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ABSTRACT

This paper consists of two main sections. In the first part, we find the integrability conditions by
calculating Nijenhuis tensors of the horizontal lifts of (2K + S, S)—structure Satisfying F2K+5 4
F% =0. Later, we get the results of Tachibana operators applied to vector and covector fields
according to the horizontal lifts of F(2K + S, S)—structure in cotangent bundle 7*(M™). Finally,
we have studied the purity conditions of Sasakian metric with respect to the horizontal lifts of the
structure. In the second part, all results obtained in the first section were obtained according to the
complete and horizontal lifts of F'(2K + S, S)—structure in tangent bundle 7'(M™).
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1. Introduction

The investigation for the integrability of tensorial structures on manifolds and extension to the tangent
or cotangent bundle, whereas the defining tensor field satisfies a polynomial identity has been an actively
discussed research topic in the last 50 years, initiated by the fundamental works of Kentaro Yano and his
collaborators, see for example [26]. There are a lot of structures on n—dimensional differentiable manifold /™.
Firstly, Ishihara and Yano [12] have obtained the integrability conditions of a structure F satisfying F® + F = 0.
Gouli-Andreou [3] has studied the integrabilty conditions of a structure F satisfying F° + F = 0. Later, R.
Nivas and C.S. Prasad [16] studied on the form F, (5, 1)—structure. Also F, (7, 1)—structure extended in M"™ to
T*(M™) by L. S. Das, R. Nivas and V. N. Pathak [14]. In 1989, V. C. Gupta [11] studied on more generalized
form F(K,1)—structure satisfying FX + F = 0, where K is a positive integer > 2. Later, L. Das studied on
the structure f(2K + 4;2) and the structure satisfying FX! — o2 FE~1 = 0 [9, 10]. In addition, manifolds with
F(2K + S, S)—structure satisfying F2K+5 + FS = 0, (F # 0, fixed integer K > 1, fixed odd integer S > 1) have
been defined and studied by A. Singh [21] and the complete and horizontal lifts of F'(2K + S, S)—structure
extended in M" to tangent bundle by A. Singh, R. K. Pandey and S. Khare [22].

This paper consists of two main sections. In the first part, we find integrability conditions by calculating
Nijenhuis tensors of the horizontal lifts of F(2K + 5, S) —structure satisfying F?5+5 + F5 =0, (F # 0, fixed
integer K > 1, fixed odd integer S > 1). Later, we get the results of Tachibana operators applied to vector and
covector fields according to the horizontal lifts of F/(2K + S, S)—structure in cotangent bundle 7% (A4 ™). Finally,
we have studied the purity conditions of Sasakian metric with respect to the horizontal lifts of the structure. In
the second part, all results obtained in the first section were obtained according to the complete and horizontal
lifts of F(2K + S, S)—structure in tangent bundle T'(M™). Also the Riemannian manifolds and the tangent
bundles studyed a lot of authors [1, 2, 4, 15, 17, 18, 19, 23, 24] too.

Let M™ be a differentiable manifold of class C*> and F be a non-null tensor field of type (1, 1) satisfying

F2E+S L S =, (1.1)
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where K is a fixed integer greater than or equal to 1 and S is a fixed odd integer greater than or equal to 1. F'is
of constant rank r everywhere in M™. We call such a structure an F'(2K + S, S)—structure of rank 2r.
Let the operators [ and m be defined as

l=—F* m=1+ F?X, (1.2)

where I denotes the identity operator on M™.
The operators [ and m defined by (1.2) satisfy the following:

2 = I,m?>=m,l+m=1, (1.3)
Im = ml=0,
Fl = IF=F,Fm=mF=0,

where I being the identity operator.

Consequently, if there is a tensor field F # 0 satisfying (1.1), then there exist on M™ two complementary
distributions L and M. Corresponding to [ and m respectively. Let the rank of F' be constant and be equal
to r ewerywhere, then the dimensions of L and M are » and n — r, respectively. We call such a structure a
‘F(2K + S, S)—structure of rank 2r’ and the manifold M™ with this structure a (2K + S, S)—manifold,where
dim M" = n.

