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ABSTRACT

Starting from an inequality involving the invariant 6(D) for an anti-holomorphic submanifold of
a complex space form [1] and using optimization methods on Riemannian manifolds, we establish
a corresponding inequality for the invariant 5(D') defined on QR-submanifolds in quaternion
space forms, in terms of the squared mean curvature. We obtain a relationship between intrinsic
and extrinsic invariants for QR-submanifolds of quaternion space forms.
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1. Introduction

The fact that every Riemannian manifold can be regarded as a Riemannian submanifold isometrically
embedded in some Euclidean space with sufficiently high codimension (according to the embedding theorem
of J.F. Nash [6]) gives the opportunity to use the extrinsic help in Riemannian geometry. One of the most
fundamental problems in the theory of submanifold is to find simple relationships between intrinsic and
extrinsic invariants of a submanifold.

In this paper, we consider é-invariants of QR-submanifolds of a quaternion space forms; they are very
important among intrinsic invariants, being different in nature from the classical Ricci and scalar curvature.
The non-trivial é-invariants are obtained from scalar curvature by substracting a certain amount of sectional
curvatures.

Let M be a Kaehler manifold with complex structure J and let N be a Riemannian manifold isometrically
immersed in M. One denotes by D,,, = € N, the maximal complex subspace 7, N N J(T, N) of the tangent space
T, N of N.If the dimension of D, is constant for all z € N, then D : + — D, defines a holomorphic distribution D
on N. A subspace v of T, N, x € N, is called totally real if J(v) is a subspace of the normal space T;"N at z. If
each tangent space of N is totally real, then N is called a totally real submanifold of the Kaehler manifold M.

If the orthogonal complementary distribution DL of the holomorphic distribution D is totally real, i.e.,
TN =D& D+, JDF C T;'N, z € N, then the submanifold N is called a C R-submanifold.

The totally real distribution D of every C R-submanifold of a Kaehler manifold is an integrable distribution
(3D

In order to give some answers to an open question concerning minimal immersions proposed by S. S. Chern
in the 1960’s and to provide some applications of the Nash embedding theorem, B.-Y. Chen introduced in early
1990’s the notion of d-invariants. In the case of a C R-submanifold N of a Kaehler manifold, Chen introduced
two S-invariants 6(D) and §(D1), called CR §-invariants, defined by Chen in [4]:

0(D)(z) = 7(z) = 7(Da),
§(D+)(2) = 7(2) - 7(Dy),

where 7 is the scalar curvature of N and 7(D,) and 7(D*) are the scalar curvature of the holomorphic
distribution D and totally real distribution D+ of N, respectively.
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In [1], Al-Solamy, Chen and Deshmukh proved an inequality involving the J-invariant 6(D), for an anti-
holomorphic submanifold in a complex space form, in terms of the squared mean curvature.

In 1986, A. Bejancu [2] introduced the notion of Q R-submanifolds as a generalization of real hypersurfaces
of a quaternion Kaehler manifold (see also [8]).

Let M be a quaternion Kaehler manifold and N be a real submanifold of M. N is called a QR-submanifold if
there exists a vector subbundle v of the normal bundle such that we have

Jo(ve) =v, and J,(vi) CT,N, 2z € N, a = 1,3,

where v+ is the complementary orthogonal bundle.

Taking into account the research done until now ([5]), we remark that quaternion C'R-submanifolds and
@ R-submanifolds have very little in common (see also section 2).

In the present paper, we give a corresponding inequality to the inequality given in [1], for §(D*) in the case
of a QR-submanifold of a quaternion space form with minimal codimension, i.e., dimv, = 0.

2. Basics on quaternion manifolds and submanifolds

Let M be a Riemannian manifold and N C M a Riemannian submanifold of M with the induced Riemannian
metric. We denote by TN and T+ N the tangent bundle, respectively the normal bundle of N, and by V and V
the Levi-Civita connections of N and M, respectively.

