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ABSTRACT

Riemannian submersions between Lie groups and Riemannian homogeneous spaces are
investigated. With the help of connections, some characterizations dealing these spaces are
obtained.
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1. Introduction

According to F. Klein, the main purpose of studying geometry is to investigate invariant properties of
geometrical shapes and figures under the actions of special group transformations. The groups which lead
to determine various geometries, known as Lie groups in the literature, are considered and developed by S.
Lie.

A smooth manifold possesses a smooth group structure is called a Lie group. The simple and best known
examples of Lie groups are the groups of isometries of the real Euclidean space E", the complex Euclidean
space C", the quaternion space H". Hence, these groups of isometries formed to rise of commonly used groups
such as the general linear groups GL(n,R) and GL(n, C), the orthogonal group O(n), the unitary group U(n),
the symplectic group Sp(n) etc.

Another important fact dealing Lie groups is to investigate the differential geometry of Lie algebras g which
are corresponding to tangent spaces of Lie groups. With the aid of smooth maps (such as immersions or
submersion etc.) between Lie algebras of any two Lie groups, some basic geometrical and algebraic properties
any two Lie algebras or Lie groups could be investigated and some basic relationships between Lie groups
could be proved. In this sense, there exist various papers analyzed the notions immersions (cf. [7, 8§, 11, 12, 19])
and submersions (cf. [3, 4, 9, 16, 17, 20]) on Lie groups.

Motivated by this facts, we shall present some relations between a Lie group and a reductive Riemannian
homogeneous space whose tangent spaces always admits a submersion.

2. Riemannian Submersions

Let (M, g) and (B, ¢’) be m and n dimensionals Riemannian manifolds with Riemannian metrics g and g,
respectively. A smooth map 7 : (M, g) — (B, g) is called a Riemannian submersion if

i) mhas maximal rank.
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i) The differential dr preserves the lengths of horizontal vectors.

Let 7 : (M, g) — (B, g’) be a Riemannian submersion. For any b € B, 7~!(b) becomes a closed r-dimensional
submanifold of M. The submanifolds 7! (b) are called as fibers. A vector field tangent to fibers is called vertical
and a vector field orthogonal to fibers is called horizontal. If we put

V, = kernel(r,) (2.1)

at a point p € M, then it can be obtained an integrable distribution V corresponding to the foliation of M
determined by the fibres of 7. The distribution V, is called vertical space at p € M. Sections of V are so-called
vertical vector fields and the set of all vertical vector fields is denoted by x"(M).

Let H be the complementary distribution of V determined by the Riemannian metric g. Then, we always
have the following orthogonal decomposition for a Riemannian submersion:

TM=Va&H. 2.2)

For any p € M, the distribution H,, = (V,,) is called horizontal space on M [13]. Furthermore, every section of
H is so-called horizontal vector field and all horizontal vector fields set up a subspace x" (M) in x(M).

A vector field E on M is called basic if it is horizontal and 7 — related to a vector field £’ on Bie., m.Ep, = E

for all p € M. The space of all r-related vector fields on B is denoted by x*(M). If E, F € x*(M) are m—related
to E, and F, respectively, then one has

g(E,F)=¢ (E',F)or. (2.3)

Now we recall the following proposition of [6]:

Proposition 2.1. Let w: (M,g) — (B,g') be a Riemannian submersion. Denote V and V' to be the Levi-Civita
connections of M and B, respectively. If X and Y are basic vector fields, m-related to X' and Y’, respectively, one has

i) g(X,Y) =g (X" Y')om
ii) h[X,Y] is the basic vector field m-related to [X',Y"];
iii) hV xY is the basic vector field m-related to V'y,Y"’;

iv) [X,V]is vertical for any vertical vector field V.

