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Abstract

In this paper, we consider a class of fourth order elliptic equations of Kirchhoff type with variable exponent

A;(I)u -M (fQ ﬁlvmp(z) dx) Apyu = Af(z,u) inQ,
u=Au=0 on 99,

where Q@ ¢ RN, N > 3, is a smooth bounded domain, M(t) = a+bt", a,k > 0, b > 0, X is a positive
parameter, Ai(x)u = A(|Au/P®)~2Ax) is the operator of fourth order called the p(z)-biharmonic operator,
Appyu = div (|Vu]p(”3)*2Vu) is the p(z)-Laplacian, p : Q@ — R is a log-Hélder continuous function and
f: QxR — R is a continuous function satisfying some certain conditions. Using Ekeland’s variational
principle combined with variational techniques, an existence result is established in an appropriate function

space.
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1. Introduction
In this paper, we consider a class of fourth order elliptic equations of Kirchhoff type with variable exponent

A2 u =M ( fo 51 VulP® do) Ay = Af(z,u)  inQ, 0
u=Au=0 on 09,
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where Q ¢ RY, N > 3, is a smooth bounded domain, M(t) = a + bt", a,x > 0, b > 0, X is a positive
parameter, Ai(z)u =A (|Au|p(m)_2Au) is the operator of fourth order called the p(x)-biharmonic operator,
Apzyu = div (]Vu\p(z)JVu) is the p(x)-Laplacian, the exponent p : @ — R is log-Holder continuous, that
is, there exists ¢ > 0 such that [p(z) — p(y)| < !

for all z,y € Q with 0 < |z —y| < 5 and

c
- logz—y|
I <p :=inf gp(z) < pT = sup, g p(r) < %, f:Q xR — R is a continuous function.

We point out that if p(.) is a constant then problem has been studied by many authors in recent
years, we refer to some interesting papers [3, 8, [15] 19} 23] 27, 28, 29]. In [29], Wang and An considered the

following fourth-order elliptic equation

A%u— M ([o |Vul? dz) Au = f(z,u) inQ, 2)
u=Au=0 on 0,

where Q € RV, N > 1, is a smooth bounded domain, f: Q2 x R — R and M : [0, 4+0c0) — R are continuous
functions. This problem is related to the stationary analog of the evolution equation of Kirchhoff type

wg + A%u — M </ \Vu]de) Au = f(z,t), (3)
Q

where A? is the biharmonic operator, Vu denotes the spatial gradient of u, see [5] for the meaning of the
problem from the point of view of physics and engineering. By assuming that M is bounded on [0, 4+00)
and the nonlinear term f satisfies the Ambrosetti-Rabinowitz type condition, Wang et al. obtained in [29]
at least one nontrivial solution for problem using the mountain pass theorem. Moreover, the authors
also showed the existence at least two solutions in the case when f is asymptotically linear at infinity. After
that, Wang et al. [28] studied problem in the case when M is unbounded function, i.e. M(t) = a + bt,
where a > 0, b > 0 by using the mountain pass techniques and the truncation method. Some extensions
regarding these results can be found in [3] 8, [15, 27] in which the authors considered problem in RN or
the nonlinearities involved critical exponents. In [19] 23], problem has been studied in the general case
when p(.) = p € (1,4+00) is a constant.

In recent years, the study of differential equations and variational problems with nonstandard p(x)-
growth conditions has received more and more interest. The reason of such interest starts from the study of
the role played by their applications in mathematical modelling of non-Newtonian fluids, in particular, the
electrorheological fluids and of other phenomena related to image processing, elasticity and the flow in porous
media, we refer the readers to [26] [BI] for more details. Some results on problems involving p(z)-Laplace
operator or p(z)-biharmonic operator can be found in [4, [6] [7, @, 2T, 22, 24]. These types of operators where
p(.) is a continuous function possess more complicated properties than the constant cases, mainly due to
the fact that they are not homogeneous. We also find that Kirchhoff type problems with variable exponents
has received a lot of attention in recent years, see for example |1}, 2 10| 3] 14, 20]. In [I1) 12], we first
studied the existence and multiplicity of solutions for elliptic problems of Kirchhoff type involving both
p(z)-Laplace operator and p(x)-biharmonic operator in Sobolev spaces with variable exponents. Motivated
by the contributions cited above, we shall study the existence of solutions for fourth order elliptic equations
with variable exponents of the form . Our main tools come from Ekeland’s variational principle combined
with variational techniques in critical point theory. Actually, the results of this paper are natural extensions
from those presented in [II), 12] and [20]. Moreover, we believe that our results introduced here are new
even in the case when p(.) = p is a positive constant, see [28| 29], since the nonlinear term f is sublinear at
infinity and it is allowed to change sign.