In the manifold M" endowed with F25+5 4 S =0, (F # 0, fixed integer K > 1, fixed odd integer S > 1)
structure, the (1, 1) tensor field ¢ given by ¢ = | —m = —I — 2F?K gives an almost product structure.

1.1. Horizontal Lift of the Structure Satisfying F>5+5 4 FS = 0, (F # 0, fixed integer K > 1, fixed odd integer
S > 1) on Cotangent Bundle

Let F, G be two tensor field of type (1,1) on the manifold M™. If ¥ denotes the horizontal lift of F', we have
[14, 26]
FAGH - GHFH = (FG + GF)". (1.4)

Taking F' and G identical, we get
(FH)2 _ (F2)H,

Continuing the above process of replacing G in equation (1.4) by some higher powers of F', we obtain

(FOf = (FHX (1.5)
(FS)H _ (FH)S
(F2K+S)H _ (FH)2K+S

where F # 0, fixed integer K > 1, fixed odd integer S > 1. Also if G and H are tensors of the same type then

(G+H)H =gH + Y (1.6)
Taking horizontal lift on both sides of equation F25+5 + F5 = 0, we get

(FPEHSHH L (pSHH =, (1.7)
In view of (1.5) and (1.6), we can write [14, 22]

(FH)PEHS 4 (P15 = 0. (1.8)

Proposition 1.1. Let M"™ be a Riemannian manifold with metric g, V be the Levi-Civita connection and R be the
Riemannian curvature tensor. Then the Lie bracket of the cotangent bundle T*(M™) of M™ satisfies the following

i) [w 0V =0, (1.9)
i) [X7eV] = (Vxw),
iii) [X* Y] = (XY 4R (X,Y) = [X.Y]" + (bR (X,Y))"
forall XY € S{(M™) and w, 0 € S (M™) . (See [26] p. 238, p. 277 for more details).
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2. Main Results

Definition 2.1. Let F be a tensor field of type (1,1) admitting F25+5 + FS = 0 structure in M". The Nijenhuis
tensor of a (1,1) tensor field F' of M™ is given by

Np =[FX,FY]-F[X,FY]| - F[FX,Y]|+ F?[X,Y] .1

for any X,Y € S{(M™) [5, 19, 20]. The condition of Np(X,Y) = N(X,Y) =0 is essential to integrability
condition in these structures.
The Nijenhuis tensor Ny is defined local coordinates by

NjO, = (FPOSF) — FIOFF — 0, FLFf + 0,F;FF)oy, (2.2)

where X = 9,,Y = 0;, F € S}(M™).

2.1. The Nijenhuis Tensors of (F25+5)H on Cotangent Bundle T*(M™)

Theorem 2.1. The Nijenhuis tensors of (F25+9) ™ and FS denote by N and N, respectively. Thus, taking account of the
definition of the Nijenhuis tensor, the formulas (1.9) stated in Proposition 1.1 and the structure (F?K+5)H 4 (FS)H =,
we find the following results of computation.

i) Nipexcssyu(pexcesyn (XTYH) = {[FSX,F%Y] - FS[FSX,Y] - FS[X, F7Y]
+HF XYM +A{R(FX, FOY)
~R(FSX,Y)F® — R(X, FY)F*
+R(X,Y)(F%)%}.

M) N(F2K+S)H(F2K+S)H (XH,OJV) = {w o (VFSXFS) - (w o (VxFS)FS}V7
ZZZ) N(F2K+S)H(F2K+S)H (wV, HV) = 0.

Proof. i)The Nijenhuis tensor Npzx+syu(p2x+syn (X, Y1) of the horizontal lift (F?X+5)H vanishes if ¥ is an
almost complex structure i.e., (F°)? = —I and R(F*X, F°Y) = R(X,Y).
N(F2K+S)H(F2K+S)H (XH, YH) _ [(F2K+S)HXH7 (F2K+S)HyH}
_(FPKES H[(p2KAS)H X H yH)
_(FQK—O—S)H[XH’ (F2K+S)HyH]
L (FPKSYH (2K S\ H X H yH)
= (S (FS) Y ) (P)A(FS) X Y]
—(FHIXA (FHIY ) 4 (FF)T)2 X, v
= {[F°X,F%Y] - FS[F°X,Y] - F5|X,F°Y]
+HEF[X, Y + H{R(FSX, FOY)
—R(F3X,Y)F® — R(X,F3Y)F® + R(X,Y)(F®)?}.