Suppose h and v are the projections of x (M) onto x" (M) and x"(M) respectively. The fundamental tensor fields
A and T of 7, are defined to be

ApF = WV goF 4+ vVhghF, (2.4)
TgF = hV,gvF + vV ghF (25)

for any E, F € x(M).
Let us define the following mappings [10]:

1

T : X" (M) x x"(M) X" (M),
(U, V) — T™U,V)=hVyV, (2.6)

TV x"(M) x X"(M) = x"(M),
(U,X) — TY(U,X)=vVpX, (2.7)
and

AT \M(M) x xP(M) = X" (M),
(X,U) — A®(X,U)=hVxU, (2.8)
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AV MM < xMM) = xP(M),
(X,Y) — AY(X,Y)=0VyY, (2.9)

Then, it is clear from (2.4), (2.5), (2.6) and (2.9) that 77 is a symmetric operator on x’(M) x x*(M) and AY is
an anti-symmetric operator on x"(M) x x"(M). Also, if we take into account (2.4) and (2.5) in (2.2), we can

write
VoV =THU,V)+vVyV, (2.10)
Vv X =hVy X +TV(U, X), (2.11)
VxU = A"(X,U) +vVxU, (2.12)
VxY = hVxY + AV(X,Y) (2.13)

forany U,V € x*(M) and X,Y € x"(M).
Now we recall the following theorem [6]:

Theorem 2.1. Let w : (M, g) — (B, ¢') be a Riemannian submersion. Then the horizontal space H becomes an integrable
distribution if and only if the fundamental tensor A vanishes identically.

Remark 2.1. As a consequence of Theorem 2.1, we see that both A and AY are related to integrability of #, that
is, they are identically zero if and only if # is integrable.

Let R, R and R be the curvature tensors on M, B and fibers 7~ (b) respectively, and R(X,Y)Z denotes the
horizontal lift of R/ ;) (m.pXs, mpYs) Zp at any point b € M satisfying

m(R(X,Y)Z) = R/ (7. X, 7Y )7 Z.
Then, the following relations between these tensors hold [18]:

R(U,V,W,G) = R(UV,W,G)+g((T"U,G), T*(V,W))
—g (T™(V,G), T*"(U,W)), (2.14)

R(X,Y,Z,H) = R(X,Y,Z H)-2g(AY(X,Y),AY(Z H))
+9 (AY(Y, 2),AV(X, H))
—g (AV(X,Z), AV(Y,H)), (2.15)

RX,V,Y,W) = g((VxT)(V,IW),Y)+g((VvA)(X,Y),W)
—g (TY(V, X),TY(W,Y))
+g (AM(X, V), A" (Y, W), (2.16)

forany U, V,W,G € x*(M) and X,Y, Z, H € x"(M). With the help of (2.14) — (2.16) equations, we get

KUYV) = K(UV)-|1™U, V)||2 +g (T"(U,U), TV, V), (2.17)
K(X,Y) = K(X,Y)+3|AY(X,Y)|? (2.18)
K(X,V) = —g((VxT)(V.V),X)+ TV, x)|]

— | a*x, V)| (2.19)

where K, K and K denote the sectional curvatures in M, any fiber 7~!(b) and the horizontal distribution #
respectively.
3. Lie Groups and Algebras

Let G be a Lie group and V be a set. A mapping ¢ : G x V' — V is called an action of G on V'if, forall g,h € G
and v € V, the following relations hold:
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i) e-v=n.

i) g-(h-v)=gh-v,

where ¢(g,v) = g - v. Furthermore,

a) Theset G, = {g € G : g- x = x} is called the isotropy group (subgroup) at z € G.
b) Theset G-z = {g-xz: g € G} is called orbit at a point = € G.

A Lie group G acts on itself by the left and the right translations. Another important action G is the adjoint
action that a homomorphism I, : G — G defined by

I,(a) = gag™" foralla € G. (3.1)

We note that the adjoint action is a group homomorphism on G whereas the right and the left translations
are not. Therefore, any curve through the identity element e of G mapped by the adjoint map to another (not
necessarily the same) curve through e since I;(e) = e.

A vector field X is called left invariant if
dLy(X.) = X, (3.2)
where e is the identity element of G. Here, L, denotes a left translation on a € G.

In a similar manner, a vector field X is called right invariant if
dR.(X.) = X.. (3.3)
Here, R, denotes right translation on a € G.

Let g be the set of all left (or right) invariant vector fields on G. We note that g is a vector space with the
usual addition of vector fields, and there exists a linear isomorphism between g and the tangent space T.G.
Furthermore, g is closed under the bracket operation and it is called the Lie algebra of G.

