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ABSTRACT

In this paper, we define spacelike line congruence, which has the parameter ruled surfaces as
principal ruled surfaces, on the dual unit hyperbolic sphere H2

+ in the dual Lorentzian 3-space
D3

1 . We carry the obtained results to the 3-dimensional Minkowski space E3
1 by means of the E.

Study’s dual line coordinates.
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1. Introduction

In the Euclidean 3-space E3, a two-parameter set of lines is called a rectilinear line congruence (line
congruence for short), where the normals to a surface constitute such a line congruence. Generally, the lines
of a congruence are not normal to a surface. Hence, the line congruence of normals forms a special class;
which is called normal line congruence. In this case, the normals along a principal curvature line constitute
a developable ruled surface. Hence, the line congruence of normals forms a special class; which is called the
normal line congruence (geometric optic). The lines of the line congruence which pass through a curve on the
surface form a one-parameter family of lines in the space or ruled surface (parameter ruled surface). Nowadays,
the differential geometry of line congruences has become relevant for practical applications, see for example
[6,7,8,11].

Rather unexpectedly dual numbers have been applied to study the motion of a line space; they seem even
be the most appropriate apparatus for this end. In screw and dual number algebra, the E. Study’s dual line
coordinates conclude: The set of all oriented lines in Euclidean 3-spaceE3 is in one-to-one correspondence with
the set of points of the dual unit sphere in the dual 3-space D3. Hence, the ruled surfaces and line congruence
obtained by the motion of a line, depending on one and two parameters, respectively, were examined more
easily, as reported in [1-4,11].

A large number of papers have been published in the literature which deal with line congruences in both
Minkowski space and Euclidean space (See for instance Refs. ([1-4,10,12-16,19,20]). The main interest of this
paper is to introduce the E. Study’s dual line coordinates in the dual Lorentzian 3-space D3

1 . As an application
for the theory of line congruence, a spacelike line congruence which has the parameter ruled surfaces as
principal ruled surfaces was introduced. In terms of this, the results can easily be transferred to the Minkowski
3-space E3

1 , and for them the geometric explanations are derived.
We hope that these results will be helpful to physicists and those studying general relativity theory.
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2. Basic concepts

In this section, we give a brief summary of the theory of dual numbers, dual Lorentzian vectors and
E. Study’s dual line coordinates. For more details, we refer to [5,9,17,18]. Let E3

1 be the three-dimensional
Minkowski space, that is, the three-dimensional real vector space R3 with the metric

< dx,dx >=dx2
1 + dx2

2 − dx2
3,

where (x1, x2, x3) denotes the canonical coordinates in R3. An arbitrary vector x of E3
1 is said to be spacelike

if < x,x >>0 or x = 0, timelike if < x,x ><0 and lightlike or null if < x,x >=0 and x= 0. A timelike or
light-like vector in E3

1 is said to be causal. For x ∈E3
1 the norm is defined by ‖x‖ =

√
|< x,x >|, then the

vector x is called a spacelike unit vector if < x,x >=1 and a timelike unit vector if < x,x >= −1. Similarly,
a regular curve in E3

1 can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors are
spacelike, timelike or null (lightlike), respectively. For any two vectors x = (x1, x2, x3) and y = (y1, y2, y3) of
E3

1 , the inner product is the real number < x,y >= x1y1 + x2y2 − x3y3 and the vector product is defined by
x× y = ((x2y3 − x3y2), (x3y1 − x1y3),−(x1y2 − x2y1)).

2.1. Dual Lorentzian 3-Space D3
1

A dual number A has the form a+ εa∗ where a, a∗are real numbers. Here ε is a dual unit subject to the
rules ε 6= 0, ε2 = 0, ε.1 = 1.ε = ε. The set of dual numbers D forms a commutative ring having the numbers
εa∗(a∗real) as divisors of zero. D is not a field. No number εa∗ has an inverse in the algebra. But the other laws
of the algebra of dual numbers are the same as of the complex numbers.

