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Absolute almost weighted summability methods 

Mehmet Ali Sarıgöl*1 

Abstract 

In this paper,  we introduce absolute almost weighted convergent series and treat with the classical results of Bor [3-
4] and also study some relations between this method and the well known spaces. 

Keywords:  Absolute summability, almost summability, weighted mean, equivalence methods 

 

1. INTRODUCTION 

Let ℓஶ  be the subspace of all bounded sequences of 𝑤, 
the set of all sequences of complex numbers. A 
sequence (𝑥௡) ∈ ℓஶ said to be almost convergent to 𝛾 
if all of its Banach limits (see, [1]) are equal to 𝛾. 
Lorentz [8] proved that the sequence (𝑥௡) is almost 
convergent to 𝛾 if and only if 

1

𝑚 + 1
෍ 𝑥௡ା௩

௠

௩ୀ଴

→ 𝛾 𝑎𝑠 𝑚 → ∞ uniformly in 𝑛 (1.1) 

Let ∑ 𝑎௩  be a given infinite series with 𝑠௡ as its 𝑛-th 
partial sum and (𝑝௡) be a sequence of positive real 
numbers such that, 𝑃 ଵ = 𝑝ିଵ, 

          𝑃௡ = 𝑝଴ + 𝑝ଵ + ⋯ + 𝑝௡ → ∞ 𝑎𝑠 𝑛 → ∞.      (1.2) 

The series ∑ 𝑎௩ is said to be summable |𝑁ഥ, 𝑝௡|௞, 𝑘 ≥

1, if (see, [2]) 

෍ ൬
𝑃௡

𝑝௡
൰

௞ିଵ

|𝑇௡ − 𝑇௡ିଵ|௞

ஶ

௡ୀଵ

< ∞,             (1.3) 

where 
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𝑇௡ =
1

𝑃௡
෍ 𝑝௩

௡

௩ୀ଴

𝑠௩, 

which reduces to the absolute Cesàro summability 
|𝐶, 1|௞ in Flett [5]’ s notation in the special case 𝑝௡ =

1 for 𝑛 ≥ 0.    Many papers concerning the summability 
|𝑁ഥ, 𝑝௡|௞ was published by several authors (see, [2-3], 
[5-7], [10-15]). For example, it is well known that the 
classical results of Bor [2,3] give sufficient conditions 
for the equivalance of the summability methods |𝐶, 1|௞ 
and |𝑁ഥ, 𝑝௡|௞ as follows. 

    Theorem 1.1.  Let (𝑝௡)  be a sequence of positive 
real numbers such that 

(i) 𝑛𝑝௡ = 𝑂(𝑃௡)   and   (ii) 𝑃௡ = 𝑂(𝑛𝑝௡).               (1.4) 

Then, ∑ 𝑎௩ is summable |𝐶, 1|௞ if and only if it is 
summable |𝑁ഥ, 𝑝௡|௞  , 𝑘 ≥ 1.  

2. MAIN RESULTS 

The main purpose of this paper is to derive an absolute 
almost weighted summability from the absolute 
weighted summability just as absolute almost 
convergence emerges out of the concept of absolute 
convergence and to discuss Theorem 1.1 for new 
summability method. Also, we study some relations 
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between this method and between some known spaces. 
Now for the sequence of partial sums (𝑠௡) of the series 
∑ 𝑎௩ we define 𝑇௠(𝑛)  by 

𝑇 ଵ = 𝑠௡ିଵ, 𝑇௠(𝑛) =
1

𝑃௠
෍ 𝑝௩

௠

௩ୀ଴

𝑠௡ା௩  , 𝑚 ≥ 0. 

Then, it is easily seen that 

𝑇௠(𝑛) − 𝑇௠ିଵ(𝑛) = ൞

𝑎௡ ,                                    𝑚 = 0

𝑝௠

𝑃௠𝑃௠ିଵ
෍ 𝑃௩ିଵ

௠

௩ୀଵ

𝑎௡ା௩  , 𝑚 ≥ 1
 

So we give the following definition. 