The exponential map exp : g — G is defined by
exp(X) = px(t), Vt € R (3.4)
where ¢ x (t) denotes flows (one parameter transformation groups) generated by a vector field X in g satisfying
#x(0) = e and ¢ (0) = X...
Now, let K be a closed subgroup of G and k be its Lie algebra defined by
k={X € g:exp(tX) € h, forallt € R}. (3.5

It is known from the Cartan’s subgroup theorem that K is a submanifold of G which is also called as Lie
subgroup of G [7].

Furthermore, the adjoint representation Adj : G — Aut(q) is defined by
Ad(g) = dl,, (3.6)
where
Ad(g)X =dI; = d(Ry-1 0 L) (3.7)

for all X € g [2]. Here Aut(g) denotes the set of all automorphisms on g. Therefore the adjoint representation
maps any vector (of a curve on ) in g to another vector in g. In contrast d, and dR, map tangent vectors in
T.G to tangent vectors in Ty G.

A Riemannian metric (,) on a Lie group G is called left invariant if
(X,Y) = (dL,X,dL,Y) (3.8)

for all a € G and X,Y € g. The left invariant metrics clearly have property that the translations L, are
isometries for all a € G. Similarly, a Riemannian metric is called right invariant if each right translations on
G is a isometry.

A metric on G that is both left invariant and right invariant is called bi-invariant. We note that a compact Lie
group always admits a bi-invariant metric [2].
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Proposition 3.1. [2] Let G be a Lie group and g be its Lie algebra. Then, there is one-to-one correspondence between
bi-invariant metric on G and Ad-invariant scalar products on g i.e.,

(Ad(9)X, Ad(g)Y) = (X,Y) (3.9)
forallge Gand XY € g.
Proposition 3.2. [2] Let G be a Lie group with a bi-invariant metric (,). Then forall XY, Z € g:

i) The Riemann connection is given by

1
VxY = i[X’ Y. (3.10)
ii) The Riemann curvature tensor is given by
1
R(X,Y)Z = 1[[X, Y], Z]. (3.11)

ii) The sectional curvature of a plane section 11 spanned by X and Y is given by

_ 1 (X YLIX Y]
KI) = 1 X vy — (X 777 (3.12)

4. Riemannian Homogeneous Spaces

Let G be a Lie group and K be a closed subgroup of G. Consider the following quotient space
G/K = {gK : g € G}. (4.1)

Then, it is said to be that G acts transitively in a natural way on G/K if, for every pair of elements « and y,
there exists a element g in G such thatg -z = y.
A quotient space G/ K acted by G transitively is called a homogeneous space [2].
Let G/K be a homogeneous space and 7 : G — G/K be a projection such that
T : G—>G/K
g — m(g) = gK.

For each a € G, let 7, be the left translation on G/K that sends each gK to agK. If L, is a left translation on
G then we have the following commutative diagram:

G p G/K
G G/K
Thus, we get
moL, =Tqo0m. (4.2)

Let G/ K be ahomogeneous space and 7 : G — G/ K be a projection. Now, we shall investigate the differential
dre : g = T,(G/K),

where 0 = 7(e) = K. We note that any quotient space G/K acted by G is a manifold iff 7: G — G/K is a
submersion [2].
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Now, let X € g and the exponential map exp tX be the corresponding one-parameter subgroup. Then

9 (exp tX) )]0 43)

d
dre(X) = ﬁ(ﬂoexth)\t:O ==

Denote the vertical distribution of g by V.. Then, there exists the following canonical isomorphism:

g/Ve = To(G/K) (4.4)

A homogeneous space is called 'reductive’ if there exists a subspace H. of g such that
g=V.®He (4.5)
and #. is invariant under adjoint representation of K. In this case, we have
He = T,(G/K). (4.6)
Here, H becomes the horizontal distribution of G’ with respect to 7.

Example 4.1. Let us consider the special orthogonal group
SOn+1)={AeM(n+1): A'A=1,.; and det A =1}

Here, M(n+ 1) denotes the set of all (n+ 1) x (n+ 1) matrices, I,,; is the identity matrix and A* is the
transpose of A.