(F2E+5)H ig integrable if the curvature tensor R of V satisfies R(F® X, F°Y) = R(X,Y) and F* is an almost
complex structure, then we get R(FX,Y) = —R(X, F°Y). Hence using (F¥)? = —I, we find R(FSX, F°Y) —
R(FSX,Y)F — R(X,FSY)F 4+ R(X,Y)(F*®)? = 0. Therefore, it follows Npzxsyupar+sym (X7, YH) = 0.
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ii)The Nijenhuis tensor Npzx+syu parc+syn (XH,w") of the horizontal lift (F?X+5)H# vanishes if VF¥ = 0.

N(F2K+S)H(F2K+S)H(XH,OJV) _ [<F2K+S)HXH (F2K+S)H V}

_(F2K+S) [(F2K+S)HXH V]

L (FREHSYH[XH (F2K+SYH V]
F(FREHS)H (REHS)H [ X H V]

= [(F°X)", (wo F)V] — (FHH(F X), WY

C(FSHIXH (o FS)V] + (FS)M)2(Vxw)”

= {wo (VpsxF) - (wo (VxFS)FS}Y,

w
wV

We now suppose VF*¥ = 0, then we see Npzx+syn (pax+syn (X, w") =0, where F¥ € S}(M™), X € S§(M™),
w e Y (Mmm). .

iii)The Nijenhuis tensor Npax+syu par+syn (w, ") of the horizontal lift (F*¥*5)H vanishes.

Because of [w",0V]=0 for woF% 0oF%w,0e3IY(M") on T*(M"), the Nijenhuis tensor
Nperc+syn(par+sya (wV,0V) of the horizontal lift (F25+%)H vanishes. O

2.2. Tachibana Operators Applied to Vector and Covector Fields According to Lifts of F>5+5 + FS = 0 Structure on
T (M™)
Definition 2.2. Let ¢ € S{(M"), and S(M") = 37 _SL(M") be a tensor algebra over R. A map ¢y |,

I(M™) — I(M™) is called as Tachibana operator or ¢, operator on M™ if

a) ¢y 1s linear with respect to constant coefficient,

b) ¢, ( ") = S, (M™) for all r and s,
¢) b (K & L) = (K )@ L+ K@ oL forall K, L e S(M™),
d) poxY = —(Lyp)X forall X,Y € S§(M™), where Ly is the Lie derivation with respect to Y (see [6, 8, 13]),

9y

)

(Poxm)Y = (dayn))(pX) — (d(2y (no9))) X + n((Ly¢)X) (2.3)
X (1yn) — X (1pyn) + n((Ly ) X)

C *
foralln € SY(M™) and X,Y € S(M™), where vyn = n(Y) = n®Y,S%(M™) the module of all pure tensor fields

c
of type (7, s) on M™ with respect to the affinor field, ® is a tensor product with a contraction C [5, 7, 19] (see
[20] for applied to pure tensor field).

Remark 2.1. If r = s = 0, then from c¢),d) and e) of Definition2.2 we have ¢, x (1vn) = ¢X (2yn) — X (2,vn) for
1yn € S§(M™), which is not well-defined ¢, —operator. Different choices of Y and 7 leading to same function

[ = 1yndo get the same values. Consider M" = R? with standard coordinates z,y. Let p = ( 01 ) . Consider

10
the function f = 1 Th1s may be written in many different ways as vy 7. Indeed taking 7 = dz, we may choose
Y = % orY =2+ xa . Now the right-hand side of ¢, x (1yn) = ¢X (1yn) — X (2pyn) is (¢X)1 — 0 = 0 in the
first case, and (qbX )1 — X2 = — Xz in the second case. For X = afv the latter expression is —1 # 0. Therefore,

weputr+s>0[19].
Remark 2.2. From d) of Definition2.2 we have
¢APXY = [@Xa Y} - CP[X7 Y] (24)
By virtue of
[fX,9Y] = fg[X, Y]+ f(X9)Y —g(Y [)X (2.5)
forany f,g € S§(M™), we see that ¢, xY is linear in X, but not Y [19].

