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ABSTRACT

In this study, we obtain the 4 x 4 elliptic matrix representations of elliptic biquaternions with the
aid of the left and right Hamilton operators. Afterwards, we show that the space of 4 x 4 matrices
generated by left Hamilton operator is isomorphic to the space of elliptic biquaternions. Then, we
study the De-Moivre’s and Euler formulas for the matrices of this matrix space. Additionally, the
powers of these matrices are obtained with the aid of the De-Moivre’s formula.
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1. Introduction

The set of quaternions was introduced by Sir W. R. Hamilton in 1843 [1]. The set of quaternions can be
represented as

H={q¢=q+qi+qoj+qek: q,q,90,9 € R}

where the quaternionic units i, j and k satisfy

P=j>=k*=-1, ij=-ji=k, jk=-kj=1i, ki=-ik=]j.
The real quaternion algebra has an important place in kinematic, differential geometry, quantum physics and
image processing etc.

We know that real quaternion algebra is isomorphic to a real 4 x 4 matrix algebra. The real matrix
representations of quaternions are investigated in [2, 3, 4]. On the other hand, the Euler’s and De-Moivre’s
formulas for the complex numbers are generalized to quaternions in [5]. These formulas are investigated for
real matrices associated with real quaternions in [6].

W. R Hamilton also introduced the complex quaternion algebra within ten years of the discovery of quaternions
[7]. Complex quaternion algebra Hc is a generalization of real quaternion algebra by permitting ¢, ¢1, g2 and
¢3 to be complex numbers where i, j and k are exactly the same in real quaternions. That is, the set of complex
quaternions can be represented as

He ={Q =Qo+ Qii+ Q2j+ Qsk: Qo,Q1,Q2,Q3 € C}.

Euler formula and De-Moivre’s formula for complex quaternions are discussed by M. Jafari in [8]. M. Jafari in
this study, also give these formulas for 4 x 4 complex matrices generated by left Hamilton operator. Hamilton
operators have an important role in the quaternion theory. Some algebraic properties of Hamilton operators
are taken into consideration in [9]. Also, some studies which are performed by using the Hamilton operators
can be found in [10, 11, 12, 13].

Recently, we have presented the elliptic biquaternions and investigated the terms; inverse, inner product, semi-
norm, modulus and conjugate for them in [14]. Also, some properties of elliptic biquaternions relating to semi-
norm and the three types of conjugate have been given and the idempotent elements in the elliptic biquaternion
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algebra have been discussed in [15]. Lastly, some algebraic relations between elliptic biquaternions and
extended p-trigonometric functions have been discussed in [16].

In this paper, firstly, we present an introduction to elliptic biquaternions and recall some information on
elliptic matrices for the necessary background. Afterwards, with the help of the Hamilton operators, we obtain
4 x 4 elliptic matrix representations of elliptic biquaternions. Also, we show that the matrix space, which
includes the matrix representations corresponding to left Hamilton operator, is isomorphic to the space of
elliptic biquaternions. Then, we call the matrix, which corresponds to an elliptic biquaternion @ under this
isomorphism, as the elliptic matrix associated with Q. Finally, we express the De-Moivre’s and Euler Formulas
for these matrices by writing them in the p-trigonometric form and obtain the powers of these matrices by
means of the De-Moivre’s formula.

Throughout this paper, the following notations are used. Let C,, HC, and M,,, (C,) denote the elliptic
number field, the elliptic biquaternion algebra and the set of all m x n elliptic matrices, respectively.

2. Preliminaries

In this section, firstly, we recall the fundamental concepts of elliptic biquaternions (see [14] and [16] for more
details.)
The set of elliptic biquaternions is given in the cartesian form as in the following

HC, ={Q = Ao + A1i+ Aoj + Azk : Ag, A1, Ay, A3 € Cp}

where C, = {z + Iy : 2,y € R, I? = p < 0, p € R} states the system of elliptic numbers and i,j and k are the
quaternionic units which satisfy

iZ=j2=k>=-1, ij=-ji=k, jk=-kj=1i, ki=—-ik=]j.

