i_(bbw) (In()\;ln(@l)_ﬁ((b )b:(l ))

Moreover, if we choose x = “T‘H’, we obtain
b
N2
1(242) = ks [t du] < 22 (o @)+ 20’ ()] + | )] - L52°)

a

Corollary 2.8. In Corollary 2.7, if we tend ¢ to 0, i.e. ¢ — 0", we obtain
b
z—a)? ' (z "(a —z)? (z ' (b
n(z) — b_la/ﬁ(u)du < (b_a) (In( )I;rlﬂ( )I) + (bb_a) (\77( )I;In( )\)

a

Moreover, if we choose x = ‘QH’ we obtain

1(25) = o [l du) < 252 (i @) + 20/ (35)] + o' @)

Theorem 2.9. Let 7 : [a,b] — R be a differentiable mapping on (a,b) with a < b, and 1’ € L a,b].
If |'|? is strong s-Godunova-Levin functions with modulus ¢ > 0, where s € [0,1) and ¢ > 1 with
% + é =1, then the following inequality

—a x—a 2 ()]? '(a
n(m)_b_la/n(u)du < (<H> (\n()\ljlsn()l

b () (MR s o))

Q=

(z—a)’)

Gb\(\

m\m

holds for all x € [a, b].

PROOF. From Lemma 1.9, properties of modulus, and Holder inequality, we have

b 1 1
bl/n St (o (1= t)a)| dt + =2 /t\n (te + (1 —t)b)| dt
0 0
1 1
1 D 1 q
<=0’ /tpdt /!n’ (tr + (1 —t)a)|*dt
0 0

1 1
p 1 q

1
/tpdt /|17’ (tw+ (1 —t)b)|" dt
0 0
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@
2
<L | =at /]n’(tx+(1—t)a)\th
(p+1)P
1
q
+ ok (/77 (tx+(1—1)b th)
0
1
L a
e e == / '" D 4 @l et (1-1) (x—a)Q) dt
(p+1)P —t)°
0
1
L a
b—z)? b)|¢
= (/("i) st ct(lt)(b:p)Q)dt)
0
1 1
z—a)? —3 s
— o (G @) et @] [ a-o7ae
(p+1)P
0 0
1
_ c(:r—a)Q/t(l—t)dt
0
1 1
—x 2 _s s
G @l [esar vl o [a-o
0 0
1 q
_ c(bm)2/t(1t)dt>
0
2 1
__b-a_ [(z=a '@+ @|* e, )24
7(p+1)% << —a> ( 1—s 6(x a’) )
—x 2 /()| ' (b)|9 c 1
() (e -y
The proof is completed.
Corollary 2.10. In Theorem 2.9, if we choose z = “TH’, we obtain
b . A
a —a (@) T+’ (452 c(b—a)® \ ¢
ﬁ(gl’)—zj_la/??(U)du < b ((In(a)l 1I_TIS( cud | (b24)>
4(p+1)P

1
n' (42 q+|77/(b)‘q ¢(b—a)? a
v (R _<24>>>

Corollary 2.11. In Theorem 2.9, if we tend ¢ to 0, i.e. ¢ — 0", we obtain

(1) (o))

b

2
_ 1 < b—a z—a [’ ()| +|n’ (a)|?
n(x) b—a/n( ) du PR ((b—a) < —s )

a

Q=

Moreover, if we choose © = “TH’, we obtain

b

1
1(a+b)|9q /(a)|9 q
ﬁ(a2b)_b_la/77(u)du < bia% ((|n(2)1|_:-|n()|>q+<|17( e

4(p+1)

\+

N—

T <

x*

3\

=

)
N———
Qi
N——

a
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Remark 2.12. In Corollary 2.11, if we assume that |n' (u)| < M, then the first inequality gives

b

n(m)—ljia/n( ) du EW(&>;<(E)2+($§)2>M’

a

which is the correct result of Corollary 3.2 from [21].

Corollary 2.13. In Theorem 2.9, if we take s = 0, we obtain

b
o) =l [t < e () (W @+ 1 @ =)’

+ () (W @+ W o - s 0-07)7)

Moreover, if we choose x = 'QH’, we obtain
b 1
2 2\ =
0(44) — iz [nw) ) < L (o ()" o' @ - L)’
4(p+1)P

b
1(6) = s [t <gimer ((52)" (0 @1+ W @l)?

