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ABSTRACT

In this paper, we introduce anti-invariant {-Riemannian submersions from almost hyperbolic
contact manifolds onto Riemannian manifolds. Necessary and sufficient conditions for a special
anti-invariant {*-Riemannian submersion to be totally geodesic are studied. Moreover, we obtain
decomposition theorems for the total manifold of such submersions.
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1. Introduction

The geometry of Riemannian submersions between Riemannian manifolds has been intensively studied
and sevral results has been pulished (see O’Neil [10] and Gray [7]). In [19] Waston defined almost Hermitian
submersion between almost Hermitian manifolds and in most cases he show that the base manifold and
each fiber has the same kind of structure as the total space. He also show that the vertical and horizontal
distributions are invariant. On the other hand, the geometry of anti-invariant Riemannian submersions is
different from the geometry of almost Hermitian submersions. For example, since every holomorphic map
between Kahler manifolds is harmonic [4], it follows that any holomorphic submersion between Kahler
manifolds is harmonic. However, this result is not valid for anti-invariant Riemannian submersions, which was
first studied by Sahin in [14] (see also [1], [2], [6], [11], [15], [16], [17]). Similarly, Ianus and Pastore [8] shows
¢-holomorphic maps between contact manifolds are harmonic. This implies that any contact submersion is
harmonic. However, this result is not valid for anti-invariant Riemannian submersions. In [3], Chinea defined
almost contact Riemannian submersion between almost contact metric manifolds. In [9], Lee studied the
vertical and horizontal distribution are ¢-invariant. Moreover, the characteristic vector field ¢ is horizontal.
We note that only ¢-holomorphic submersions have been consider on an almost contact manifolds [5]. It was
1976, Upadhyay and Dube [18] introduced the notion of almost hyperbolic contact (f, g, 7, £)- structure. Siddiqi.
et. al., study some properties of C' R-submanifolds of trans hyperbolic Sasakian manifold were studied in [12].
Recently in 2018, Siddiqi and Akyol also, study anti-invariant ¢{*-Riemannian submersions from hyperbolic
B-Kenmotsu manifolds [13]. In this paper, we consider a Riemannian submersion from an almost hyperbolic
contact manifold under the assumption that the fibers are anti-invariant with respect to the tensor field of type
(1,1) of almost hyperbolic contact manifold. This assumption implies that the horizontal distribution is not
invariant under the action of tensor field of the total manifold of such submersions. In other words, almost
hyperbolic contact are useful for describing the geometry of base manifolds, anti-invariant submersion are
however served to determine the geometry of total manifold.

The paper is organized as follows: In Section 2, we present the basic information needed for this paper. In
Section 3, we give the definition of anti-invariant £ -Riemannian submersions. We also introduce a special anti-
invariant {*-Riemannian submersions and obtain necessary and sufficient conditions for such submersions
to be totally geodesic or harmonic. In Section 4, we give decomposition theorems by using the existence of
anti-invariant ¢'-Riemannian submersions and observe that such submersion put some restrictions on the
geometry of the total manifold.
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2. Preliminaries

In this section, we define almost hyperbolic contact manifolds, recall the notion of Riemannian submersions
between Riemannian manifolds and give a brife review of basic facts if Riemannian submersions.

Let M be an almost hyperbolic contact metric manifold with an almost hyperbolic contact metric structure
(9,€,m,90m), where ¢ isa (1,1) tensor field, € is a vector field, n is a 1-form and g, is a compatiable Riemannian
metric on M such that

P =1-n®E ¢¢=0, nop=0, n(¢) =1, (2.1)
gm (X, 9Y) = —gu (X, Y) — n(X)n(Y) (2.2)
gM(X7 ¢Y) = —9M(¢5X7Y)7 gM(X7 f) = W(X) (23)

An almost hyperbolic contact metric structure (¢, &, 7, gar) on M is called trans-hyperbolic Sasakian [12] if and
only if
(Vx9)Y = a(g(X,Y)E —n(Y)oX) + B(g(¢X,Y) — n(Y)X) (2.4)

for all X,Y tangent to M, o and f3 are smooth functions on M. On a trans-hyperbolic Sasakian manifold A/, we
have
Vx& = —a(¢X) + B(X —n(X)E), (2.5)

where V is the Riemannian connection of Levi-Civita covariant differentiation.