For any two elliptic biquaternions @ = Ay + A1i+ Asj + Ask and R = By + Bii + Byj + Bsk, addition and
multiplication by a scalar A € C, are defined as

Q-+ R=(Ao+By) + (A1 +B1)i+ (A2 +B2)j+ (A3 + Bs) k

AQ = (Mg) + (V1) i+ (M2)j+ (M3) k.
and also, the product of Q and R is given as follows:

QR = [(AoBo) — (A1B1) — (A3Bs) — (A3Bs)] + [(AoB1) + (A1By) + (A2Bs) — (A3Bs)] i
+ [(AoB2) — (A1B3) + (A2Bo) + (A3B1)] j + [(AoBs) + (A1B2) — (A2B1) + (A3Bo)] k, [14].

Moreover, for an elliptic biquaternion @ = Ay + A1i + A2j + Ask, the Hamiltonian conjugate, complex
conjugate and total conjugate of @ are

Q =Ap— Aji— A)j— Ask

Q" =A" + A"+ Aj+ A"k

QN = Ap* — A"i— A" — A3™k

respectively. Here, superscript stars which are on Ay, A;, A2 and A3 denote the usual complex conjugation.
If Q=A¢+ Aji+ Asj+ Ask and R = By + B1i + Byj + Bsk are any two elliptic biquaternions then the inner
product of @ and R is given as in the following:

1 — — 1 _ _
(Q,R) = B (QR+ RQ) = 3 (QR+ RQ) = AgBo + A1 By + A3 By + A3Bs.
The semi-norm of an elliptic biquaternion Q) = Ay + A:i+ Asj + Ask is defined as

No=(Q,Q)=A* +A* + A° + 4°=QQ =QQ

via aforementioned inner product. In addition, an elliptic biquaternion which has a unit real semi norm is
called unit elliptic biquaternion, [14]. The set of all unit elliptic biquaternions is denoted by 7 and is given as in
the following

n={Q € HC, : Ng =1} C HC,,[16].
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Also, an elliptic biquaternion whose scalar part is zero called pure elliptic biquaternion, [14]. The set of all pure
elliptic biquaternions whose semi-norm is equal to |p| is denoted by ¢ and is given as in the following

(={V=A41i+Aj+Ask: Ny =|p|, V=-V, V?=p} [16].

On the other hand, the multiplicative inverse of an elliptic biquaternion @ which has a nonzero semi-norm
is defined as Q! = J\%. Also, for an elliptic biquaternion @, its modulus is denoted by |Q| and satisfies the
equality Ng = 1QI?, [14].

In elliptic plane, due to [17], it is well known that the p trigonometric functions; p-cosine (cosp) and p-sine

(sinp) are defined as
1
cosp 6, = cos (917\/ |p|) , sinpf, = ——sin (91,\/ \p|)

Vel

where 0, = ﬁtanf1 (% VI p\) is p-argument of an elliptic number z = x + Iy. On the other hand, the functions
p

p-cosine (cosp) and p-sine (sinp) of an elliptical complex variable ¢, are given by the equalities

61¢p+671¢p . ) e pn(ppZn
COSD Pp = COS (@p\/ \p|) =y = cosp x cosh (py) + I sinp x sinh (py) = Z 2n)! (2.1)
n=0 ’
and
sin (cpp\/|p|) B 1 > prip, 2t
sinp ¢, = = = sinp x cosh (py) + I— cosp x sinh (py) = —r ___ (2.2)
b VIl 21 P —~ (2n+1)!

in which case, the angle ¢, = 2 + Iy € C,, is called as elliptical complex angle. For any two elliptical complex
angles ¢, and v, the following addition formulas hold [16]:

(@) cosp (¢p + 1p) = cOSP ) COSP Y, + psinp @y, sinp 1y,

. . . (2.3)
(b) sinp (¢, + V) = sinp @, cosp ¥, + cosp @, sinp ;.