In order to study problem , let recall some definitions and basic properties of the generalized Lebesgue-
Sobolev spaces LP(®) (Q) and WFP@) () where Q is an open subset of RY. In that context, we refer to the
books of Diening et al. [16] and Musielak [25], the papers of Ayoujil et al. [4], Boureanu et al. [7] and Zang
et al [30]. Set

C(Q) :={h; he C(Q), h(z) > 1forall z € Q}.
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For any h € C () we define

hT =suph(z) and b~ = inf h(z).
xeﬁ €

For any p(z) € C4 (), we define the variable exponent Lebesgue space
L@ (Q) = {u : a measurable real-valued function such that/ |u(z)[P@ d < oo} :
Q

We recall the following so-called Luzemburg norm on this space defined by the formula

p(z)
|| p(zy = inf ¢ 1 >0 / dr <15.
Q

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many respects: they are Banach
spaces, the Holder inequality holds, they are reflexive if and only if 1 < p~ < p™ < oo and continuous
functions are dense if p* < oco. The inclusion between Lebesgue spaces also generalizes naturally: if 0 <
|| < oo and pq, p2 are variable exponents so that pi(x) < pa(x) a.e. z € £ then there exists the continuous
embedding LP?>@)(Q) < LP1)(Q). We denote by L (*)(Q) the conjugate space of LP(#)(Q), where —~ +

p(z)
L — 1. For any u € LP®)(Q) and v € LP (*)(Q) the Holder inequality

p'(z)
/ uv dx
Q
holds true.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the modular of
the LP(®)(Q) space, which is the mapping Pp(z) LP@)(Q) — R defined by

I

1 1
< (= 1 —— ) July 0] 4
(p (p,)>\ ool o) (4)

Pp(a) (W) = /Q JulP™) da.

If u € LP®)(Q) and pt < oo then the following relations hold

- +
ulb ) < Pp) (W) < Jul), (5)
p(x) p(z)
provided |ul,(,) > 1 while
+ —
\u|g(z) < Pp(z) (u) < |U’§($) (6)
provided [ul,;) < 1 and
‘un - u|p(a:) -0 < Pp(z) (un - u) — 0. (7)

As in the constant case, for any positive integer k, the Sobolev space with variable exponent Wk’p(m)(Q)
is defined by
WHEP@ (Q) = {u € LPD(Q) : D e LP@(Q), |a| <k},

laf . . ..
where D% = O xu, with o = (ay,...,ay) is a multi-index and |a| = Zfil a;. The space

Az 19252, 0z 'y
WkP®)(Q) equipped with the norm
Hqu,p(a}) = Z |Dau‘p(x)>

o<k

also becomes a separable and reflexive Banach space. Due to the log-Ho6lder continuity of the exponent p,
the space C(Q) is dense in W*»(®)(Q). Moreover, we have the following embedding results.
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Proposition 1.1 (see [4]). For p,r € C+(Q) such that r(z) < p}(x) for all x € Q, there is a continuous
embedding

WhP@(Q) — L7@)(Q),

where py(x) = Np(xm if kp(x) < N and p;(x) = +oo if kp(x) > N. If we replace < with <, the embedding
18 compact.

We denote by Wg P (x)(Q) the closure of C§°(Q) in W*P®)(Q). Note that the weak solutions of problem
are considered in the generalized Sobolev space

X = Wy Q) n w2re)(q)
equipped with the norm Hu”X - ”uHLp(x) + HUH2,p(x) or HUHX - ‘u’p(z‘) + ‘vu’p(x) + Ea:Q ‘Dau’p(x)~

According to [30], the norm ||.|[x is equivalent to the norm |A.|,,) in the space X. Consequently, the
norms ||./|2 p(z), I|-Ilx and [A.],,y are equivalent. For this reason, we can consider in the space X the following

equivalent norms
p(z)
dr <1,.

Aw) = / (18uf® + [VuP@) de, ue X, (8)
Q

[ull = |Aulpa) + [Vulp)

lul| = inf {M 20 /Q (‘Az;(ﬂc)

Let us define the functional A : X — R by

and

p(z) v
Lo
1

then using similar arguments as in [7, Proposition 1] we obtain the following modular-type inequalities.