    Definition 2.1. Let ∑ 𝑎௩ be an infinite series with 
partial sum 𝑠௡  and (𝑝௡) be a sequence of positive real 
numbers satisfying (1.2). The series ∑ 𝑎௩ is said to be 
absolute almost weighted summable  |𝑓(𝑁ഥ), 𝑝௠|௞, 𝑘 ≥

1, if 

             ෍ ൬
𝑃௠

𝑝௠
൰

௞ିଵ

|∆𝑇௠ିଵ(𝑛)|௞

ஶ

௠ୀ଴

< ∞                 (2.1) 

uniformly in 𝑛, where ∆𝑇 ଵ(𝑛) = 0, ∆𝑇௠ିଵ(𝑛) =

𝑇௠ିଵ(𝑛) − 𝑇௠(𝑛) for 𝑚, 𝑛 ≥ 0. 

    Note that, for 𝑝௠ = 1 (resp. 𝑘 = 1), it reduces to the 
absolute almost Cesàro summability |𝑓(𝐶), 1|௞ (resp. 
ℓ෠, given by Das et al [4]). Further, it is clear that every 
|𝑓(𝑁ഥ), 𝑝௠|௞ summable series is also summable 
|𝑁ഥ, 𝑝௡|௞ ,  but the converse is not true. 

    Before discussing a similar of Theorem 1.1 for the 
new method, we study a relation between this method 
and the space ℓ௞ of all 𝑘-absolutely convergent series.  

    Theorem 2.2. Let (𝑝௡) be a sequence of positive 
numbers satisfying the condition 𝑃௡ = 𝑂(𝑝௡). If 
∑|𝑎௩|௞ < ∞ , then it is summable |𝑓(𝑁ഥ), 𝑝௠|௞, 𝑘 ≥ 1. 
If 𝑘 = 1, then the condition is omitted.  

    To prove this theorem, we require the following 
lemma of Maddox [9].  

    Lemma 2.3. If ∑ |𝑏௠(𝑛)|௠ < ∞ for each 𝑛 and 
∑ |𝑏௠(𝑛)|௠ → 0 as 𝑛 → ∞, then ∑ |𝑏௠(𝑛)|௠  is 
uniformly convergent in 𝑛.  

    Proof of Theorem 2.2. Since the proof is easy for 
𝑘 = 1, it is omitted. Now, for 𝑘 > 1, it follows from 
Hölder's inequality that 

෍ ൬
𝑃௠

𝑝௠

൰
௞ିଵஶ

௠ୀ଴

|∆𝑇௠ିଵ(𝑛)|௞ 

≤ |𝑎௡|௞ + ෍
𝑝௠

𝑃௠𝑃௠ିଵ
௞

൭෍ ฬ
𝑃௩ିଵ

𝑝௩

𝑝௩𝑎௡ା௩ฬ

௠

௩ୀଵ

൱

௞ஶ

௠ୀଵ

 

≤ |𝑎௡|௞ 

+ ෍
𝑝௠

𝑃௠𝑃௠ିଵ

෍ ൬
𝑃௩ିଵ

𝑝௩

൰
௞

𝑝௩|𝑎௡ା௩|௞ ൭
1

𝑃௠ିଵ

෍ 𝑝௩

௠

௩ୀଵ

൱

௞ିଵ௠

௩ୀଵ

ஶ

௠ୀଵ

 

= 𝑂(1) ൝|𝑎௡|௞ + ෍ ൬
𝑃௩ିଵ

𝑝௩

൰
௞

𝑝௩|𝑎௡ା௩|௞ ෍
𝑝௠

𝑃௠𝑃௠ିଵ

ஶ

௠ୀ௩

ஶ

௩ୀଵ

ൡ 

= 𝑂(1) ൝|𝑎௡|௞ + ෍ ൬
𝑃௩ିଵ

𝑝௩

൰
௞ 𝑝௩

𝑃௩ିଵ

|𝑎௡ା௩|௞

ஶ

௩ୀଵ

ൡ 

= 𝑂(1) ൝|𝑎௡|௞ + ෍|𝑎௡ା௩|௞

ஶ

௩ୀଵ

ൡ 

= 𝑂(1) ൝෍|𝑎௩|௞

ஶ

௩ୀ௡

ൡ → 0 𝑎𝑠 𝑛 → ∞. 

Thus the proof is completed by Lemma 2.3. 

    Theorem 2.4. Let (𝑝௡) satisfy the conditions of 
Theorem 1.1. If, 𝑎𝑠 𝑚 → ∞, 

𝐿௠(𝑛) =
1

𝑃௠
෍(𝑃௩ − (𝑣 + 1)𝑝௩)

௠

௩ୀଵ

→ 0  

uniformly in 𝑛, then it is summable |𝑓(𝑁ഥ), 𝑝௠|௞ 
whenever ∑ 𝑎௩ is summable |𝑓(𝐶), 1|௞, 𝑘 ≥ 1. 