For all pairs (a,a∗) ∈ E3
1 × E3

1 the set

D3 = {A = a + εa∗, ε 6= 0, ε2 = 0}, (2.1)

together with the Lorentzian inner product

< A,B >=< a,b >+ ε (< b,a∗ > + < b∗,a >) , (2.2)

forms the dual Lorentzian 3-spaceD3
1. Thereby a point A = (A1, A2, A3)t has dual coordinatesAi = (ai + εa∗i ) ∈

D. The norm is defined by

< A,A >
1
2 =: ‖A‖ = ‖a‖ (1+ε

< a,a∗ >

‖a‖2
), (2.3)

In the dual Lorentzian 3-space D3
1 the dual hyperbolic and dual Lorentzian unit spheres, respectively, are

H2
+ = {A∈D3

1 | A2
1 +A2

2 −A2
3 = −1, A3 > 0}, (2.4)

and
S2

1 = {A∈D3
1 | A2

1 +A2
2 −A2

3 = 1}, (2.5)

respectively. Therefore, the E. Study’s dual line coordinates can be stated as follows: The dual unit spheres are
shaped like a pair of conjugate hyperboloids. The common asymptotic cone represents the set of null lines, the
ring shaped hyperboloid represents the set of spacelike lines, and the oval shaped hyperboloid forms the set of
timelike lines, opposite points of each hyperboloid represent the pair of opposite vectors on a line (see Fig. 1).
i) Spacelike dual angle: Let A and B be spacelike dual vectors in D3

1 that span a spacelike dual vector subspace;
then we have |< A,B >| = ‖A‖ ‖B‖, and hence, there is a unique dual number Θ = ϑ+ εϑ∗ ≥ 0 such that
< A,B >= ‖A‖ ‖B‖ cos Θ. This number is called the spacelike dual angle between the dual vectors A and
B.
ii) Central dual angle: Let A and B be spacelike dual vectors in D3

1 that span a timelike dual vector subspace;
then we have |< A,B >| > ‖A‖ ‖B‖, and hence, there is a unique dual number Θ = ϑ+ εϑ∗ ≥ 0 such that
< A,B >= ‖A‖ ‖B‖ cosh Θ. This dual number is called the central dual angle between the dual vectors A and
B.
iii) Lorentzian timelike dual angle: Let A be spacelike dual vector and B be timelike dual vector in D3

1 . Then there
is a unique dual number Θ = ϑ+ εϑ∗ ≥ 0 such that < A,B >= ‖A‖ ‖B‖ sinh Θ. This dual number is called the
Lorentzian timelike dual angle between the dual vectors A and B.
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Figure 1. The dual hyperbolic and dual Lorentzian unit spheres.

3. Spacelike line Congruence

According to the E. Study’s dual line coordinates, a space-like line congruence can be represented by a
spacelike dual unit vector which is depending on two real parameters u1, and u2 as follows:

A(u1, u2) = a(u1, u2) + εa∗(u1, u2). (3.1)

A relation such as ρ(u1, u2) = 0, between the parameters restricts (3.1) to one-parameter set of straight lines,
i.e. a ruled surface in the congruence. The equation u2 = c2 (real constant) determines a ruled surface in the
congruence or a dual curve on the dual unit spheres (pair of conjugate hyperboloids). When the constant c2 is
varied a family of dual curves is generated, which we call the u1−parameter curves, since along any one of
them u1−alone varies. Similarly, we have a family of u1 = c1 (real constant) parameter curves. It follows from
our insistence on the one-to-one correspondence between pairs of parameter curves and the ruled surfaces in
the congruence, that each member of one family of dual curves cuts each member of the other once and only
once. Any two families of dual curves satisfying the above conditions will provide us with a principal ruled
surfaces which could be used to study the congruence. Thus, we may choose Au1