Proposition 1.2. For u,u, € X and the functional A : X — R define as in , we have the following
assertions:

1
2

3
4

|lu|| <1 (respectively = 1;> 1) <= A(u) < 1 (respectively = 1;> 1);
+ —
[ull <1 = JlulP < A(u) < lull”;
- +
Jull > 1= flul” < Alw) < [ull”;
|un|| = 0 (respectively — 0o) <= A(u,) — 0 (respectively — 0o0) as n — oo.

~— — ~— —

(
(
(
(

2. Main results

In this section, we discuss the existence of nontrivial weak solutions of problem . Let us denote by
¢, 1 =1,2,... general positive constants whose value may change from line to line. We shall look for weak
solutions of problem in the space X := VVO1 P (w)(Q) N W2P)(Q) with the norm mentioned as in Section
1.

For the function f : @ x R — R mentioned above, let us set F(z,t) fo x,s)ds. Throughout this
section, we assume that

(H1) F:Q xR — Risa C! function such that
F(z,1t) = T’Y(I)F(w,t), forallT>0, z€Q, teR
where ¢ € C4(Q);

(H2) There exists Qo CC Q with meas(£2) > 0 such that F(z,t) > 0 for all z € Qp and all t € R;
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(H3) 1<q" <p <pt <ph(z) = N]ngf(zz) for all z € Q.

Remark 2.1. From assumption (H1), for all z € Q and t € R, we have the so-called Euler indentity

f(.’L‘, t>t = Q(x)F(x’ t)

and
|F(z,t)| < Clt]9™ and |f(z,t)| < CltJ9®~!, vz eQ, teR

for some positive constant C'.

Definition 2.2. We say that u € X is a weak solution of problem if

/ |AuPP 2 AuAv da + [a+b </ L]Vu|p(3”) da:) } / \VuP® =2y - Vo d
Q q p(z) Q

—/\/Qf(x,u)vdac =0

forallv e X.

For each A € R, let us define the functional Jy : X — R by

1 1 b 1 rtl
Ia(u :/Aup(x)dx+a/Vup(x)dm+ (/ Vup(x)dx>
A() Qp(x)‘ | Qp(x)‘ | K+ 1 Qp(x)’ |
Q

-\ | F(z,u)dzx, wue€X,

we then deduce that Jy, € C1(X,R) and its derivative is given by the formula

Ji(u)(v) = /Q |AuPP 2 AuAv dx + [a—l— b (/Q p(lx)

—)\/Qf(:z,u)vdx =0

|Vu|p($)d:x> ]/\Vu|p(x)_2Vu-Vvd:I;
Q

for all u,v € X. Thus, we will seek weak solutions of problem as the critical points of the functional J).
We first have the following lemma.

Lemma 2.3. Assume that conditions (H1)-(Hs) hold. Then, there exist constants o > 0, p € (0,1) and
A* > 0 such that, for any X € (0,\*), we have J\(u) > a > 0 for all w € X with ||ul| = p.

Proof. Let p € (0,1) and u € X be such that |Jul| = p. Then we deduce from Remark [2.1]and the continuous
embeddings X < Lqi(Q) that

[ Pades [ cluds < e (Jul” + ). (9)
Q Q

Hence,

1 () 1 (2) b 1 @\
()= | —|Au/P*"dx+a [ ——|VulP'" dz + |VulP'*) dx
o p() Q k+1 \Jqg

p(x p(x) p(z)
- )\/ F(xz,u)dz
Q
min{1,a} ot - o
> Tl = e (ol + )

" B )
=<Hmj+qwuw*q —Aq)umw. (10)
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Set in{1.a)
min{l,a} +_ - -
P S = M\t 11
2clp+ ? « p ? ( )
which yields for any A € (0, \*) we have Jy(u) > o > 0 for all u € X with [Ju| = p. The proof of Lemma [2.3]
is complete. O

Lemma 2.4. Assume that conditions (H1)-(H3) hold. Then, there exists a function ug € X\{0} and up >0
such that, Jy(tup) <0 for all t > 0 small enough.