    Theorem 2.5. Let (𝑝௡) satisfy the conditions of 
Theorem 1.1. If, 𝑎𝑠 𝑚 → ∞,, 

𝑅௠(𝑛) =
1

𝑚
෍ ൭(𝑣 + 1) −

𝑃௩

𝑝௩
൱

௠

௩ୀଵ

𝑦௩(𝑛) → 0 

uniformly in 𝑛, then, it is summable |𝑓(𝐶), 1|௞ 
whenever ∑ 𝑎௩ is summable |𝑓(𝑁ഥ), 𝑝௠|௞, 𝑘 ≥ 1. 

    Proof of Theorem 2.4. We define the sequences  
൫𝑥௠(𝑛)൯ and ൫𝑦௠(𝑛)൯ by 

𝑥଴(𝑛) = 𝑎௡,  𝑥௠(𝑛) =
1

𝑚(𝑚 + 1)
෍ 𝑣𝑎௡ା௩

௠

௩ୀଵ

   (2.3) 

and  

𝑦଴(𝑛) = 𝑎௡, 𝑦௠(𝑛) =
𝑝௠

𝑃௠𝑃௠ିଵ
෍ 𝑃௩ିଵ

௠

௩ୀଵ

𝑎௡ା௩   (2.4) 

Suppose that ∑ 𝑎௩ is summable |𝑓(𝐶), 1|௞. Then,  
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෍ 𝑚௞ିଵ|𝑥௠(𝑛)|௞

ஶ

௠ୀଵ

< ∞ 

and the remaining term tends to zero uniformly in 𝑛, 
respectively. By using Abel's summations we write 

𝑦௠(𝑛) =
𝑝௠

𝑃௠𝑃௠ିଵ

෍
𝑃௩ିଵ

𝑣

௠

௩ୀଵ

𝑣𝑎௡ା௩                             

             =
𝑝௠

𝑃௠𝑃௠ିଵ

൥ ෍ ∆ ൬
𝑃௩ିଵ

𝑣
൰ 𝑣

௠ିଵ

௩ୀଵ

(𝑣 + 1) 𝑥௩(𝑛)

+
𝑃௠ିଵ

𝑚
𝑚(𝑚 + 1) 𝑥௠(𝑛)൩ 

           =
𝑝௠

𝑃௠𝑃௠ିଵ

෍ (𝑃௩ − (𝑣 + 1)𝑝௩)

௠ିଵ

௩ୀଵ

 𝑥௩(𝑛)   

+
(𝑚 + 1)𝑝௠

𝑃௠

 𝑥௠(𝑛) 

= 𝑦௠
(ଵ)(𝑛) + 𝑦௠

(ଶ)(𝑛), 𝑠𝑎𝑦. 

Now, by Minkowski's inequality, it is sufficient to 
show that the remaining term, 𝑎𝑠 𝑗 → ∞, 

෍ ൬
𝑃௠

𝑝௠
൰

௞ିଵ

ቚ𝑦௠
(௥)

(𝑛)ቚ
௞

ஶ

௠ୀ௝

→ 0 uniformly in 𝑛,  

for  𝑟 = 1,2. By applying Hölder inequality for 𝑘 > 1 
(clearly for 𝑘 = 1) we have, from the hypotheses of the 
theorem  

        ෍ ൬
𝑃௠

𝑝௠

൰
௞ିଵ

ห𝑦௠
(ଵ)(𝑛)ห

௞
ஶ

௠ୀ௝

                                   

    = 𝑂(1) ෍
𝑝௠

𝑃௠𝑃௠ିଵ
௞

ஶ

௠ୀ௝

ቌ෍

௝ିଵ

௩ୀଵ

+ ෍

௠ିଵ

௩ୀ௝

ቍ 

                 |(𝑃௩(𝑣 −   (𝑣 + 1)𝑝௩) 𝑥௩(𝑛)|௞ 

 

= 𝑂(1) ෍
𝑝௠

𝑃௠𝑃௠ିଵ
௞

ஶ

௠ୀ௝

൞ห𝑃௝ିଵ𝐿௝ିଵ(𝑛)ห
௞

                      

+ ቮ ෍ (𝑃௩ − (𝑣 + 1)𝑝௩)