Let (M™,gn) and (N™,gn) be Riemannian manifolds, where dimM =m, dimN =N and m >n. A
Riemannian submersion F' : M — N is a map from M onto N satisfying the following axioms:

1. F has maximal rank

2. The differential F, preserves the lenghts of horizontal vectors.

For each ¢ € N, F~1(q) is an (m — n)-dimensional submanifold of M. The submanifold F~!(q) are called
fibers. A vector field on M is called vertical if it is always tangent to fibers. A vector field on M is called
horizontal if it is always orthogonal to fibers. A vector field X on M is called basic if X is horizontal and
F-related to a vector field X, on N, ie., F.X, = X.p(, for all pe€ M. Note that we denote the projection
morphisms on the distributions kerF, and (kerF.) by V and H, respectively.

We recall the following lemma from O’Neill [10].

Lemma 2.1. Let F: M — N be a Riemannian submersion between Riemannian manifolds and X, Y be basic vector
fields of M. Then

1. gJW(X7Y):gN(X*7Y*)OF

2. The horizontal part [X, Y] of [ X, Y] is a basic vector field and corresponds to [X., Y] ie, Fu([X,Y]) =
[X.,Y.].

3. [V, X] is vertical for any vector field V of kerF..
4. ((V)¥Y)H is the basic vector field corresponding to V¥ Y.

The geometry of Riemannian submersion is characterized by O’Neil’s tensor T and A defined for vector
fields E, F on M by

where V is the Levi-Civita connection of g;. It is easy to see that a Riemannian submersion F': M — N has
totally geodesic fibers if and only if T vanishes identically. For any E € (T'M), Tc = Ty ¢ and A is horizontal,
A = Apg. We note that the tensor T and A satisfy

TyW = Tw U, UW € (kerF,) (2.8)
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1
AyY = —Ay X = §V[X’ Y], X,Y € (kerF,)%) (2.9)

On the other hand, from (2.6) and (2,7), we have

VoW = TyW + Yy W (2.10)
Vv X = HVy X + Ty X 2.11)
ViV = AxV + VVxV (2.12)
VxY =HVxY + AxV (213)

for X, Y € (kerF,)*)and V,W € (kerF,), where Vi, W = VVyW. If X is basic then HVy X = AxV.

Finally, we recall the notion of harmonic maps between Riemannian manifolds. Let (M, gar) and (N, gn) be
Riemannian manifolds and supposed that ¢ : M — N is a smooth map. Then the differential ¢, of ¢ can be
viewed a section of the bundle Hom(TM, ¢ *TN) — M, where ¢~ 'TN is the pullback bundle which has fibers
(¢7'TN)p =Ty N, p € M. Hom(TM,$'TN) has a connection V induced from the Levi-Civita connection
VM and the pullback connection V?. Then the second fundamental form of ¢ is given by

(Vo)(X,Y) = Vi (V) — ¢ x (VYY) (2.14)

for X,Y € TM. It is known that the second fundamental form is symmetric. A smooth map ¢ : (M, gn) —
(N, gn) is said to be harmonic if trace(V¢*) = 0. On the other hand, the tensor field of ¢ is the section 7(¢) of
(¢~'TN) defined by

m

7(¢) = divgx = > (Vo) (es €4), (2.15)

=1

where {e1, .....e;, } is the orthogonal frame on M. Then it follows that ¢ is harmonic if and only if 7(¢) = 0 (see

[10]).

3. Anti-invariant £~ Riemannian Submersions

In this section, we define anti-invariant £~ Riemannian submersions from almost hyperbolic contact metric
manifold onto a Riemannian manifold and investigate the integrability of distributions and obtain a neccessary
and sufficient condition for such submersions to be totally geodesic map. We also investigate the harmonicness
of a special Riemannian submersions.

Definition 3.1. Let (M, g, ¢,£,n) be an almost hyperbolic contact metric manifold and (N, gn) a Riemannian
manifold. Suppose that there exists a Riemannian submersion F': M — N such that £ is normal to kerF, and
kerF, is anti-invariant with respect to ¢, ie., ¢(kerF.) C (kerF.):.Then we say that F is an anti-invaraint -
Riemannian submersion.