Proof. Set gy :=inf g q(x) and py = inf, g p(x). From condition (H3) we have ¢, < p,, let eg > 0 be

such that g5 + €y < py . Since ¢ € C(£p), there exists an open set 0y CC Qg such that |¢(x) — p; | < € for
all x € Q1. Thus,

q(x) <qy +e <py, Vre. (12)
Let up € C§° be such that supp(ug) C Q1 CC Qo, ug = 1 in a subset Q] C supp(up), 0 < up < 1in Q.
Without loss of generality, we may assume that ||ug|| = 1, that is,
/ | Aug|P®) da: + / Vo P®) da = 1. (13)
Q() QO

Hence, by condition (H;), for any ¢ € (0,1) we obtain

1 1 b 1 rtl
= | —IA p(z) / i | v/ p(z) / \v4 p(z)
I (tug) / ( )\ (tug)] dr+a ( )] (tuo)| dr + 1 ( )\ (tuo)| dx

- )\/ F(x,tug) dz
Q

2 Do po (K+1) K1
<2 [ e do+ 2 W@ dg 2T </ TP dm)
Py J Py J (po )'H- (’i + 1) Qo

—)\/ 19 B (2, ug) da
971

< tho

k+1
|Aug|P@ de+a | |VueP®) da + b [Vuo|P™ da
Qo K+ 1

Qo QO

— At Feo F(x,up) dx.
Q1
%
By condition (Hs2), we have le F(z,up)dx > 0 and thus, Jy(tug) < 0 for all 0 < t < §Po "% ~“0 with
0 < 6 <min{l,dp} and

A fo. F(z,ug) dz
0g := !

Kk+1°
Jo, 18uo[P@) dx + a [o [VuolP@ da + 5 <fQO [V |P(®) dx)

Note that by ,

K+1

AugP® d + a Vo [P dz + b Vo [P dz >0

| Aug
Q0 Qo k+1\Jo,

and the proof of Lemma [2.4]is complete. O

The main result of this paper can be stated as follows.
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Theorem 2.5. Assume that the conditions (H1)-(Hsz) hold. Then there exists a constant \* > 0 such that
for any X € (0, \*), problem has a nontrivial weak solution.

Proof of Theorem [2.5l Let \* > 0 be defined as in and A € (0, \*). By Lemma [2.3]it follows that on
the boundary of the ball centered at the origin and of radius p in X, denoted by B,(0), we have

inf Jy > 0. 14

pinf (14)

On the other hand, by Lemma there exists ug € X such that Jy(tug) < 0 for all ¢ > 0 small enough.
Moreover, by the proof of Lemma we deduce that for any u € B,(0),

min{1,a}

+ —
ol = Al

J by (u) Z
It follows that

—oo < c:= inf Jy <O.
B, (0)

Let 0 < e < infyp, o) Jx — infp, (o) Jx. Using the above information, the functional J) : B,(0) — R, is

lower bounded on B,(0) and J) € C! (BP(O), R). Then by Ekeland’s variational principle [18], there exists
ue € B,(0) such that

c< Ja(ue) <c+e
0 < (u) = In(ue) +€llu —uell, u# ue.

Since

In(ue) < inf Jy+e < inf Jy+e< inf Jy,
B,(0) B,(0) 9B,(0)

we deduce that u. € B,(0). Now, we define J : B,(0) — R by J(u) = Jx(u) + €|lu — uc||. It is clear that
U, is a minimum point of J and thus

Jk(ue—i-t:)—q])\(ue) >0,

for small ¢ > 0 and any v € B1(0). The above relation yields

In(ue +1t-v) — Ia(ue)
t

+ €||v|| > 0.

Letting t — 0 it follows that J} (uc)(v) + €[|v|| > 0 and we infer that ||.J}(uc)|| < e. Hence, there exists a
sequence {u,} C B,(0) satisfying

Ia(up) = c<0 and Ji(un) — Ox+. (15)

It is clear that {u,} is bounded in X. Thus, there exists v in X such that, up to a subsequence, {uy}
converges weakly to u in X. Since g(x) < pi(z) for all z € Q, we deduce that there exists a compact
embedding X — LI®)(Q), hence the sequence {u,} converges strongly to u in LI®)(Q). Moreover, by
we deduce that J} (un)(un —u) — 0 as n — oo. We also have J{(u)(un, —u) — 0 as n — oo because {u,}
converges weakly to w in X, and thus,

lim (J}(un) — J3(w)) (un —u) =0. (16)

n—o0



Nguyen Thanh Chung, Adv. Theory Nonlinear Anal. Appl. 3 (2019), 35-45. 42
Using Holder’s inequality , Remark and the compact embedding X — Lq(m)(Q) we have
[ ) = £ (o =) d < [ (a1 fuft 1) i — ] d
Q Q
z)—1 z)—1
<2 (Mun!"‘ e \Iulq( e ) [ — ()
q(z)—1 q(z)—1
— 0, n— oo,
which implies that
lim [ (f(x,un) — f(z,w)) (u, —u)dx = 0. (17)

n—o0 Q

Since the sequence {u,} converges weakly to u in X = Wol’p(z)(Q) N W2P)(Q), it is bounded and

converges weakly to u in I/VO1 P (w)(Q), so we get

lim </ L|Vun|p(x) daz) / IVulP® =2y - (Vu, — Vu) dz = 0.
o p(z) Q

n—oo
and

lim </ L]Vu\p(“"’) d:r) / IVulP @2V - (Vu, — Vu) dz = 0.
Q Q

n—00 p(x)