Theorem 2.2. Let (F25+5)H pe a tensor field of type (1,1) on T*(M™). If the Tachibana operator ¢, applied to vector
fields according to horizontal lifts of F?5+5 + FS = 0 structure defined by (1.7) on T*(M™), then we get the following
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results.

i) dprercisynxn Y = (Ly F%)X)" + (pR(Y, F* X))V
—((pR(Y, X) 0 F*)V,

ZZ) ¢(F2K+S)HXH0JV ((VXw) ] FS)V - (V(st)w)v,

iii) ¢(percrsyn v X = (wo (VxF?))Y,

iv) ¢(F2K+S)va 9‘/ = 0,
where horizontal lifts X# Y € 3}(T*(M™)) of X,Y € 3}(M™) and the vertical lift w" 0V
w, 8 € SY(M™) are given, respectively.

Proof. i)

diparcssynxn Y = —(Lyn(FPHS)H)XH

= Lyu(FPE+S)HxH | (p2K+S\Hp . xH
Lyu(FHPXT — (P (Y, X]" + (pR(Y. X))")
= (Ly FHX)" + (pR(Y, F5X))Y — ((pR(Y, X)) 0 F5)¥

¢(F2K+S)HXHwV — —(LwV(F2K+S)H)XH
= _va (F2K+S)HXH + (F2K+S)HLWVXH
= Lgv (FS'X)H + (FS)H(va)V
= —(Vrsxyw)' + (Vxw) o F5)Y
= ((VXW) © FS)V - (V(FSX)M)V
iii)
¢(F2K+S)vaXH = _(LXH(F2K+S)H)wV
= —LxH(F2K+S)va+(F2K+S)HLwaV
Lyn(wo )Y = (FS)(Vx)”
(Vx(wo F5)Y — ((Vxw)o F5)V
— (w o (VXFS))V

vi)
¢(F2K+S)vaev = —(Lgv (F2K+S)H)wv
_ —Lgv (F2K+S)HWV + (F2K+S)H(L9V(JJV)
= Lyv(woFS)V
=0

2.3. The Purity Conditions of Sasakian Metric with Respect to (F2X+5)H
Definition 2.3. A Sasakian metric %g is defined on 7*(M™) by the three equations
Sgw¥,0") = (97 (w,0)" = g7 (w, O)or,
9", Y") =0,
Sg(xH Y1) = (9(X, V)" = g(X,Y)om.

e L (T*(M™)) of

(2.6)

2.7)
2.8)
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For each x € M™ the scalar product g=! = (¢%/) is defined on the cotangent space 7~ (z) = T;)(M") by
g_l (w7 9) = gwwzeja

where X,Y € §}(M™) and w, 0 € SY(M™). Since any tensor field of type (0,2) on T*(M™) is completely
determined by its action on vector fields of type X' and w" (see [26], p.280), it follows that ©g¢ is completely
determined by equations (2.6), (2.7) and (2.8).

Theorem 2.3. Let (T*(M™),* g) be the cotangent bundle equipped with Sasakian metric ° g and a tensor field (F>K+5)H
of type (1,1) defined by (1.7). Sasakian metric © g is pure with respect to (F*8+5)H if S = [ (I = identity tensor field
of type (1,1))-
Proof. We put
S(X }N/) _S ((F2K+S)HX f/) _ S (X (F2K+S)Hf/).