The Gauss and Weingarten formulae are given by:

VxY = VxY +h(X,Y),

VxV = -AyX + ViV,
VX,Y € (TN), V € T(T*+N), where V+ is the normal connection on T+ N.
One has g(h(X,Y),V) = g(Av X,Y). )
If M is a 4n-dimensional manifold with the Riemannian metric g, then M is called a quaternion Kaehler manifold
if there exists a 3-dimensional vector bundle o of local basis of almost Hermitian structures Ji, Js, J3 such that

Jo 0 Joy1t = =Jay10Jo = Jayae, J3 = —1d,

where o, a + 1, a + 2 are taken modulo 3. 3

In this case, o is called an almost quaternion structure on M, {J1, J2, J3} is the canonical local basis of o and
(M, o) is called an almost quaternion manifold, with dim M = 4m, m > 1.

A Riemannian metric § on M is said to be adapted to the almost quaternion structure o if it satisfies

G(JaX, JoY) = §(X,Y), Vo =T1,3.

Then (M, 0, §) is called an almost quaternion Hermitian manifold.

If o is parallel with respect to V, then (M, 0,§) is called a quaternion Kaehler manifold. Equivalently, there
exist locally defined 1-forms wy,ws,ws such that Va = 1,3, (VxJu)(X) = wara(X)Jar1 — War1Jar2, where
a,a+ 1, a+ 2 are taken modulo 3.

Remark 2.1. Any quaternion Kaehler manifold is an Einstein manifold (for dim M > 4).

Let (M ,0, §) be a quaternion Kaehler manifold and X be a non-null vector on M. Then the 4-plane spanned
by {X, /1 X, X, J5X}, denoted by Q(X), is called a quaternion 4-plane. Any 2-plane in Q(X) is called a
quaternion plane. The sectional curvature of a quaternion plane is called a quaternion sectional curvature.

A quaternion Kaehler manifold is called a quaternion space form if its quaternion sectional curvature is
constant, say c. So, (M, 7, §) is a quaternion space form if and only if

~ C

R(XY)Z = {3, 2)X = §(X, 2)Y +

3
+ 3 192, JaY ) o X = §(Z, JaX)JaY +25(X, JoY)JuZ]},

a=1
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VX,Y,Z € T(TM). )
For a submanifold N of M, if {e;,...,e,} is an orthonormal basis of 7, N and {e, {1, . .., €4m } an orthonormal
basis of T;-N, p € N, the mean curvature vector is given by

H(p) = % Z h(ei,e;).

One denotes by

1212 (p) = D g(hleie5), hlei, e5)).

4,J=1

For a quaternion Kaehler manifold, we have
~ 3 ~
(VxJo)(X) = Qap(X)Js, a =1,3, VX € (T M),
B=1

where Qo are certain 1-forms locally defined on M such that Qus + Qpa = 0.
Let M be a quaternion Kaehler manifold and N be a real submanifold of M. N is called a QR-submanifold if
there exists a vector subbundle v of the normal bundle such that

Jo(vz) = v, and Ja(ywl) CT,N,z€N, a=1,3,

where v is the complementary orthogonal bundle.
Let Doy = Jo(vy), Dt = D1y ® Doy @ Da, a 3g-dimensional distribution D+ : z — D globally defined on N,
where ¢ = dimv;-. One has
Jo(Doz) = vy, Jo(Dpz) = Doy, Yz € N,

where (o, §,7) is a cyclic permutation of (1,2, 3).
D is the orthogonal complementary distribution of D+ in TN and J,(D,) = D,. D is called the quaternion
distribution.
So
TM =TN ®T*N, TN =D & D+,

T*N =vovt, v,vt CTHN, D = Dy, @ Doy © D3,

Recall that N is a quaternion CR-submanifold (see [5]) if it admits a differential quaternion distribution D such
that its orthogonal complementary distribution D+ is totally real, i.e. J, (D) C T;}* N, fora = 1,2,3and Vz € N.

Figure 1. Quaternion CR-submanifolds
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Figure 2. QR-submanifolds

The differences between the quaternion CR-submanifolds and QR-submanifolds in quaternion space forms
can be represented in the Figure 1 and Figure 2.