= (∂A/∂ u1) is a timelike
(resp. a spacelike) dual vector in direction in which u1−alone varies, i.e. is tangent to the u1−parameter dual
curve, which implies that Au2

is spacelike dual vector (similar procedures can be applied). The displacement
dA from the point (u1, u2) to the point (u1 + du1, u2 + du2) is:

dS2 =< dA, dA >=< Au1du1 + Au2du2,Au1du1 + Au2du2 >
= −Edu2

1 + 2Fdu1du2 +Gdu2
2,

}
(3.2)

where
−‖Au1

‖2 := E = e+ εe∗, < Au1
,Au2

>:= F = f + εf∗, ‖Au2
‖2 := G = g + εg∗.

The quantitiesE = e+ εe∗, F = f + εf∗, G = g + εg∗ are important because the distance between neighboring
dual points may be expressed in term of them. Then by calculating the real and dual parts, we get:

I = ds2 =< da, da >=edu2
1 + 2fdu1du2 + gdu2

2,
II = 2dsds∗ = 2 < da, da∗>=e∗du2

1 + 2f∗du1du2 + g∗du2
2.

}
(3.3)

The forms I and II are called the first and second fundamental forms of the congruence: Here we exclude the
case where the coefficients of II and I are proportional, i.e. the congruence is isotropic congruence.

Now suppose that ‖au1 × au2‖
2

= eg + f2 6= 0, i.e. the congruence is not a cylindrical congruence. The
distribution parameter of a ruled surface in the congruence is given by

λ =
II

2I
=

1

2
(
−e∗du2

1 + 2f∗du1du2 + g∗du2
2

−edu2
1 + 2fdu1du2 + gdu2

2

). (3.4)

The function λ is a function of the ratio (du1/du2), so it varies with the value of this ratio. There are two values
of this ratio for which λ is a maximum or minimum. These are obtained by equating to zero the derivatives of
λ with respect to the ratio. This leads to the equation:
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(ef∗ − e∗f)du2
1 + (eg∗ − e∗g)du1du2 + (gf∗ − fg∗)du2

2 = 0. (3.5)

Let the parameter ruled surfaces are taken as principal ruled surfaces. This must be equivalent to du1du2 = 0,
hence Eq. (3.5) shows that:

ef∗ − e∗f = 0, gf∗ − fg∗ = 0, (3.6)

therefore, since the coefficients of I, and II are not proportional, we must have:

f =< au1
,au1

>= 0, f∗ =< a∗u1
,au2

> + < a∗u2
,au1

>= 0. (3.7)

Hence, the necessary and sufficient condition that the principal ruled surfaces are represented by orthogonal
curves is given:

F = f + εf∗ = 0. (3.8)

3.1. The Blaschke frames

As for surfaces, through every line in the congruence there pass two principal surfaces whose images on
the dual Lorentzian unit sphere we take as parametric curves. For this special system we assume that u1-and
u2 dual curves of A(u1, u2) are principal ruled surfaces, i.e., the elements f and f∗ of the first and second
fundamental forms vanish identically (f = f∗ = 0). Consider now the dual unit vectors A12 = A12(u1, u2), and
A22 = A22(u1, u2), are the tangents of the parametric dual curves u2 =const., and u1 =const., respectively, at
any regular point, then we have:

A12 =
Au1√

|< Au1
,Au1 >|

=
Au1√
E
, and A22 =

Au2√
< Au2 ,Au2 >

=
Au1√
G
, (3.9)

which are invariants vector functions on the congruence. Hence, we fix det(A, A12,A22) = +1 and
consequently

A = A12 ×A22 , A12 = A×A22, A22 = A×A12,

−‖A12‖2 = ‖A22‖2 = ‖A‖2 = 1.