If S(X,Y) = 0, for all vector fields X and Y which are of the form w",6" or X# Y then S = 0. By virtue
of F2K+5 1 FS = 0 and (2.6), (2.7), (2.8), we get

i)

S(wV,QV) _ g((F2K+S) 7QV) _S g(wV’ (F2K+S)H9V)
= Fg(=(FHW",0") =5 g, —(F%)H9")
= —(g((wo F%)Y,07) =% g, (0 0 F)")).

i)
S(XH,QV) — g((F2K+S)HXH 0\/) (XH7(F2K+S)H9V)
= Tg(—(FHIXT,07) % (X, —(F%)"6Y)
~(Cg((FX)",0") =% g(XT, (wo F*)"))

= 0
i)
S(XH,YH) _ g((F2K+S)HXH YH) (XH,(F2K+S)HYH)
= Pg(=(F)IXTYT) =5 g(XT, —(F7) YT
= —(Cg((F*X)T Y1) =5 g(XH (FFY)T)).
Thus, F° = I, then 9 is pure with respect to (F2K+5)H . O

2.4. Complete Lift of F(2K + S, S)—Structure on Tangent Bundle T'(M™)

Let M™ be an n—dimensional differentiable manifold of class C> and T»(M") the tangent space at a point p

of M™ and

T(M") = U Tp(M") (2.9)

is the tangent bundle over the manifold M™.
Let us denote by 77 (M"), the set of all tensor fields of class C>° and of type (r,s) in M™ and T'(M") be the
tangent bundle over M". The complete lift of F© of an element of T}}(M") with local components F}* has

components of the form [25]
c_[FE 0
F §h ool (2.10)

Now we obtain the following results on the complete lift of F satisfying F25+5 + FS =0, (F # 0, fixed
integer K > 1, fixed odd integer S > 1).
Let F,G € T} (M"). Then we have [25]
(FG)° = F¢GC. (2.11)

Replacing G by F in (2.11) we obtain
(FF) = FCFC or (F?) = (FO)*. (2.12)
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Now putting G = F* in (2.11) since G is (1, 1) tensor field therefore F* is also (1,1) so we obtain (FF*)¢ =
FC(F*)¢ which in view of (2.12) becomes

(F5)C _ (FC)5.
Continuing the above process of replacing G in equation (2.11) by some higher powers of F', we obtain

(FF) = (FO)X,
where fixed integer K > 1. Also if G and H are tensors of the same type then

(G+H)® =G°+ HC (2.13)
Taking complete lift on both sides of equation F2X+5 4+ FS = 0, we get
(F2K+S T FS)C =0

Using (2.13) and I¢ = I, we get
(F2EH)C 4 (F%) =0 (2.14)

(FC)2K+S + (FC)S —=0.

Let F satisfying (1,1) be an F—structure of rank r in M™. Then the complete lifts [ = —(F2() of |
and m® = I + (F*¥)% of m are complementary projection tensors in 7(M™). Thus there exist in T(M™") two
complementary distributions LE and M determined by I© and m®, respectively.

Proposition 2.1. The (1,1) tensor field 1 given by o = 1€ — m® = —2(F*K)C — [ gives an almost product structure
on T(M™).
Proof. For i€ = —(F?K)¢ mC = I + (F?K)¢ and ¢ = 1€ — m® = —2(F*)° — I, we have

_ 4(F2K)C(F2K)C+4(F2K)C+I
_ 4(7[0)(F2K)C+4(F2K)C+I
= I

)

where ¢ € S1(T(M™)), I = identity tensor field of type (1,1). O

2.5. Horizontal Lift of F(2K + S, S)—Structure on Tangent Bundle T'(M™)

Let F] be the component of F at A in the coordinate neighbourhood U of M™. Then the horizontal lift 7 of
F is also a tensor field of type (1,1) in T(M™) whose components F4 in 7~!(U) are given by

FH — FC _ 4(VF) = ( p Ff jr - ]gh > . (2.15)
Let I, G be two tensor fields of type (1,1) on the manifold M. If F¥ denotes the horizontal lift of F, we have
(FG)! = FEGH, (2.16)

Taking I’ and G identical, we get
(FHY?2 = (F?)H. (2.17)

Multiplying both sides by F*/ and making use of the same (2.17) , we get
(FH)S _ (F3)H