The group SO(n + 1) acts transitively on the unit sphere S™:

In fact, let z,y € S™ and {,a1,az,...a,} and {y,b1,bs,...b,} are two orthonormal basis of R"™! with the
same orientation. The translation matrix lies in SO(n + 1). Furthermore, isotropy subgroup of at the point
(1,0,...,0) consists of the matrices in form

1 0
0 A | e€SO(n+1),

where A € SO(n). This isotropy group is denoted by SO(n) and hence we have SO(n +1)/SO(n) = S™ for
n # 1.

For n = 1, consider the special orthogonal group SO(2) given by

a b
SO2)={| -b a |: a*+b*=1, a,beR}.

Then a map on SO(2) to unit sphere S! defined by

a b
b a | »2z=a+1ib=(a,b),

implies that SO(2) = S'. Here we note that the unit sphere is a Lie group under multiplication in complex
number space C.

For n = 2, we see that SO(3)/SO(2) = S%. But S? does not admit a topological group structure. Thus, S? isn’t
a Lie group [14].

For n = 3, we see that SO(4)/50(3) = S3. We note that S is a Lie group under multiplication in quaternion
space H.

Now, we shall show that 7 : SO(4) — S3 is a Riemannian submersion.

Since the Lie algebra of SO(4) is the set of all 4 x 4 anti-symmetric matrices denoted by so(4), the differential
dr|. is a surjective mapping on so(4) to 7,53, where e = I, and 7(e) = 0 = (1,0,0,0).
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Here, for any

0 T T2 I3
—T1 0 Ty Is

X=| —x29 —a4 0 w6 | €so(4),
—r3 —T5 —Tsg 0

the deferential of 7 is defined by
In this case,

where So(3) is a subspace of so(4) formed as
0 0
0 A |: Aeso(3)

Furthermore, the horizontal space #. at e € SO(4) becomes

0 r1 T I3
—a
He = —T9 03 t xy,x0,3 €ER
23
where 03 denotes 3 x 3 zero matrix.
For any two horizontal vector fields given by
0 1 22 s 0 v y2 ys
—1 —U1
X = —XT2 O3 and Y = —Y2 O3
—3 Y3
we have
1
X,)Y) = -~t Xty
(X,Y) 1 race (X'Y)

af + a3 + a3
(dr(X), dn(Y)).
Therefore, 7 is a Riemannian submersion.

Example 4.2. Consider the 3-dimensional Euclidean space E? and the 1-dimensional Euclidean space E. Let us
define the following projection:

7 B3

(3017 T2, 563)

- E
—  7(x1,x2,T3) = X7.
Then, it is clear that 7 is a surjective homomorphism. Thus, we have
ker 7 = {(0, 72, x3) : 2,73 € R} = E?
and
E*/E? 2 E.

By a straightforward computation, one can see that dr is an local isometry and = is a Riemannian submersion.
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Further examples of Riemannian homogeneous spaces admitting a Riemannian submersions could be given
in projective spaces, quaternion spaces, Grassmann manifolds, Steifel manifolds, flag manifolds etc.

Let G/K be a reductive Riemannian homogeneous spacec. A metric (,) on G/K is called G-invariant if, for
eacha € G and X,Y € ., the following relation holds [2]:

(X,Y) = (d7,(X),dr,(Y)). 4.7)

Theorem 4.1. Let G/K be a Riemannian homogeneous space. If G/ K posseses a G-invariant metric, then the mapping
7 is a Riemannian submersion.

Proof. Let G/K be a Riemannian homogeneous space with a G invariant metric (,). it is clear that = is
submersion since 7 is a covering map. Now we shall show that 7 is a Riemannian submersion.

From the definition of pushforward map, we have
d(tqom)X =X(1q07m), Va€eG 4.8)

for any horizontal vector field X. Using the fact that 7, o m = 7 o L, (see Figure 1), it follows that

d(r,om)X = X(moLyg)
= d(moLg)X (4.9)
Next, from (4.7) and (4.9), we obtain
(d(mo Lg)X,d(mo L,)Y) = (X,Y) (4.10)
for any horizontal vector fields X and Y. The last equation implies that 7 is a Riemannian submersion. O