}
(3.10)

The dual arc-lengths, corresponding to the principal surfaces, are obtained by substituting first du2 = 0, then
du1 = 0 into Eq. (3.2), that:

dS1 := ds1 + εds∗1 = P1du1, dS2 := ds2 + εds∗2 = P2du2, (3.11)

where P1 = p1 + εp∗1 =
√
E, and P2 = p2 + εp∗2 =

√
G. The distribution parameters of the principal ruled

surfaces A(u1, c2), and A(c1, u2), respectively, are:

λ1 :=
ds∗1
ds1

=
e∗

2e
, λ2 :=

ds∗2
ds2

=
g∗

2g
. (3.12)

According to the elements of spherical kinematics, the motion of the frame {A, A12, A22} at any instant is a
rotation around the Darboux vector D1 of this frame, i.e.

∂

∂S1

 A
A12

A22

 =

 0 1 0
1 0 −Σ1

0 −Σ1 0

 A
A12

A22

 = D1×

 A
A12

A22

 , (3.13)

where
D1 = −Σ1A−A22. (3.14)

Σ1 = σ1 + εσ∗1 =
Eu2

2E
√
G

is the geodesic curvature of the dual curves u2 = c2. Similarly, the derivative formula of
the Blaschke frame of the dual curves u1=const., with tangent A22 is:

∂

∂S2

 A
A12

A22

 =

 0 0 1
0 0 Σ2

−1 Σ2 0

 A
A12

A22

 = D2×

 A
A12

A22

 . (3.15)

where
D2 = Σ2A−A12. (3.16)
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Also Σ2 = σ2 + εσ∗2 =
Gu1

2G
√
E

has the same meaning as in Eq. (3.13), for the curves u1 = c1. In other words, dual
geodesic curvatures of the dual curves A(u1, c2), A(c1, u2), respectively, are:

Σi = σi + εσ∗i = det(A,
dA

dSi
,
d2A

dS2
i

), (i = 1, 2). (3.17)

3.2. Minkowski formulae of surfaces theory

In this paragraph, we aim to give resemblance formulas of the well-known formulas of surfaces theory into
line congruence in dual Lorentzian 3-space D3

1 . For this purpose, consider ui = ui(t), (i = 1, 2) as functions of
the real parameter t. Then A = A(u1(t), u2(t)) represents a spacelike parameter ruled surface in the congruence.
The dual vector At = (∂A/∂t) is tangent to this dual curve;

At = Au1

du1

dt
+ Au2

du2

dt
. (3.18)

If < At,At >6= 0, then we have a dual unit vector

A2 =
At

‖At‖
=

1

P

(
Au1

du1

dt
+ Au2

du2

dt

)
, (3.19)

where P := p+ εp∗ =
∥∥Au1

du1

dt + Au2

du2

dt

∥∥ =
√
EG. Hence, the dual arc length of the dual curve A(t) =

A(u1(t), u2(t)) is given by
dS = Pdt. (3.20)

In order to research the properties of A(t) = A(u1(t), u2(t)), the Blaschke frame relative to A(t) will be defined
as the frame of which this line and the central normal A2 to the ruled surface at the central point of A are
two edges. The third edge A3 is the central tangent to the ruled surface A(t). The frame { A1= A(t), A2(t) =
A

′
1

‖A′
1‖
, A3(t) = A1 ×A2; (′= d

dt )} is called Blaschke frame. If A2 is a spacelike (timelike) dual unit vector while

A3 is a timelike (spacelike) dual unit vector (similar procedures can be applied). Then we have:

< A1,A1 >=< A2,A2 >= − < A3,A3 >= 1,
< A1,A2 >=< A2,A3 >=< A3,A1 >= 0,

A1×A2= −A3, A1×A3= −A2, A2×A3= A1,
(3.21)

The dual arc length derivative of the Blaschke frame is governed by the relations:

d

dS

 A1

A2

A3

 =

 0 1 0
−1 0 Σ
0 Σ 0

 A1

A2

A3

 = D×

 A1

A2

A3

 , (3.22)

where
D = −ΣA1 + A3. (3.23)