Now, we assume that F' : (M, gar, ¢,€,m) — (N, gn) is an anti-invaraint ¢+-Riemannian submersion. First of
all, from Definition 3.1, we have (ker F..)* N (ker F..) # 0. We denote the complementary orthogonal distribution
to ¢(kerF..) in (kerF,)* by u. Then we have

(kerF,)* = ¢(kerF.) @ pu, 3.1
where ¢(n) C pu. Hence p contains €. Thus, for X € (kerF,)*t, we have
¢X =BX +CX, (3.2)

where BX € (kerF,) and CX € (u). On the other hand, since F(kerF.)t =TN and F is a Riemannian
submersion, using (3.2), we have

forany X € (kerF,)* and V € (kerF,), which implies

TN = F.(¢(kerF.) ® Fi(p).
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Example 3.1. Let us consider a 5-dimensional manifold M = {(zl, To,T3,T4,2) € RO : 2 # O}, where
(71,2, 23,74, 2) are standard coordinates in R®. We choose the vector fields

_ ,—2_0 _ ,—z_0 _ ,—z_0 _ ,—z_0 _ ,—z_0
El_e 8w1’E2_€ 8IQ’E3_6 813’E4_e 8I4’E5_6 6121’

which are lineraly independent at each point of M. We define g by
g=¢e"G,

where G is the Euclidean metric on R°. Hence {E1, Es, E3, E4, E5} is an orthonormal basis of M.
We consider an 1-form 7 defined by

n=e%dz, n(X)=g(X,Es), VX € TM.
We defined the (1, 1) tensor field ¢ by
2 2
0 0 0 0 0
(;5 {; (ﬁzaxL + Ti4-2 871‘4_2 + Z(?Z) } = = <.’Eia$i+2 — $i+28xi> .

Thus, we have
#(Er) = E3, ¢(E2) = B4, ¢(E3) = —E1, ¢(Es) = —E», ¢(E5) = 0.

The linear property of g and ¢ yields that
n(Bs) =1, ¢*(X) = X —n(X)Es

9(¢X,9Y) = —g(X,Y) = n(X)n(Y),

for any vector fields X,Y on M. Thus, M(¢,&,n,g) defines an almost hyperbolic contact metric manifold wit
¢ = E5. Moreover, let V be the Levi-Civita connection with respect to metric g. Then we have [Ey, Fs] = 0.
Slmllarly [El,f] =e *FEy, [E27£] =e *FE,, [Eg,g] =e *FE;3 [E4,€} =e *FEy, [E27 EJ] =0,1<1 #S 4.

The Riemannian connection V of the metric g is given by

29(VxY,2) = Xg(Y,2) +Y9(Z,X) — Zg(X,Y) — g(X,[Y, Z]) — g(Y, X, Z]) + g(Z, [X,Y]),
By Koszul’s formula, we obtain the following equations
Vi Ei =—e ¢, Vg, By = —e ?¢, Vg, B3 = —e *¢, Vg, By = —e %€,
Ve =0, VeE; =0, Vp,é=e *E;, 1<i<4

and Vg, E; = 0forall 1 <4, j < 4. Thus, we see that M is a trans-hyperbolic Sasakian manifold of type (0,e~?).
Herea=0and 3 =¢e™~.

Now, we define (1, 1) tensor field as follows
¢(I17 T2, X3, T4, Z) = (*Ig, —Ty4,x1,T3, Z)
Now, we can give the following example.
Example 3.2. Let (M, g1 = €**G,$,&,m) be an almost Hyperbolic contact manifolds and M, be R3. The
Riemannian metric tensor field g» is defined by g» = €**(dy; ® dy; + dys ® dy2 + dys ® dys) on Mo.
Let ¢ be a submersion defined by
o R® — R3

r1 + 3 T+ T2

T1,T2,T3,T4,% y %5
(71,72, 73,24, 2) (\/? \/1)

Then it follows that
kerd. = span{Vqy = 0x1 — Oxs, Vo = O0xg — Ox2}

and
(ker@k)L = span{X; = 0wy + Oxz, Xo=0x9+ 0xe,X3=2=¢}
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Hence we have ¢V; = X; and ¢V> = X,. It means that ¢(kerg) C (kerg)t. A straight computations, we get
0+ X1 = Oy1, . X2 = Oyz and ¢, X3 = Jy2. Hence, we have

91(X1,X1) :gg((b*Xl,gf)*Xl), fOT' 1= 1,2,3.
Thus ¢ is a anti-invariant £+ Riemannian submersion.