Thus it follows that
(F)t = (FHE, (F1)? = (7)1 (2.18)
and so on. Taking horizontal lift on both sides of equation F25+5 + F¥ = (0 we get
(FPRE5)T 4 (FHT =0 (2.19)

view of (2.18), we can write
(FH)2K+S + (FH)S —0.
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2.6. The Structure (F*(+5)C 4 (F9)C = 0 on Tangent Bundle T (M™)

Definition 2.4. Let X and Y be any vector fields on a Riemannian manifold (M", g), we have [26]

(XY = XY - (RXY) )
[XH’YV] = (VXY)Vv
XV, yV] = o,

where R is the Riemannian curvature tensor of g defined by
R(X,)Y)=[Vx,Vy] = Vixy]
In particular, we have the vertical spray v and the horizontal spray v/ on T(M™) defined by
u =l (@)V = ui(‘);, ufl =} (8,)H = u'e;,
where §; = 0; — u? r;iag. uV is also called the canonical or Liouville vector field on T(M™).

Theorem 2.4. The Nijenhuis tensors

N(F2K+S)C(F2K+S)C (XC, YC) 5 N(F2K+S)C(F2K+S)C (XC, YV) 5 N(F2K+S)C(F2K+S)C (XV, YV)
of the complete lift (F*K+5)C vanishes if the Nijenhuis tensor of the F'S is zero.

Proof. In consequence of Definition 2.1 and the formulations in Definition 2.4, the Nijenhuis tensors of
(F2K+S)C are given by
i)
N(F2K+S)O(F2K+S)C (XC’YC) — [(F2K+S)CXC’ (F2K+S)CYC]
_ (F2K+S)C [(F2K+S)CX07YC]
_ (F2K+S)C [XC, (F””S)CYC]
+ (F2K+S)C (F2K+S)C (X, Y]
= [(F$X)°, (F5Y) ]+ (F9)C[(FS )7, Y]
_(FS)C[)(C7 (FSY)C] n (FS)C(FS)C [XC,YC]
= Nps(X,Y)¢
i)
N(F2K+S)C(F2K+S)C (XC’YV) — [(F2K+S)CXC” (F2K+S)CYV]
_ (F2K+S)C [(F2K+S)CXC’YV]
— (F2K+S)C [X€, (F2K+S)C YV
+ (F2K+S)c (F2K+S)c [XC,YV]
= [(FSX)C7(FSY)V]—(FS)C[(FSX)C7YV]
—(FCIXC, (FY) ]+ (F$)?) [x, Y]V
= Nps(X,Y)V

iii) Because of [XV,YV] = 0and X,Y € M, easily we get

N(F2K+S)C(F2K+S)C (XV7YV) =0.

O
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2.7. The Purity Conditions of Sasakian Metric with Respect to (F*5+5)C on T(M™)

Definition 2.5. The Sasaki metric 9g is a (positive definite) Riemannian metric on the tangent bundle 7'(M™)
which is derived from the given Riemannian metric on A" as follows [19]:

Sg (XY™ = g(X)Y), (2.20)
Sg(XH,YV) = Sg(xV,yf)=o,
Sg (Xvayv) = g(Xa Y)

forall X,Y € & (M™).
Theorem 2.5. The Sasaki metric © g is pure with respect to (F2K+5 )C if VFS = 0and F° = I, where I=identity tensor
field of type (1,1).

Proof. S(X,Y) =5 g((F?K+5)° X, V) =5 g(X, (F2K+5)° V) if S(X,V) = 0 for all vector fields X and ¥ which
are of the form XV YV or X# Y then S = 0.
i)
IS (XV7Yv) _ Sg((F2K+S)C XV, YY) -5 g(xV, (F2K+S)C YV)
= Sg((F3x) YY) 5 g(xV, (FSY) )}
= —(9(F5x.Y))" + (9 (X, F5Y))"

i)
S(xV,v") = Sg((F2K+S)CXV7yH) S g(xV, (F2K+S)C yH)
= Sg(xV,(FSY)" 4 (v, FS) Y H)
= Sg(XV,(V,F5)vH)
= (XY ((VF)w) V)"
= (X ((VF)u) Y)Y
i)