Σ(t) = σ + εσ∗ is the dual geodesic curvature of the dual curvature of the dual curve A(u1(t), u2(t)). It is easily
seen from the last two equations that

Σ = σ + εσ∗ =
det(A,At,Att)

‖At‖3
= det(A,

dA

dS
,
d2A

dS2
). (3.24)

Referring to the congruence (3.1), since At is tangent of the dual curve A(u1(t), u2(t)), then Eq. (3.19)
rewritten as

A2 =
dS1

dS
A12 +

dS2

dS
A22, (3.25)

in view of Eqs. (3.9), and (3.11). So, we can find a dual angle Φ = ϕ+ εϕ∗ such that (Fig. 2):

A2 = sinh ΦA12 + cosh ΦA22, (3.26)

where
dS2 = −dS2

1 + dS2
2 ,

sinh Φ = dS1

dS =
√
E du1

dS , cosh Φ = dS2

dS =
√
Gdu2

dS .
(3.27)
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Consequently, by separating the real and dual parts of Eqs. (3.27), with attention of Eqs. (3.4) and (3.12), we
get:

λ = −λ1 sinh2 ϕ+ λ2 cosh2 ϕ,

ϕ∗ = (λ1−λ2

2 ) sinh 2ϕ.

}
(3.28)

These formulas are Minkowski versions of the Hamilton and Mannhiem formulae in Euclidean 3-space,
respectively [1-4]. The surface described by ϕ∗ in Eqs. (3.28) is the Minkowski version of the Plücker conoid in
Euclidean 3-space. The parametric form can also be given in terms of point coordinates. We may choose A is
coincident with the y−axis of a fixed Lorentzian frame (oxyz), while the position of the dual unit vector A2 is
given by angle ϕ and distance ϕ∗ along the positive y−axis. The edges A22 and A12 can be selected in sense of
z and x−axes, respectively, as depicted in Fig. 2. Let L denote a point on this surface, it is possible to have the
following point coordinates

M : L(ϕ, µ)=ϕ∗

 0
1
0

+ µ

 sinhϕ
0
coshϕ

 =

 µ sinhϕ

(λ1−λ2

2 ) sinh 2ϕ
µ coshϕ

 , µ ∈ R. (3.29)

We choose λ1 − λ2 = 1, this parametrization defines a non-developable timelike ruled surface, which is called
a helicoid of the 2nd kind; λ1 − λ2 = 1, ϕ ∈ [−1, 1], µ ∈ [−7, 7] (see Fig. 3). If (x, y, z) are the coordinates of M ,
then Eq. (3.29) yields:

M : y =
βxz

z2 − x2
, (3.30)

where β = λ1 − λ2. It is interesting to note that it is a third -order polynomial in the coordinates x, y and z.

Figure 2. A2 = sinhΦA12 + coshΦA22

Figure 3. Helicoid of the 2nd kind.

Differentiating Eq. (3.26), and using the formula

dA2

dS
= (

∂A2

∂S1

dS1

dS
+
∂A2

∂S2

dS2

dS
), (3.31)

we get:

dA2

dS
= (

∂A12

∂S2
+
∂A22

∂S1
) cosh Φ sinh Φ +

∂A12

∂S1
sinh2 Φ +

∂A22

∂S2
cosh2 Φ

+(A12 cosh Φ + A22 sinh Φ)
dΦ

dS
, (3.32)

where, according to Eqs. (3.21),
−A3 = cosh ΦA12 + sinh ΦA22. (3.33)
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Hence, we obtain:

−A + ΣA3 =

(
Σ1 sinh Φ− Σ2 cosh Φ− dΦ

dS

)
A3 −A,

or finally

Σ = Σ1 sinh Φ− Σ2 cosh Φ− dΦ

dS
. (3.34)