Let us recall the following elementary inequalities (see [4])

(62— [CP20) (€~ Q) > e — ¢, s>2,
2

(P26 = 1CP2) (€ = Q el +IEN* " = (s = 1)le = (P, 1<s<2

for all £,¢ € RN, Put
Up) =1z €Q: p(x) 22}, Vyu ={reQ: 1<p(x) <2},

then, it follows from and that

/Up(:r)
/.

p(x)

|Auy, — AulP® da < 02/ AW (Auy,, Au) dz,
Q

|V, — VulP® de < 02/ AN)(Vu,,, Vu) dz,
Q

p(z) o () 22
/ At = Bup®) da < cy / (A0 @u Aw) * (02w, a0) T e,
Vp(e) 0
p(z) ()
&N (2-p()
/ Vn, — VulP® dz < e / (A(N)(Vun,vu)> 2 (C(m(wn,w)) T e,
Vi Q

p()

where A®,C0) : Ri x Ri - R, i =1, N are defined by the following formulas

AD(E,¢) 1= (1eP2¢ = |CPD72C) (6 = ©), CO(E, ) o= fe] + <]

for all £, € RY, i =1, N.

(18)

(20)

(21)

(22)

(23)

(24)

(25)
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Now, from relations —, we get
0< / (|Aun|p(m)_2Aun - |Aun|p($)_2Aun) (Auy, — Au) dx
Q
+a / (yvunyW)*Qvun - \vun\P@)*?vun) (Vup — Vu) dz
Q

+b </ L\Vun]p(g”) dx) / (\Vun\p(x)QVun - \Vun\p(x)#Vun) - (Vuy, — Vu) dz

o p(z) Q
= (J5(un) — Jy(u)) (un —u) + )\/Q (f(x,upn) — f(z,u)) (up —u)dx
1 K

+b (/ —— | VuP®) dm) / IVulP® =2V - (Vu, — Vu) de

a p(z) Q

—b </ L\Vun]p(x) d:v) / |V, [PD =2V - (Vau, — V) da
o p(z) Q

— 0, n — oo.

Therefore, we have

lim | AD(Auy,, Au)de = lim | AN (Vu,, Vi) dz = 0. (27)

For this reason, we can assume that 0 < [, AV (Au,, Au)de < 1. If Jo AWM (Au,, Au)dz = 0 then

AN (Au,, Au) = 0 since AD(Au,,Au) > 0in Q. If 0 < Ja AN (Auy,, Au)dz < 1, then thanks to the
Young inequality

abgaieri" va,b>0, }+l,=17 r,r’ € (1, +00),
r r L
with
p(z) *P2<z) )
(=) e
a= (A(l)(Aun,Au)> 2 (/ A(l)(Aun,Au) dx) b= <C(1)(Aun,Au))( p(2)) 55 ,
V()
"= . r' = reV
T’ 2—pla) p@)

we conclude that

(/

p(x)

< / (A(l)(Aun,Au))2<
V.

p(z)

Hence, by relation ,

E |Auy, — AulP®) da < /
€ JVyw) v,

p()

NI

AN (Au,, Au) dm)
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We also have

NI

1 (=)
— [V, — VulP® de < / AN (Y, Vu) dx [1 + / (C(N)(Vun, Vu))p d;v] . (29)
4 V@) Vo) Q

By , , and , we have

/ |Aup, — AulP® do = /
Q U,

p(x)

when n — oo. Similarly, from , , and we have

/ Vi, — VulP® de = /
Q U,

p(x)

|Aup, — AulP® da + / |Auy, — AulP® dz — 0 (30)

V()

|V, — VulP® de + / |V, — VulP® dz — 0. (31)
V()
Therefore,

i — ulP" < / (180, — AP + [Vu, — @) di - 0
Q
when n — oo, we deduce that {u,} converges strongly to u in X. Since J) € C'(X,R), we conclude that
J3 () — J4(u), as n — oo. (32)

Relations and show that J{(u) = 0 and thus u is a weak solution for problem (T]). Moreover,
by relation (32), it follows that Jy(u) < 0 and thus, u is a nontrivial weak solution for (I)). The proof of
Theorem [2.5] is complete. O
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