S(XH YH) = Sg((F2EHS)S X H yHy S g(xH (F2K+85)C yH)
= = Zg((FHOXT YT 45 g(X1, (F%)YH)
= Sg((FSX)" 4+ (V,FS) X1 yH)
+HSg(xH (FSY)" 4 (v, F5) YH)
= —g((F5x).v)" +9(x.(F5Y))"

O

Theorem 2.6. Let ¢, be the Tachibana operator and the structure (F2K+5 )C + (F%)¢ = 0 defined by Definition 2.2

and (2.14), respectively. If Ly F'° = 0, then all results with respect to (F2K+S)C is zero, where X,Y € 34 (M™), the
complete lifts X Y € 3¢ (T (M™)) and the vertical lift XV, YV € S§ (T (M™)).

i) dporrsyioxeYC = ((LyF9) x)¢
ii) pporisyexe YV = ((LyFS) x)¥
iii) gporisyoxvYC = ((LyF9) X)"
) G(perrsyexvY? = 0
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Proof. i)

praxssyexcYC = —(Lyo (F2K+S)C)XC
= Ly (F¥X)" = (F%)%Lye X¢
= ((LyF*)x)°
i)
dpax+syexeYV = —(Lyv (F2K+S)C)Xc
= —Lyv (F2K+S)CXC n (F2K+S)CLYVXC
= Lyv (F5X)% = (F)CLyv X©
= ((vF¥)x)"
i)
PraxtsyexvYC = —(Lyc (F2K+S)C)XV
= —Lyc (PO XV 4 (P4 Lo xV
= Lye (F¥X)" — (F¥)CLyeX"
= ((LrF%)x)"
iv)
PpanssyexvY’ = —(Lyv (F2K+S)C)XV
= Ly (F2EHS)C XV 4 (F2E48)C [y XV
= 0
O

Theorem 2.7. If Ly FS = 0 for Y € M™, then its complete lift Y to the tangent bundle is an almost holomorfic vector
field with respect to the structure (F2K+S)C + (F5)C =o.

Proof. i)

(Lyc (F2K+S)C)XC — Lye (F2K+S)C xC _ (F2K+S)C LyeXC
= —Lye (FSX)" 4 (F%)CLye X°
= (o) x)°

i)

(Lyc (F2K+S)C>XV — Ly (F2K+S)C XV _ (F2K+S)C LyeXV
—  —Lye (FSX)" 4+ (F$)°LyexV
= () x)"

2.8. The Structure (F2K+S)H + (F5) = 0 on Tangent Bundle T (M™)

Theorem 2.8. The Nijenhuis tensor N parc+syu(perctsyn (X2, YH) of the horizontal lift (F2K+S)H vanishes if
the Nijenhuis tensor of the F'S is zero and {—(R (FSX,FSY)u) + (F5(R (FSX,Y)u)) + (F5(R (X, F5Y ) u) —
(FS(R(X,Y)u)}Y =0.
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Proof.

Niposcesyu(poresyn (XT,YH) = [(F2RH8)1 xH (p2rs) Ty
_ (F2K+S)H [(F2K+S)H XH7yH]
_ (F2K+S)H XH, (F2K+S)H YH]
+ (F2K+S)H (F2K+S)H [XijH}
= [((FSx)", (FSY)H] — (P (P x)T v
- (F9)" ( v) )+ (F5) 7 (F5)" [X 7, Y]
= (Nps (X,Y)" — (R (F5X, FSY) u)V
+(FS(R (FSX Y) W)Y + (FS(R (X, FSY) u))Y
—(F*(R(X,Y)u).
O
If Nps (X,Y) =0 and {(—(R(FSX,FSY)u) + (FS(R (FX,Y)u)) + (F5(R (X, FY) u) —
(FS)?(R(X,Y)u))}” =0, then we get N percisyu(percisyn (XH,YH) =0, where R denotes the curvature
tensor of the affine connection V defined by VxY = Vy X + [X,Y] (see [26] p-88-89).

Theorem 2.9. The Nijenhuis tensor N(pzx+syu(pex+syn (XP,YV) of the horizontal lift (F*X+5)H vanishes if the
Nijenhuis tensor of the F° is zero and VF? = 0.