Let Q = Ap + A1i+ Asj + Aszk be any elliptic biquaternion with a non-zero modulus while \/ A2 4 A? + A5
is non-zero. In this case, () can be given in the p-trigonometric form:

@ = R (cosp ¢, + W sinp ¢p) (2.4)
with
(@) R = VAP + A%+ 457 4 As?, (b) cospgp = 20 (0) sinpipy = A7 ;j%+ 437 (ywo = Vil f% 25)
where ¢, is an elliptical complex angle in the form ¢, = = + Iy € C,, [16].
Also, a natural generalization of Euler’s formula for elliptic biquaternions is given as
eV QP = cosp pp + W sinp ¢, (2.6)

for any elliptic number ¢,. An elliptic biquaternion @ = R (cosp ¢, + wq sinp ¢,) € HC,, can be given in the
elliptical exponential form as in the following:

Q = Re™Q%» (2.7)
by means of Euler’s formula, [16]. Moreover, ) satisfies the property which is given in the next theorem.
Theorem 2.1. For a given elliptic biquaternion @ = R (cosp ¢, + Wq sinp ¢,) = ReVe¥» € HC,, the equality

Q" = R" [cosp (ny,) + wg sinp (ng,)] = R"e™ensr

is satisfied where n is any integer, [16].
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Lastly, we recall some information on the elliptic matrices to disambiguate the ensuing sections (See [18] for
more details).
In the matrix set M, ., (C,), which includes m x n matrices with elliptic number entries, the ordinary matrix
addition and multiplication are defined. Also, the scalar multiplication is defined as

AA =) (a,»j) = ()\aij) S Man ((Cp)
where A = (a;5) € Myxn (Cp) and A € C,,.

For an elliptic matrix A = (a;;) € Myxn (Cp), it is known that the matrix A = (a;;*) € Myxn (Cp) is the

complex conjugate of A where a;;* is the usual complex conjugation of a;; € C,. Also, the matrix A* = (Z)T €
M,y «m (Cp) is the conjugate transpose of A, [18].

3. Hamilton Matrices of Elliptic Biquaternions

Let @ be an elliptic biquaternion. We define the linear maps
h*t:HC, — HC, h~:HC, — HC,

R — W (R =QR R —h~(R) =RQ.

These operators are called Hamilton operators. Using our newly defined operators and the base {1,i,j,k} of
HC,, we can write

RT(1) = Q1 = Ag + Aji + Asj + Ask

i) =Qi=—A; + Api + A3j — Ak
Wt (j) = Qj = —Ay — Asi+ Agj + A1k
W (k) = Qk = — A + Asi — A + Aok

and

(1) =1Q = Ap + Aji+ Asj + Ask
(i) =iQ = — A1 + Aoi — Agj + Aok
() =JQ = —Ax + Aszi+ Aoj — Ak
h™(K) = KQ = — Ay — Agi + Arj + Aok.

Then, we find the following elliptic matrix representations

W
h-
h-

Ay —Ay —Ay —As
A Ay —A, A
¥ _ 1 0 3 2
HY@Q) =1 4, 4, 4, -4,
Az —Ay Aq Ap

3.1)

and

Ay —A1 —Ay —As

oA A A A

H™(Q) = A, —As A, A (3.2)
A3 Ay —A; A

which correspond to Hamilton operators At and &, respectively.

By looking at an elliptic biquaternion as a four-dimensional vector, the multiplications of two elliptic
biquaternions @ = Ay + A1i + A2j+ Ask and R = By + B1i+ Byj + Bsk can be described by matrix-vector
products as:

AO —A1 _A2 _A3 BO

A Ay A3 A B

— gt _ 1 0 3 2 1
QR=HT(@QR=| b 0 1% % B (3.3)

A3 —As Al Ao Bs
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and

RQ=H (Q)R=

Ay —A1 —Ay Az By
A Ay A3 —Ap B
Ay —As Ay A B,
As Ay —-A; A Bs

(3.4)

As already discussed up to now, the meanings of the symbols; over bar, dagger and superscript star vary
according to terms which they are applied to. For the rest of the paper, we need to warn the readers about

these cases.