Lemma 3.1. Let F be an anti-invaraint ¢+-Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gn, ¢, &, n) onto a Riemannian manifold (N, gn'). Then we have

gu(CY, V) =0, (3.3)
gu(VxCY, V) = —gu (CY, pAx V) (3.4)
for X,Y € ((kerF.)*)and V € (kerF.).

Proof. ForY € ((kerF,)*)and V € (kerF,), using (2.2), we have
gm (CY,0V) = gu(8Y — BY, ¢V) = gu (¢, ¢V) = —gu (Y, V) = n(Y)n(V) = —gm (Y, V) = 0
since BY € (kerF,) and ¢V, ¢ € ((kerF.)'). Differentiating (3.3) with respect to X, we get
g (VxCY, V) = —gu(CY, Vx V)

=gu(CY, (Vxo)V) — gu (CY, 6(VxV))
= —gm(CY,9(VxV))
= —gm(CY,0AxV) — gu(CY, 9vVxV)
= —gm(CY,9AxV)
due to pvVxV € (kerF,). Our assertion is complete. O

We study the integrability of the distribution (kerF.)* and then we investigate the geometry of leaves of
kerF, and (kerF,)". We note it is known that the distribution (kerF.) is integrable.

Theorem 3.1. Let F be an anti-invaraint £*+-Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gu, ¢, €, n) onto a Riemannian manifold (N, gn). The followings are equivalent.

1. (kerF.)* is integrable,

2.
gN((VF*)(Ya BX), F*¢V) = gN((VF*)(X7 BY),F*qﬁV)
+(a+B)n(Y)gu (X, V) = (a+ B)n(X)gu (Y, V),
3.

gm(AxBY — Ay BY,¢V) = gu(CY, 0AxV) — gu (CX, Ay V)
+Ha+ B)n(Y)gu (X, V) — (a+ B)n(X)gm (Y, V).
for X,Y € (kerF.)* and V € (kerF,).

Proof. ForY € (kerF,)* and V € (kerF,), from Definition 3.1, ¢V € (kerF,)* and ¢Y € (kerF.) & u. Using (2.2)
and (2.4), we note that for X € (kerF,)*,

g (VxY, V) = gu(VxoY, V) — (a+ B)n(Y)gu (X, V) (3.5)

—(a+ B)n(X)n(Y)n(V).
Therefore, from (3.5), we get

g ([X, Y], V) = gu(Vx oY, 0V) — g (Vy o X, oV)
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= (a+Bm(X)gu (Y, V) = (a+ B)n(Y)gn (X, V)
=gu(VxBY, V) + g (VxCY, pV)
—gu(VyBX, V) — gu(VyCX, ¢V)
—(a+B)n(Y)gu (X, V) + (a + B)n(X)ga (Y, V).
Since F' is a Riemannian submersion, we obtain

gu (X, Y], V) = gn(FE.Vx BY, F.¢V) + gu (Vx CY, V)
—gnN(FuVyBX, FdV) — g (Vy CX, ¢V)
~(a+ BV g (X, V) + (@ + Bn(X)ga (V. V).
Thus, from (2.15) and (3.4), we have
g ([X, Y], V) = gn (=(VE)(X, BY) + (VE)(Y, BX), F.¢V)
—gm(CY, 9AxV) + gu(CX, 9AyV)
—(a+ (Y )gar (X, V) + (a+ B)n(X)gu (Y, V).

which proves (1) < (2).
On the other hand, using (2.14), we obtain

(VE)(Y, BX) — (VF.)(X,BY) = —F,(VyBX — VyxBY) = —F,(Ay BX — AxBY),
which shows that (2) < (3) 0

Corollary 3.1. Let F be an anti-invaraint {*--Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gn, ¢,€,m) onto a Riemannian manifold (N, gn) with (kerF.)* = ¢(kerF,)& < & >. Then the following are
equivalent.

1. (kerF.)* is integrable
2. (VE)(X,0Y) + (a+ BIn(X)F.Y = (VE)(Y, 0X) + (a + B)n(Y)F.X
3. AxoY + (a+ Bn(X)Y = Ay dX + (a+ B)n(Y)X, for X,Y € (kerF.)*.