This formula is the same nature of J. Liouvile formula in surface theory in Euclidean 3-space E3.
Theorem 3.1. In the congruence A(u1, u2), there exists a relation among the dual Darboux vectors of the
Blaschke frames of the ruled surfaces A(t) = A(u1(t), u2(t)), A(u1) = A(u1, c2), and A(u2) = A(c1, u2). More
explicitly, we have:

D = sinh ΦD1 + cosh ΦD2 +

(
dΦ

dS

)
A1. (3.35)

Proof. Substituting Eq. (3.33) into Eq. (3.23) we may write D as:

−D = ΣA1 + cosh ΦA12 + sinh ΦA22,

or, because of Eqs. (3.14), and (3.16):

−D =

(
Σ− Σ1 sinh Φ + Σ2 cosh Φ− dΦ

dS

)
A1 + cosh ΦD2 + sinh ΦD1. (3.36)

Taking into account the geodesic curvature Σ as per Eq. (3.34) into Eq. (3.36), the relation is proved.

We intend now to give a geometrical interpretation of J. Liouvile formula. For this purpose, making use of
Eqs. (3.27) into Eq. (3.34), then we have:

ΣdS = Σ1

√
Edu1 − Σ2

√
Gdu2 − dΦ. (3.37)

We found, by application of Green theorem, that:∮
ΣdS = −

∫∫ (
∂

∂u1
(Σ2

√
G) +

∂

∂u2
(Σ1

√
E)

)
du1du2 −

∮
dΦ. (3.38)

The Gaussian curvature of the dual hyperbolic sphere H2
+, in Eq. (2.4), is given by:

− 1 =
1√
EG

(
∂

∂u1
(Σ2

√
G) +

∂

∂u2
(Σ1

√
E)

)
. (3.39)

So that, we obtain as a result the formula ∮
ΣdS =

∫∫
dA−

∮
dΦ, (3.40)

where dA =
√
EGdu1du2 is the dual area on H2

+ enclosed by the dual curve A = A(u1(t), u2(t)). The formula
(3.40) is resemblance to the Gauss–Bonnet formula in surfaces theory. This formula may be reduces to∮

ΣdS =

∫∫
dS1dS2 −

∮
dΦ, (3.41)

in view of Eqs. (3.27). We replace of the distribution parameters λ1 and λ2, as per Eqs. (3.12) into Eq. (3.41),
thus obtaining: ∮

ΣdS =

∫∫
(1 + ελ1)(1 + ελ2)ds1ds2 −

∮
dΦ

= ar − 2π + ε

(∫∫
2hds1ds2 − ϕ∗

)
, (3.42)
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where ar is the real part of element area on H2
+ described by the real spherical curve a = a(t), and h =

(λ1 + λ2) /2 is the mean distribution parameter of the congruence A(u1, u2). On the other side, the dual angle
of the pitch of the closed surface A = A(u1(t), u2(t)) is [8]:

Λa = µa − εΓa = −
∮

ΣdS, (3.43)

where µa is the angle of pitch and Γa is the pitch of the closed ruled surface A = A(u1(t), u2(t)). When Eq.
(3.43) is applied to Eq. (3.42) we immediately find that:

µa − εΓa = 2π − ar − ε
(∫∫

2hds1ds2 − ϕ∗
)
, (3.44)

Now, separating Eqs. (3.44), we find the real parts

µa = 2π − ar, (3.45)
and the dual parts

Γa =

∫∫
2hds1ds2 − ϕ∗. (3.46)

Therefore, we can write J. Liouvile formula as:

Λa =

∮
(−Σ1dS1 + Σ2dS2) + 2π + εϕ∗

= −
∮

Σ1dS1 +

∮
Σ2dS2 + 2π + εϕ∗. (3.47)

Then, from the relations above
Λa = Λa1 − Λa2 + 2π + εϕ∗, (3.48)

are fund. Here, Λa1, and Λa2 are the dual angels of pitch of the principal ruled surfaces A(u1) = A(u1, c2), and
A(u2) = A(c1, u2), respectively.
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