Theorem 3.1. Let Q = Ag + A1i+ Asj+ Ask, R = By + B1i+ Baj + Bsk be two elliptic biquaternions in the space
HC, and X be an elliptic number. Then the following properties hold:

M Q=R& H(Q)=H'(R) & H (Q) =

H™(R),

@) HY(Q+R) = HT(Q)+ HT(R), H(Q+R) = H (Q) + H (R),
@) HT(AQ) = AHT(Q), H-(AQ) = AH(Q),
4) HT(QR) = HT(Q)HT(R), H™(QR) = H™(R)H(Q),

G) H (Q7') =[H" (Q
6) H (Q) = [H" (Q)]
H+

H™(Q) =
7) HY (Q*) = -

(@Q), H™(Q") = H~ (Q),

N H QY =[H (@),
H=(Q)]",

®) H* (QT) =[H"(Q)]", H™ (Q") =[H™ Q)]
(9) det H(Q) = (Ng)*, det H~(Q) = (Ng)?, Trace [H(Q)] = Trace [H(Q)] = 4A,.

Proof. We will prove 4 and 5 the other properties can be easily shown.

(4) For convenience, let us show the components of the elliptic biquaternion QR with A, B,C, D. That is QR

can be written in the following form:

QR= A+Bi+Cj+Dk

where A= A()BO — A1B1 — A2B2 — AgB3 s B= AQB1 + AlBo + Ang — A3B2 y C= A()BQ — AlB3 + AQBQ +
AsBiand D = AgBs + A1 By — Ay By + A3 Bg. Then we obtain

A -B —-C -D Ao

B A -D ¢ A

HT (QR) = c D A -B |~ A;
D -C B A A

and

A -B -C -D Bo

_ | B 4 D —c | [ B
H-@QR=| o p a4 p |~ Bs
D C -B A Bs

(5) From the inverse property, we can write

Then, the equations

—-A; —Ay —As By —B1 —DB2
Ao —As As B1 Bo —B3
As Ao Ay B2 Bs Bo
—As Ay Ag B3 —Bs B
—-B1 —Bz —DBs Ao —A1 —A2
Bo B3 —B> Ay Ag As
—-B3  Bo B As —As Ao
B —B1 Bo As Ao —Aq
-1 _ -1 _
QR =Q Q=1

HY(QH"(Q')=H"(QQ")=H"(1)=1L

and

HY(Q)HY (Q=H"(Q'Q) =H"(1)=1

are satisfied. It means that H* (Q™') = [H* (Q)]"". In the same manner, one can see that H- (@1

[H- Q)"

733
Ba
7Bl
By

—As
— Ay
Ax
Ao

(3.5)

=HT(QHT(R)

— H™(RH(Q).

O
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Now we will define a function « from the elliptic biquaternion space HC,, to matrix space M as in the following

v: HC, - M
Q — Q) =H"(Q)

where

Ay —A —Ay —Aj3
Ay Ay —As Ay
Ay Az Ay A
A —Ay A A

The function v is bijection and it comprises the following properties

M = i Ag, Ay, Ag, As € (Cp

Y(QR) =v(Q)v(R)
(@ + R) =~(Q) +~(R)

where @ and R are any elliptic biquaternions. Therefore, v is a linear isomorphism. But, as a consequence
of theorem 3.1 (4), a map such 6 : Q — 0(Q) = H (Q) is not a linear isomorphism. Considering the linear
isomorphism v, we call the matrix H*(Q) as 4 x 4 elliptic matrix associated with Q.

4. Applications of 4 x 4 Elliptic Matrices Associated with the Elliptic Biquaternions
Let Q = R (cosp p + Wg sinp ¢,) be an elliptic biquaternion in the p-trigonometric form. Since @ can be
written as

Q = (Rcosp ¢p) + (Rw; sinp @) i + (Rws sinp ¢,,) j + (Rws sinp ¢,) k
where wg = w1i + wyj + wsk, we get the elliptic matrix H*(Q) in the p-trigonometric form as

Rcospy, —Rwisinpy, —Rwssinpy, —Rwssinpy,

Rw sin Rcos —Rws sin Rw, sin
+ _ 1S1np Pp P ¥p 3 SIP Yp 2 SINP Yp _ ; +
@) = Rwssinp g,  Rwssinp ¢, R cosp pp —Rw;sinpy, | R [cosp @, Iy + sinp o, H (wq)] -
Rwssinp ¢, —Rwssinpy, Rw;sinp g, Rcosp gy
Note that
0 —wW1 —W2 —W3
X | w1 0 —w3z  we
Hiwo)= |\, ws 0 —uw (4.1)
w3 —wW2 w1 0

Lemma 4.1. Let Q = Ay + Aji+ Asj+ Ask = R (cosp g, + wq sinp g,) € HC,, be given. Then, the equality w,* +
wa? 4+ w32 = —p is satisfied where wg = w1i + waj + wsk.