Let G/K be a reductive Riemannian homogeneous space with a G invariant metric (,) and the Riemannian
connection V*. Let X € g and the exponential map exp(tX) be the corresponding one parameter subgroup (a
flow) generated by X. In this case, we write

d
dr(X) =X, = %(exp tX) - oli—o, (4.11)
Here, we note that X* is a Killing field in 7,,G/ K. Since the mapping = is a canonical projection, we may write
dr(X) = X} and dr(hX) = X, where hX is the horizontal component of X € g with respect to . Also, since
X* is a Killing vector field, its flows are isometries and the following equations hold:

XY, Z) =([X"Y]a/k, Z) + (Y, [ X", Z]g/K), (4.12)
(VyX*, Z) + (V5 X*Y) =0 (4.13)

and
(X" Y]q/x = —[X,Y]" (4.14)

forall Y, Z € x(G/K). For more details, we refer to [1], [5] and [15].
Let X,Y € H.. Then
(Vi V") = —%h[X, Y]+ U(X,Y) (4.15)
where U : H x H — H is determined by
29(U(X,Y),Z) =g(h|Z,X],Y) + g(X,h[Z,Y]) 4.16)

forall Z ¢ H,..

The manifold G/K is called naturally reductive Riemannian homogeneous space if U = 0.
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Proposition 4.1. Let G/K be a Riemannian homogeneous space. If X* and Y* are Killing vector fields on T,G /K such
that m(e) = o. Then we have

1
Vi Y* = —[X. Y]+ U(X,Y) (4.17)

forany XY € H..
Proof. Let X and Y are any horizontal ( or basic) vector fields in g related X* and Y* in 7,(G/K), that is,

dn(X)=X" anddr(Y) =Y". (4.18)
Using (4.14), we get

dr(h[X,Y]) = —=[X*,Y"]q/k- (4.19)
From (4.15) and (4.19), the proof of proposition is straightforward. O

Taking into account of Proposition 2.1 and Proposition 4.1, we get the following:

Corollary 4.1. Let G/K be a Riemannian homogeneous space. If 7 : G — G/ K is a Riemannian submersion, then there
exists a Lie algebra isomorphism between H. and T,(G/K).

Proposition 4.2. Let G/K is a naturally reductive Riemannian homogeneous space. For any vector fields X, Y and Z
in H. which are w related to X*, Y* and Z*, respectively, we have

i) (Vi.Y")o = —3[X, Y],
i) R*(X*,Y*)Z* = LY. [X, 2] — L[X.,[V. Z]]" + L[[X, Y], 2]".
iii) If H. is integrable, then R*(X*,Y*)Z* = —2[X,Y], Z]*.

Here, R* denotes the Riemannian curvature tensor on G /K.
Proof. Using U = 0 in (4.15) and taking into consideration to Proposition 4.1, we find (i).

From the statement (i), we get

R(X*\YNZ* = ViV Z' = ViV 2 + Vix ). 2°
= Vi (ylrar) - Vi (<) -y 1x1.2)

Y02 - 3 X2 - 51X, Y], 2] (420)

A~

which completes the proof of (ii).

Taking into account of Corollary 4.1 and using the Jakobi property for Lie brackets in (4.20), the proof of (iii)
is straightforward. O

From (3.11) and the statement (iii) of Corollary 4.2, we get the following corollary:

Corollary 4.2. Let G be a Lie group with a bi-invariant metric and G/K be a naturally reductive Riemannian
homogeneous space. If H. is an integrable distribution, then we have

T (R(X,Y)Z) = —3R*(X*,Y*)Z* 4.21)
forany X, Y and Z in H. which are dr related to X*, Y* and Z*, respectively.

Using (3.12) and Corollary 3.12, we have the following:

Proposition 4.3. Let G be a Lie group with a bi-invariant metric and G/K be a naturally reductive Riemannian
homogeneous space. Then we have

147 (X, V) = (01X, Y], Y], X) @22)

for any linearly independent vector fields X and 'Y in H..
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Proof. Let X,Y € H. and II = Span{X, Y} be a plane section. Under the assumption, since G is a Lie group
with a bi-invariant metric, we have

1
Using Proposition 3.2 and Proposition 4.2 in (2.17), we find (4.22). O

Corollary 4.3. Let w be a mapping from a Lie group with a bi-invariant metric to a naturally reductive Rimannian
homogeneous space. Then we have the following statements

i) Gis flat if and only if the tensor AY vanishes identically.
ii) If m has minimal fibers, then G is flat.
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