+ () (@l + I )7

Moreover, if we choose = = aT“’, we obtain

b

1 1
b—a)? L
n () - bia/n(wdu < -y ((W (=) "+ I @]") 7+ (| (D) + | ®)° ))
4(p+1)P
a
Theorem 2.15. Let 7 : [a,b] — R be a differentiable mapping on (a, b) where a < b, and 1’ € L [a, b].
If |n/|? strong s-Godunova-Levin functions with modulus ¢ > 0, where s € [0,1) and ¢ > 1, then we

have

b
1
1 z—a)? (1=s)|n' (@)|"+[n'(@)|? _ e(z—a)®\a
= /77 ;(ba)< (1—s)(2—s) 12 )

(b—2)? ((1—s>\n'(x>\q+|n'(b>\q B c(b—:cf)i
217l(b a) (1-s)(2—s) 12

for all = € [a, b].
PRrOOF. From Lemma 1.9, properties of modulus, and power mean inequality, we get

b
bl/n

1 1
St e+ (1 —t)a)|dt + G2 /t\n (tz + (1 —t)b)|dt
0 0
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1 -2 /1 H
<lz=al “) tdt) ( tn'(t:c+(1t)a)th>
(1) (]

0

(/tdt) ( tln (tx+ (1 —t) b)th)
0

1
; '
G [y e+ (1= t)a thq
(balé ‘77 ‘/E+ - }
0
1

—
(=
I =
s T
~
N s
[ N
| S
Q]
P
O\H
~
3
~
—
~
8
—~
—_
~
=)
QU
~
SN——
Q|

1
1 ]
_(b—a2)® @) | [n®) _ N2
e ([t( OF 1 WOL — et (1- 1) (b— =) )dt)

1 1
$*CL2 —S —S
= el (|n' (x)}q/tl dt + |if (a)\q/t(l—t) dt

0

|
o
—~
8
|
)
S~—
o
\H
~
o
—
—
|
-
SN—
QL
Py
SN——
al

1 g
- c(bx)Z/t2(1t)dt>
0

__(@—a)? ((1—8)|77’(w)|q+\77’(a)|q _ C(r—a)Q)‘ll
=4 (b—a)

(1—s)(2—s) 12

1
(b—2) A=s)ln' @) +n' ®)? _ cb—2)*\a
+ AT ( (1=5)(2—s) )

The proof is completed.

Corollary 2.16. In Theorem 2.15, if we choose x = aTer, we obtain

1
< b=a (A=) (F2) "+ @1 c(o-a)® |
— 3 % (1-s)(2—s) 48

1
4 bea <<1—s>|n’(“;b)|q+n’<b>|q B c<ba)2>q

(1-9)(2—s) 48
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Corollary 2.17. In Theorem 2.15, if we tend ¢ to 0, i.e. ¢ — 0", we obtain

1 1
_ 1 (z—a)® (A=8)|n" (@) +]n'(@)]? \ « (b—x)* A=s)|n" @)+ B\ ¢
(o) = 5t () dul <5 Cpel (U)o | G (s g

—ka’ we obtain

b 1 1
a _ (1) |7 (2£2)| " +1n' (0)] (1=3) |7 (“£2)| " +1n' (@)|? | ¢
ﬁ(zl’)—bla/ﬁ(“)du S;’s_ag (( ‘(( 3 %' ) +( ‘(1(_3)(%|_s) > )

a

MOI‘GOVGI‘ if we choose © =

Remark 2.18. In Corollary 2.17, if we assume that |5’ (u)| < M, then the first inequality recaptures
Corollary 3.3 from [21].

Corollary 2.19. In Theorem 2.15, if we take s = 0, we obtain

b
2 —a)? 1
bl/n < (I @] + | ()] — g2’
—z)2 c(b—m)2 L
i gbb_[)l) (‘77/ (m‘q_’_ ‘77/ (b)’q_ (b6 ) )q
Moreover, if we choose © = %*b we obtain

b 1
—a)?\ e
n () b_lafn (u) du| <t3® <(|n’ ()" + | @] = <L)

+ (o (<) "+ ' )] - <b2—4>>>

1 e 1
2 (10 @)+ [ @]) 7 + L225 (|of @)]* + [ 0)]")

Moreover, if we choose x = —ka’ we obtain

1

0(252) s [naul < 55 (W (S + 1 @F) -+ (b (<) + 17 0F))

3. Conclusion

Ostrowski-type inequalities are of great importance when studying the error estimation for different
numerical quadrature rules. It suffices to take for example x = (a 4 0)/2, and we obtain the rule of
midpoint or fix some values of z and use the triangular inequality to estimate the error of the Simpson
rule and the Trapezoidal rule. In this study, we introduce the concept of strong s-Godunova-Levin
functions and established new Ostrowski-type inequalities for this new class of functions and their
associated corollaries. The results obtained generalize those of [22].
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