ForY € I'(T'N) we consider the decomposition J,Y = ®,Y + F,Y, a = 1,3; ®,Y, F,Y are the tangential and
normal components of J,Y’, respectively.

For V € T(T* N) we consider the decomposition J,V = t,V + f,V, a = 1,3;t,V, f,V are the tangential and
normal components of J,V, respectively.

N is called mixed geodesic if h(X,Y) =0, VX € I'(D), Y € T(D4).

Let 7 = sp{ X, Y} be a tangent plane to M at a point p € M. The sectional curvature of 7 is

- R(X,Y, X Y)
B = Sm . y) - 25 v)
From ~ .
R(X.Y)Z = {§(Z,Y)X — §(X, 2)Y +
3
D (32, JaY ) o X = §(Z, JaX)JoY +25(X, JaY ) JaZ]},
we obtain )

3
143) §°(JaX,Y)

a=1

K(XAY)=

RSN

VX,Y € I'(T,M), p € M, unit vector fields.
By the Gauss equation, we have

K(XAY)= +g(h(X, X),h(Y,Y)) — g(h(X,Y),h(X,Y)).

1+3Z (JoX,Y)

We recall the following result.

Let (N, g) be a Riemannian submanifold of a Riemannian manifold (M, §) and f € C>(M). We attach the
following Optimum Problem:

(2.1) min f(z).

TEN
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Theorem 2.1. [7] If xy € N is a solution of the problem (2.1), then
a) (grad f)(zo) € T;(-)N;
b) the bilinear form 3 : T, N x T, N — R,

B(X,Y) =Hess;(X,Y) + g(h(X,Y), (grad f)(zo))
is positive semidefinite, where h is the second fundamental form of the submanifold N in M.

Remark 2.2. If (3 is negative semidefinite, then we have a solution of max,cn f(z).

3. An inequality for a new j-invariant

If N ¢ M is a QR-submanifold of minimal codimension, i.e., dim v, = 0 for z € M, we consider the following
orthonormal bases:

{e1,...,en} C Dy;
. . L.
{Jlen-‘rla EERE) Jlen-‘rqa J2en+la B J26n+Q7 J3en+l7 .. '7J3en+q} - ,Dm )
1
{ En+1y--- a€n+q} CT;N.

For z € N, we have
dim D, = n; dim Di‘ =3q; dimT, N = n+ 3q;
dimv, =0, dimTlJ,‘N = q =dim Vj‘

We define the following QR é-invariant §(D+) by
§(D*)(x) = 7(x) = 7(Dy), w € M,

where 7 and 7(D+) denote the scalar curvature of N and the scalar curvature of the distribution D+ C TN,
respectively.
In the following, we will use the convention on range of indices, unless mentioned otherwise:

iLjihk=1n; 0 B,y=13;rst=n+1n+q; A, B,C=1,n+q.

In [1], the authors proved an inequality for 6(D) for an anti-holomorphic submanifold of a complex space
form:

Theorem 3.1. [1] Let N be an anti-holomorphic submanifold of a complex space form M"*P(c) with h = rankg D > 1
and p = rank D+ > 2. Then we have

(p—1)(2h + p)?
2(p+2)

5(D) < H|? + Eh+p—1)-

=10

The equality sign holds identically if and only if the following three conditions are satisfied:

(a) N is D-minimal,

(b) N is mixed geodesic, and

(c) there exists an orthonormal frame {esp41, ..., en} of D such that the second fundamental form o of N satisfies
oy, =305, for2h+1 <r # s <2h+p,and

oty = 0 for distinct r,s,t € {2h +1,...,2h + p}.

The main result of our study is the following inequality involving §(D*) for a QR-submanifold of a
quaternion space form.