Proof. From (2.5)d, we know that

A
Wi = \/|p| - 2215273

VAT + A%+ A%

Thus we get
A12+A22+A32

2 2 2
w1 w2 w3 Ip| A12 +A22 +A32 Ip| p
O
From the equation (4.1) and lemma 4.1, one immediately finds
[H" (wq)]” =pli. (42)

By means of the equalities (2.1), (2.2) and (4.2), a natural generalization of Euler’s formula for matrix H*(wg)
is obtained as in the following;:
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Ht > (H* 8
e HT(Wo)ep _ Iy +H+(WQ)<Pp + ( (V‘;?)Sﬁp) ( (V‘?:'Q)@p)

0 n, .. 2n X n, . 2n+1
D Yp P ¥p +
= I -—— | H
(nzo @2n)! ) ot (no (2n+1)!> (wq)

= cosp ¢pp 14 + sinp o, H(wq)

+ ..

for any elliptic number ¢,,.

Theorem 4.1 (De-Moivre’s formula). Let @ = R (cosp p, + wq sinp g,) be an elliptic biquaternion where wg =
w1l + waj + wsk. Then, the matrix H™(Q) and the inverse of it satisfy the following equalities

[H+(Q)]n =R" [cosp (nwp) Is + sinp (nep) H+(WQ)]
and
([ @) 7")" = B [cosp (=ngy) Ii+ sinp (—np) HY (w)]
where n is any positive integer, respectively.

Proof. The first part of the proof will be an induction on nonnegative integers n. The second part of the proof
will be completed by using the first part. Suppose that the equality

[H+(Q)]k =R [cosp (kop) Lo + sinp (kpp) H+(WQ)]
holds. Then, we can write
[H+(Q)]kH+(Q) = RF [cosp (kpp) 14+ sinp (kep) H+(WQ)} R [cosp wp L4 + sinp @, H+(WQ)] .

If we calculate the right side of this last equation by means of (4.2), we get

(H* (Q)] Lkl [cosp (k¢p) cosp @y, + psinp (kyp) sinp ¢p] Iy
+ [cosp (kepp) sinp ¢, + sinp (k) cosp @] HT (W)

= R**! [cosp ((k + 1) ¢p) Iy +sinp ((k + 1) ) HT (wq)] -

This last equation completes the first part of the proof. On the other hand, from the theorem 3.1 (5), we can
write

[H*(Q)] " = H* (Q7") = H (R™" [cosp (—p) + W sinp (—¢,)])
where Q! = R [cosp (—¢,) + wg sinp (—¢p,)]. Thus, if we use the first part of the proof we obtain
([H+ (Q)] _1> =R" [COSp (—np) 14 + sinp (—nepp) H+(WQ)]
where n is any positive integer. O

Example 4.1. For the elliptic biquaternion Q =2v2I + (2+2v2I)i+2v2j+ (2 —2v2I)k in the space
HC_,/,, we know that it can be written in the p-trigonometric form as

Q=2 {Cosp (\fw 27 n (1 + \/§>> + W sinp (\fw 27 n (1 + \/5)”

where wg = (HZﬂi + %j + @k (see [16] for details). Then, we can write
HT(Q)=2 [cosp wp Iy + sinp @, H+(WQ)]
such that
0 —1-21 _ V2 —1++21
2 2 2
V2 N 1+v21 0 —14++21 V2
Yp=—5 T 21 n (1 + \/5) and H™ (wg) = é -y (2) 12/
1—%/51 _QQ 1++21 8
2 2 2
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Every power of this matrix can be found from the theorem 4.1. For example, 13-th and 18-th powers are

[HH(Q)]" = 2" [cosp (13¢,) Iy + sinp (13¢,) H' (wo)]
and

[H+(Q)]18 =9l8 [cosp (18p,) Is + sinp (18yp,) H+(WQ)] .
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