Theorem 3.2. Let F be an anti-invaraint £*+-Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, g, ¢, €, n) onto a Riemannian manifold (N, gn). The following are equivalent.

1. (kerF.)* defines a totally geodesic foliation on M.
2. gu(AxBY, 9V) = gu (CY, 6 AxY) — (o + B)n(X)gm (X, V) — (a + B)n(X)gu (Y, V),

3. gn(VE)(Y, 9X), F.¢V) = gu (CY, 9 Ax V) — (e + B)n(X) g (X, V) — (e + B)n(X)gum (Y, V), for
X,Y € (kerF)*t and V € (kerF,).

Proof. For X,Y € (kerF,)* and V € (kerF.), from (3.5), we have
g (VxY, V) = gu(AxBY, ¢V) + gu (VxCY,9V) = (a + B)n(Y)gn (X, V) — (o + B)n(X)n(Y)n(V)
Then from (3.4), we have
gm(VxY, V) = gu(AxBY, ¢V) + gu (CY, 9 Ax V) — (o + B)In(Y)gn (X, V) = (a + B)n(X)n(Y)n(V)
which shows (1) <= (2). On the other hand, from (2.12) and (2.14), we have
gm(AxBY, ¢V) = gn(=(VF)(X, BY ), Fi¢(V)),

which proves (2) < (3). O
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Corollary 3.2. Let F be an anti-invaraint {--Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gn, ¢,€,m) onto a Riemannian manifold (N, gn) with (kerF,)* = ¢(kerF.)® < & >. Then the following are
equivalent.

1. (kerF.)* defines a totally geodesic folition on M

2. AxgY = (a+B)n(Y)X — (a+ Bn(X)Y

3. (VE)(Y,6X) = (a+ Bn(Y)F.X — (a+ Bn(X)EY
for X,Y € (kerF,)™*.

Theorem 3.3. Let F be an anti-invaraint £*+-Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gn, ¢, &, n) onto a Riemannian manifold (N, gn ). The following are equivalent.

1. kerF, defines a totally geodesic foliation on M
2. —gn(VE)V, X, F.gW) =0
3. TyBX + AcxV € (i),
for X, € (kerF,)* and VW € (kerF,)
Proof. For X, € (kerF,)* and V,W € (kerF.), gn(W,€) = 0 implies that from (2.4)

g (Vv W, §) = =g (W, V&) = gu (W, —agV + B(V —n(V)E)) = 0.

Thus we have
g (Vv W, X) = —gu(oVv W, 0 X) — n((Vy W)n(X)

= —gm(pVv W, ¢X)
= —gmu(VvoW,0X) + gu (Vv o)W, ¢ X)
= gm (oW, Vv ¢ X).
Since F' is Riemannian submersion, we have

g (Vv W, X) = gn (FdW, FiVy ¢.X) = —gn (FL oW, (VE) (V9 X)),

which proves (1) <= (2).
By direct calculation, we derive

—gn (FuoW, (VE,) (VX)) = gu (oW, Vv ¢ X)
=gum (oW, VyBX + VyCX)
= gM(¢W VvBX + [V, CX] + chV).
Since [V, CX] € (kerF,), from (2.10) and (2.12), we obtain
—gn(FpW, (VE) (VX)) = gu (oW, Tv BX + Acx V),

which proves (2) < (3).

As an analouge of a Lagrangian Riemannian submersion in [11], we have a similar result;

Corollary 3.3. Let F be an anti-invaraint ¢*--Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gn, ¢,€,m) onto a Riemannian manifold (N, gn) with (kerF,)* = ¢(kerF.)® < & >. Then the following are
equivalent.

1. (kerF.)* defines a totally geodesic folition on M
2. ~(VE)(V,6(X) = 0
3. TyoW =0,
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X, € (kerF,)* and V,W € (kerF.,)
Proof. From Theorem 3.6, it is enough to show (2) <= (3). Using (2.14) and (2.11), we have
—gN(FeoW, (VE) (VX)) = gu (Vv oW, ¢ X)
= gm (Tv oW, ¢X).
Since Ty ¢W € (kerFl), the proof is complete. O

We note that a differentiable map F between two Riemannian manifolds is called totally geodesic if VF, = 0.
For the special Riemannian submersion, we have the following characterization.