Theorem 3.2. Let N be a QR-submanifold of minimal codimension of a quaternion space form M/(c), dim D, =
n,dim D} = 3¢,dimv, =0, dimv} = q, z € N. Then we have:

n(n + 3q) n(n+6q+8) ¢

2
HR 2t T
a1y AT

(%) 5(Dh) < 5 1

www.iejgeo.com


http://www.iej.geo.com

G. Macsim & A. Mihai

The equality sign holds identically if and only if the following three conditions are satisfied:
(a) N is mixed geodesic,

(b) the distribution D is totally umbilical, and

(c) there exists an orthonormal frame

{N1ens1,-- s Jilntgs Joenit, ... J2enggs J3lng1, ..., J3eniq}
of D+ such that the second fundamental form o of N satisfies

hi;=0,i,j=1n,i#jr=n+1n+gq

Proof. With the above notations, for z € N we have

3 n+q 3 n ntq
T(z) = Z K(e; Nej) +Z Z K(Jaer A Jges) +ZZ Z K(e; A Jyer).
1<i<j<n a,f=17r,s=n+1 a=1 i=1 r=n+1
n-+q

Z Z K (Jaer A Jges).

a,f=1r,s=n+1

From these two relations, we obtain

3 n n+q
(3.1) S(DY)(a)= > K(eine)+> Y Y K(eiAdaer).
1<i<j<n a=1 i=1 r=n-+1

Applying the Gauss equation for X =e;, Y =e¢;, i,j = 1,n, i # j, we get

3
1 + 3292(Ja61‘,€j)

a=1

(3.2) K(eiNej) = = +g(h(ei, ei), hiej, e)) — g(h(ei, €5), hlei, €)).

Because J,e; € D and J,e, € D+, by applying the Gauss equation for X =e;, and Y = Jae,, i =1,n, r =
n+1,n+q, a =1,3, we have

(3.3) K(e; A Jaer) = = + g(h(ei, e;), h(Jaer, Joer)) — G(h(es, Jaer), h(ei, Joer)).

=10

Using the relations (3.2) and (3.3) in (3.1), it follows that

6D @) = Y {j

3

1+3 Zgz(c}aei; 6j>
a=1

+ g(h(ei, e:), hej, e5)) — g(h(ei, e5), h(es, ej))} +

1<i<j<n
3 n n+q
C ~ ~
> |5 4 Gllers €0, h(acr Juer) = G(h(es, Jaer), heis aer))| =
a=1 i=1 r=n+1
3
_n(n—1) ¢  3c -
= B 1 + 1 Z g (Jaeza€])+

n+q
+3ng - g +ZZ 7 [glh(eiei), h(Jaer, Jaer)) — Glh(ei, Jaer), hlei, Jaer))]s

thus we obtain

(3.4) §(DH)(z) = B E—— 2 + 1 Z 3 (Jaei,ej)+
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3 n ntq
+ > glh(ene) hleje)+ >3 > Glh(es ), h(Jaer, Jutr))—
1<i<j<n a=1i=1 r=n+1
n  ntq
= Y glhleney) hlese)) = D N> d(hles Jaer), hlei, Jaer)).
1<i<j<n a=1i=1 r=n+1
Obviously
(3.5) | Pall? = Z 32 (Juei,€j)

1,7=1

Taking into account that the term 3% _ S7 S 4 11 9(h(es, Jaer), hiei, Jae,)) is positive (being a sum of
squares), the relations (3.4) and (3.5) imply

+6qg—1
(3.6 50 (w) < "D 0n ST Glhenen) hlepe)t
1<i<j<n
3 n+q
+ZZ Z g(h(eiﬂei)7h(‘]aeT7JaeT))_ Z g(h(ei7ej)7h(ei7ej)):
a=1i=1 r=n+1 1<i<j<n

n+q

+ 6 +8) ror
S e A D ML

1<i<j<nr=n+l

n n+q n+q

DYDY hfi{hmﬁ:ﬁiir}— DS

i=1 r,s=n+1 1<i<j<nr=n+1
where
(371) h:j = g<h<ei;ej>7e7“)a
(372) Bis :g(h(c]lervjles)aet)v
(3.7.3) A, = §(h(Jaer, Jaes), ),
(3.7.4) i:Lis = g(h(Jzer, Jzes), et),

withi,j=1,n, r,s,t =n+1,n+q.
Using the fact that 5, _,, S (hirj)2 is positive as a sum of squares, from (3.6), we get