௠ିଵ

௩ୀ௝

 𝑥௩(𝑛)ቮ

௞

ൢ                     

= 𝑂(1) ቐห𝑃௝ିଵ𝐿௝ିଵ(𝑛)ห
௞

෍
𝑝௠

𝑃௠𝑃௠ିଵ
௞

ஶ

௠ୀ௝

+ ෍
𝑝௠

𝑃௠𝑃௠ିଵ
௞

ஶ

௠ୀ௝ାଵ

൭ ෍ 𝑣𝑝௩

௠ିଵ

௩ୀ்

| 𝑥௩(𝑛)|൱

௞

ቑ

= 𝑂(1) ቐห𝐿௝ିଵ(𝑛)ห
௞

+ ෍
𝑝௠

𝑃௠𝑃௠ିଵ

ஶ

௠ୀ௝ାଵ

෍ 𝑣௞𝑝௩

௠ିଵ

௩ୀ௝

| 𝑥௩(𝑛)|௞ ൭ ෍
𝑝௩

𝑃௠ିଵ

௠ିଵ

௩ୀ଴

൱

௞ିଵ

ቑ 

= 𝑂(1) ቐห𝐿௝ିଵ(𝑛)ห
௞

+ ෍ 𝑣௞𝑝௩

ஶ

௩ୀ௝

| 𝑥௩(𝑛)|௞ ෍
𝑝௠

𝑃௠𝑃௠ିଵ

ஶ

௠ୀ௩ାଵ

ቑ 

= 𝑂(1) ቐห𝐿௝ିଵ(𝑛)ห
௞

+ ෍
𝑣𝑝௩

𝑃௩

𝑣௞ିଵ

ஶ

௩ୀ௝

| 𝑥௩(𝑛)|௞ቑ                    

= 𝑂(1) ቐห𝐿௝ିଵ(𝑛)ห
௞

෍ 𝑣௞ିଵ

ஶ

௩ୀ௝

| 𝑥௩(𝑛)|௞ቑ → 0 as 𝑗 → ∞, 

uniformly in n.  

Also, by using 𝑚𝑝௠ = 𝑂(𝑃௠)  we get 

෍ ൬
𝑃௠

𝑝௠
൰

௞ିଵ

ቚ𝑦௠
(ଶ)

(𝑛)ቚ
௞

ஶ

௠ୀ௝

= ෍ ቤ
(𝑚 + 1)𝑝௠

𝑃௠
 𝑥௠(𝑛)ቤ

௞ஶ

௠ୀ௝

= 𝑂(1) ෍ (𝑚)௞ିଵ| 𝑥௠(𝑛)|௞

ஶ

௠ୀ௝

→ 0 

uniformly in 𝑛, which completes the proof of part (i). 

    The proof of Theorem 2.5 is proved by changing the 
roles of "𝑝௡" and "1".  

    Also the following results are directly obtained by 
Lemma 2.3. 

    Theorem 2.6. Let (𝑝௡) be a sequence of positive 
numbers satisfying the conditions of Theorem 1.1. If 
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෍ (𝑚 + 1)௞ିଵ

ஶ

௠ୀ଴

| 𝑥௠(𝑛)|௞ → 0 𝑎𝑠 𝑛 → ∞ 

or 

෍ ൬
𝑃௠

𝑝௠
൰

௞ିଵ

| 𝑦௠(𝑛)|௞

ஶ

௠ୀ଴

→ 0 𝑎𝑠 𝑛 → ∞ 

holds, then a series ∑ 𝑎௩ is summable |𝑓(𝐶), 1|௞ and 
|𝑓(𝑁ഥ), 𝑝௠|௞, 𝑘 ≥ 1, where the sequences ൫ 𝑥௠(𝑛)൯ 

and ൫ 𝑦௠(𝑛)൯ are as in (2.3) and (2.4). 

    Proof. By following the lines of the proof of 
Theorem 2.4, we have 

෍ ൬
𝑃௠

𝑝௠
൰

௞ିଵ

| 𝑦௠(𝑛)|௞

ஶ

௠ୀଵ

= 𝑂(1) ൝෍ 𝑣௞ିଵ

ஶ

௩ୀଵ

| 𝑥௩(𝑛)|௞ൡ 

and also 

෍ 𝑚௞ିଵ

ஶ

௠ୀଵ

| 𝑥௠(𝑛)|௞ = 𝑂(1) ൝෍ ൬
𝑃௩

𝑝௩
൰

௞ିଵ

| 𝑦௩(𝑛)|௞

ஶ

௩ୀଵ

ൡ 

which completes the proof together with Lemma 2.3. 
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