Theorem 3.4. Let F be an anti-invaraint ¢--Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gnr, ¢, €, ) onto a Riemannian manifold (N, gn) with (kerF.)t = ¢(kerF.)® < & >. Then F is a totally geodesic
map if and only if

Ty oW =0, V,W € (kerF,) (3.6)

and
AxoW =0, X € (kerFl). (3.7)

Proof. First of all, we recall that the second fundamental form of a Riemannian submersion satisfies
(VE,)(X,Y)=0 VY X,Y € (kerFl). (3.8)
For VW € (kerF,), we get
(VE)(X,Y) = F.(¢Ty¢W). (3.9)
On the other hand, from (2.1), (2.2) and (2.14), we get
(VE)(X,W) = F.(pAx W), X € (kerF}). (3.10)

Therefore, F' is totally geodesic if and only if

H(TyoW)=0 VY V,W e (kerFl). (3.11)
and
P(AxoW) =0 V X € (kerFl). (3.12)
From (2.2), (2.6) and (2.7), we have
TyoW =0 V V,W € (kerF,). (3.13)
and
AxoW =0 V X € (kerFp).
From (2.4), F is totally geodesic if and only the equation (3.6) and (3.7) hold O

Finally, in this section, we give a necessary and sufficient condition for a special Riemannian submersion to
be harmonic as an analouge of Lagrangian Riemannian submersion in [11].

Theorem 3.5. Let F be an anti-invaraint {*+-Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gn, ¢, €, ) onto a Riemannian manifold (N, gn) with (kerF,)* = ¢(kerF.)& < & >. Then F is harmonic if and
only if Trace(¢Ty) = 0 for V € (kerF,).

Proof. From [5], we know that F is harmonic if and only if F' has minimal fibers. Thus F' is harmonic if and
only if Y~ T,,e; = 0. On the other hand, from (2.4), (2.11) and (2.10), we have

TyvoW = ¢TIy W (3.14)
due to ¢ € (kerFh) for any V,W € (kerF.). Using (3.14), we get

> gn(Teyei V) = g (¢Te e, V) == gur(Te,eq,6V)
=1

=1 i=1
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for any V' € (kerF.). Thus skew-symmetric T implies that

D am(@T.gei, V) = = gu(Te,ei, ¢V).

i=1 i=1

Using (2.8) and (2.2), we have

mi mi ma
> gmlen¢Tve) ==Y guldei, Tve) = =Y gu(Te.ei, ¢V)
i=1 i=1 i=1
which shows our assertion. O

4. Decomposition theorems

In this section, we obtain decomposition theorems by using the existence of anti-invariant ¢*+-Riemannian
submersions. First, we recall the following.

Theorem 4.1. [10] Let g be a Riemannian metric on the manifold B = M x N and assume that the canonical foliations
Dy and Dy intersect perpendicular every where. Then g is the metric tensor of

1. (i) atwisted product M xy N if and only if Dy is totally geodesic foliation and Dy is a totally umbilical foliation.

2. (ii) a warped product M x ; N if and only if D, is totally geodesic foliation and Dy is a spheric folition, i.e., it is
umbilical and its mean curvature vector field is parallel.

3. (iii) a usual product of Riemannian manifold if and only if Dy and Dy are totally geodesic folitions.

Our first decomposition theorem for anti-invariant £ -Riemannian submersion comes from Theorem 3.4 and
3.6 in terms of the second fundamental forms of such submersions.

Theorem 4.2. Let F be an anti-invariant £*+-Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gn, ¢, &, m) on to a Riemannian manifold (N, gn). Then M is locally product manifold if and only if

—gn((VE)(Y, 0X), F.¢V) = g (CY, 9Ax V) — (a+ B)n(Y )gm (X, V)

and
—gn(VE)(V,¢X), F.gW) =0

for X,Y € (kerF.)*) and V,W € (kerF,).

From Corollary 3.5 and 3.7, we have the following decomposition theorem:

Theorem 4.3. Let F be an anti-invariant £*+-Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gn, ¢,€,m) on to a Riemannian manifold (N, gn) with (kerF-)& < & >. Then M is a locally product manifold
ifand only if AxY = (a+ B)n(Y)X and Ty oW =0, for X, Y € (kerF) and V,W € (kerF,).

Next we obtain a decomposition theorem which is related to the notion of a twisted product manifold.