r=n+1
6 8
(3.8) §(DY)(z) < n(n+6q+8) ‘h
2 4
n+q n n+q N ~
D DS Sl S [hgs Rt hgs] .
1<i<j<nr=n+1 =1 r,s=n+1
We consider the following quadratic forms f; : R"™37 — R,
(39) ft(htlla R h%n’ ﬁ;—i—l;n—i—l? R Bﬁt+q;n+q; iLfL—i—l;n—i—l’ cery B;—&-q;n—l-q; iLﬁL—i-l;n—i-l’ e ﬁn-&-q n+q)
n n+q ~ ~ z
DL L EDIDIR [hiﬁhiﬁhir} t=nfLntq
1<i<j<n i=1 r=n+1
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For fy(hY,...,h% | snye) We must find an upper bound, subject to
(3.10) Pihfi4 .ot hby 4 M+ Rt + Bt o F hn+q ntq T
e I ‘
n+ln+l T - ntqntq — €

where ¢! is a real constant.
For this, we calculate the partial derivatives of f;

J#i n+q - ~
) = 1) n7

= > kit Y (hh R R,

(3.11.1)
hii 1<j<n r=n+1
0 o fy -
(3.11.2) :’? = — Zh s=n+1,n+q.
8hss 8hgs aht i=1

In the standard frame of R"39, the Hessian of f; has the matrix
A B
Bt C)~

where B € M,, 3,(R), with all the elements equal to 1, C' € M3,(R), with all the elements equals to 0 and A is

the matrix :
0 1 1 1
a1 0 e MyR)
1 1 1 0
We obtain
n  ntq ~ z
BX,X)=2 Y XiX;j+2> > XX+ X +X,)=
1<i<j<n i=1 r=n+1
n n+q _ - z 2 n n+q _ ~ z
= lzxi+ Z (XT‘+XT+XT‘) _Z(Xi)Q_ Z |:(X7")2+(X7“)2+(X7")2:| -

=1 r=n+1 i+1 r=n-4+1

nte ~ = ~ = ~ =

—2 Z (XTXS+X7’X5+X1”XS> =
r,s=n+1
n ntg ~ x z : n ntg ~ x z :
= lZXHr Yo X+ X+ X)) - (X)) lZ(Xr+Xr+Xr) =
=1 r=n-+1 1+1 n+1
n n+q ~ - z 2
—- > [ ko) <o
i+1 n+1

2
= 0, P being totally geodesic in R"*3¢. Then the Hessian of f; is

because [Zl X+ (X4 X+ X,,)}
negative semidefinite, so f; reaches its maximum (see Remark 2.2.)
) of f, we find:

Searching for the critical points (A%, ..., AL, iy
ofr _ 9f
Oht,  Ohl,

n+q - z J#2 ntq ~ z
Zh > (kAR AR = Y B+ > (Bl 4 b+ B,
r=n+1 1<j<n r=n-+1
www.iejgeo.com
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which gives

(3.12) By = hby = ... =hi, =\
Also
of, _  of
6ht11 8h§l+1;n+1
nte ~ = =
(3.13) Wiy= > (b, +hi, +ht) =X
r=n+1
From (3.10), (3.12) and (3.13) we obtain
o
PIA+FA=c = = ,
n+1
which gives
n+q ~ x ot
t _ 3t _ 3t _ It It 7t _
(314) h’ll - h22 e T hnn - T;rl(hrr + hrr + hrr) - n+1 .

Using the relations (3.14) in the expression of f; from (3.9) we have

z n(n—1) ¢\’ ¢ \?
ft(hilv""hz-&-q;nﬁ-q) < 2 . <n+ 1) e n+l)
¢\ [n(n—1) ¢\ [n*=n+2n
= . 74_” = : =
n+1 2 n+1 2

([ > n24n G 2 nn+1)  ()? n
C\n+1 2 C\n+1 2 2 n+4l

and then
n
3.15 < — 3¢)? - ||H||?
(3.15) o S gyt 307N,
where
1 n n+q . =

From (3.8) and (3.15) we obtain the relation (*).
The relations (3.4), (3.6) and (3.12) imply the conditions for the equality case.
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