Proof.
Z\7(F2K+S)H(F2K+S)H (XH’YV) _ [(F2K+S)H xH, (F2K+S)H YV]

_ (F2K+S)H [(F2K+S)HXH,YV}
_ (F2K+S)H [XH, <F2K+S)H YV]
T (F2K+S)H (F2K+S)H [XH7Yv]

— [FSx+FSY]" — (FS[FX,Y])"
—(FS[X,F5Y])" + ((F%)* (X, 7))V
+ (Vpsy FSX)" — (FS (Vy F5X))"
— (FS (Vpsy X)) + ((F$)* vy X)V

= (Vs (Y)Y 4+ (Visy F) X)Y
(P ((VyF) X))

O
Theorem 2.10. The Nijenhuis tensor N pzic+syu perctsyn (XY, YV) of the horizontal lift (F25+5)H vanishes.
Proof. Because of [XV,YV] =0for X,Y € M", easily we get
Npar+synparcssyn (XV,YV) = 0.
0

Theorem 2.11. The Sasakian metric Sg is pure with respect to (F2K+5 )H if F¥ = I, where I =identity tensor field of
type (1,1).

Proof. S(X,Y) =5 g((F25+5)" X,V) =5 g(X, (F?+5)" V) if S(X,¥) = 0 for all vector fields X and ¥ which
are of the form XV, YV or X# Y then S = 0.
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0)
SV YY) =
i)
sV, vyt =
=0
iii)
ST yhy =

sg((F2K+S)H XV, YY) s
Sg((F5x)"
— (g (FSx, )+

Sg((FQKJrS)HXV’ yH) s

Sg((F2K+S)H XH’YH) S

Sg(FSx)"
— (9 (FSX),Y)" + (g(x, (FSY) ")V

g(XV7 (F2K+S)HYV)
YV) 45 g(XV7 (FSY)V)
(9 (X, F5Y))"}

g(XV, (F2K+S)H YH)

Sg(XV’ (FSY)H)

g(XH’ (F2K+5’)H YH)
YH) 48 g(XH’ (FSY)H)

O

Theorem 2.12. Let ¢, be the Tachibana operator and the structure (F2K+5 )H + (F%)H =0 defined by Definition

2.2 and (2.19), respectively. if Ly FS =0 and F¥ =1, then all results with respect to (F2K+S)H
I3 (M™), the horizontal lifts X ) YH € S} (T (M™)) and the vertical lift XV YV € 3§ (T (M™)).

X,Y e
§) Gporcrsynxu Y
ZZ) ¢(F2K+S)HXH YV

iii) ¢(par+symxv Y

iv) d)(szJrS)HXV YV
Proof. i)

Gepaxrsynxn Y

i)

¢(F2K+S)HxHYV

is zero, where

— ((Ly FS) X)" + (R (Y, FSX) )V

—(F3(R(Y, X)u)",

(LyF®) X)" = (Vv F5) X)",

(Ly FS) X)" + (VpsxY)¥ — (FS (VxY))"
0.

Ly (F2K+S)H)XH

—Lye (F2K+S)HXH (F2K+S)HLYHXH

v, FSx]" —fyR[ X
—(F*, X]) + (FHH(R (Y, X)u)"
—(LyF) X)" + R (Y, FSX) w)V
—(FR(Y, X)u)"

—(Lyv (F258)xH

Ly (F2K+SX)H 4 (F2K+S)H LyvXH
v, FSX]Y — (Vy FSX)"

—(FS Y, X))+ (FS (Vy X))
(Ly %) X)" = (v F%) X)"
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)
Sipaisyxv Y = —(Lyw (FPR5)T)xV
= —Lyu (FX5X) 4 (F29) T [yu XV
— —[V,FSX]" 4 (VpsxY)Y
—(FS . X)) — (S (vxY))”
= ((LyFS) X)Y + (Vpsx Y)Y = (FS (VxY))"
)
biparisynxv YV = —(Lyv (F2K5)T)xV
= Lyv (FSX)" = (F)" Lyv XV
0
O
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