Theorem 4.4. Let F be an anti-invariant £*+-Riemannian submersion from a trans-hyperbolic Sasakian manifold
(M, gar, ¢, €, ) on to a Riemannian manifold (N, gn) with (ker F-)@® < & >. Then M is locally twisted product manifold
of the form M., X § Myerr, if and only if

Ty¢pX = —gu(X, Ty V) [V] 7 = (o + B)n(Y)gar (¢ X, ¢V)).

and
AxoY = (a+ B)n(Y)X

for X,Y € (kerFi) and V € (kerF.), where Mgerpry and Mperr,) are integrable manifolds of the distributions
(kerFl) and (kerF,).
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Proof. For X € (kerFt)and V € (kerF,), from (2.4) and (2.11), we obtain
g (Vv W, X) = gu(Ty oW, ¢.X) = —ga (oW, Tv ¢ .X)
Since Ty is skew-symmetric. This implies that kerF, is totally umbilical if and only if
Tyv¢X — (a+ B)n(V)gu(¢X, 9V) = —X(N)¢V,
where ) is a function on M. By direct computation,
TvoX = —gu(X, T V) V] = (a + B)n(Y )ga (9X, 6V).

Then the proof follows from Corollary 3.5
However, in the sequel, we show that the notion of anti-invariant ¢*-Riemannian submersion puts some
restrictions on the source manifold. O

Theorem 4.5. Let (M, gar, ¢, &, n) be a trans-hyperbolic Sasakian manifold and (N, gn') be a Riemannian manifold . Then
there does not exist an anti-invariant £+-Riemannian submersion from M to N with (kerF.)t = ¢(kerF.)ta® < € >
such that M is a locally proper twisted product manifold of the form Mye,r, Xy M(yerp, )+

Proof. Suppose that F: (M, gy, ¢,€,m) — (N,gy) is an anti-invaraiant ¢'-Riemannian submersion with
(kerF,)* = ¢(kerF,)*& < & >and M is alocally twisted product of the form My, p, X f Myerr. )+ -Then My, p,
is a totally geodesic foliation and My, is a totally umbilical foliation. We denote the second fundamental
form of My, p,)1) by h. Then we have

gu(VxY, V)= gu(h(X,Y),V) X,Y € ((kerF)*",V € (kerF,). (4.1)
Since M kerF}-) is a totally umbilical foliation, we have
gu(VxY, V) = gn(H, V)gu (X, Y),

where H is the mean curvature vector field of M., ). On the other hand, from (3.5), we derive

g (VxY, V) = —gu (oY, Vx V) — (a + B)In(Y)g(X, V) — (a + B)n(X)n(Y )n(V). (4.2)
Using (2.13), we obtain
gu(VxY, V) = gu (oY, Ax V) — (a + B)n(Y)g(X, V) — (a + B)n(X)n(Y)n(V) (4.3)

=gu (Y, Ax V) — (a+ B)g(X, V) — (a+ B)n(X)n(V)¢)
Therefore, from (4.1), (4.3) and (2.2), we have

AxoV = gu(H, V)X +n(AxoV)E.

Since Ax ¢V € (kerFy),
N(Ax V) = gu(Ax oV, &) = 0.

Thus, we have
Axd)v = g]u(H, V)d)X

Hence, we derive
g1 (Ax @V, 6X) = (o + A(X)n(V)g(Y: 0X) = —gus (V) {IX|* = ?(X) }

931 (VxoV.0X) = —gu (H,V) {IX |7 = 0 (X) } + (o + Bn(X)n(V)g(Y, 6X)
g (VxY,V) + (a+ Bn(Y)g(X, V) = (a+ Bn(X)n(¥ (V)
= —gu(HV) {IXIP = ?(X)} + (@ + An(X)n(V)g (¥, 6X).
Thus using (2.9), we have Ax X = 0, which implies
(a+ BIn(X)ga (X, V) = =g (HV) { X1 = n2(X) } + (o + Bn(X)n(¥)n(V) = gar(Y, 6X)]

for every X € ((kerF2), V € (kerF.,). Choosing X which is orthogonal to & gas(H, V) ||X||2 = 0. Since gy, is the
Riemannian metric and H € (kerF,), we conclude that H = 0, which shows kerF* is totally geodesic, so M is
usual product of Riemannian manifolds. O
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