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Abstract: In the present paper, a sufficient condition for existenad @miqueness of Basset problem is obtained. The theorem on
existence and uniqueness is established. This approastitpess to use fixed point iteration method to solve problentitierential
equation involving derivatives of nonlinear order.
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1 Introduction

It is well known that differential equations involving deattives of non-integer order are used in modelling of vasiou
physical phenomena in areas like diffusion processes, ofentgwvs, etc. (se€l]-[ 7]). Methods of solutions of problems
for fractional differential equations have been studietbrsively by many researchers (sé&[[L2] and references
therein).

Let us give definitions of fractional derivatives and fraotl powers of positive operators that will be needed beldlj [

Definition 1. If x(t) € C([a,b]) and a< x < b, then

t
la:x(1) T (a /
a

wherea € (—,) is called the Riemann-Liouville fractional integral of @da. In the same manner far € (0,1)

t
1 d X(s)
Da+X( ) (10)&_{0

is called the Riemann-Liouville fractional derivative atler a.

Note that ifx(a) = 0, then we can write

Here,

I'(a):/s“’le’sds (a>0).

0
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Consider initial value problem for Basset equation

& 4 DG x(t) = F(t.x(t), 0<t<T,
O<a<1, 1)
x(0) = ¢.

Actually, fractional differential equation correspondghe Basset problen3].

We now shortly describe the organization of the paper. Iti@e2, we give the basic definitions of fixed point,
contraction and the basic concepts we need. In section 3btaéna sufficient condition for existence and uniqueness of
problem and establish the theorem on existence and unigsiene

2 Fixed point and contraction

Definition 2. Let E= (E,d) be a metric space. A fixed point of a mappinglA— E of set E into itself is an element
x € E which is mapped onto itself, that is, Axx, the image Ax coincides with x

Definition 3. A maping A E — E is called a contraction on E, if there is a positive real nianb < 1 such that for all
x,yeE
d (Ax Ay) < ad(x,y).

Now, we state the existence uniqueness theorem the mosttampapplication of the Fixed-Point Theorem to ordinary
differential equations. We will consider the initial valpeoblem of the form

dx(t)
dt

=f(t,x(t)), |t—to| <a, X(to) = Xo.

The problem for ordinary differential equations will be gented to an integral equation, which defines a mappirand
the conditions of the theorem will imply thatis a contraction such that its fixed point becomes the salutfgroblem.

Theorem 1.[13] Assume that f is continuous on the rectangle
D={(t,x):|t—to] <a|x—xo| <b}

and thus bounded on D, i.e,
[f(t,x)] <c forall (t,x) € D.

Suppose that f satisfies a Lipschitz condition on D with refsteeits second argument, that is, there is a constant | such
that for (t,x), (t,y) € D
[Tt —fEyl<Ix-yl.

Then, initial value problem has a unique solution x definedt ertp| < 3, where

. b1
B<m|n{a,6,|—}.

This functionx is the limit of iterative sequencie},,_o defined by the recursive Picard iteration formula

t
Xo(t) =%+ [ (s%-1(9) ds ne N,

fo
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wherexg (t) is an arbitrary continuous function. Error bounds are

a

n
a (XO;X].) )

d (Xn, %) < 1
o oaL
d (%, %) < me‘? d(Xh-1,%) ,neN,

wherea =1 3.

3 Main results

Firstly, we defined the metrid on C[lO 1] be the complete space of all continuously differentiabfefions defined on the

interval[0, T].

Definition 4. Let lOT] be the complete space of all continuously differentiabtefions defined on the intervi, T] with
the metric d defined by

_ dx(t) _ dy(t)
dlxy) = max x(t) =y + max | =g~ — =G| (2)
Now, we consider the following initial value problem for Bas equation
dx(t) | Na
at +Dg x(t) =f(t,x(t)) ,0<t<T,0<a<1 x(0)=¢. 3)

In that case below theorem, we give sufficient condition fastence and uniqueness of this problem.

Theorem 2.Let f be continuous function on the rectangle
B={(t,x): te[0,T]} CR?

and |f (t,x)| <c for all (t,x) € B. Moreover, f satisfies a Lipschitz condition on B with resgedts second argument,
i.e, there is a positive constant | such that for arbitrdtyx), (t,y) € B

If (%) —fEty)<Ix-y| (4)

is valid. Moreover, let
T-a+2
a,T,l)= +TI
9@ T = Fa s Carn(car2)

and suppose that
g(a,T,l) <1 ()

Then, Basset problem (3) has a unique soluti@nGi 7).

Proof. By integrating both sides of Basset equation (3),

t

t t
Zd);(tp)dNZDSX(p)dp:bf(p,x(p))dp

t t
X+ [D§x(p dp= [ (px(p)dp
0 0
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Then we obtain integral equation,

P
x(t) = - [p-97X( dsdp+/f (p.x(p)dp+ 0. ©)
0

t
i)
Frl-a

1-a))
This functionx is the limit of the iterative sequenden},,_, defined by the recursive Picard iteration formula

tp
() =~ a// P—9 %1 (9 dsdp+/f pX01(p)dp+d,neN )
00

wherexg (t) is an arbitrary continuous function. Error bounds are

n
d(XnaX) — 1g_g (XO;X].);

d (Xn,x) < 1%geng (Xn_1,%n) ,NEN

wherea = lE Here,L is a fixed number such that> |. We see that initial value problem (3) can be written in the
equivalent integral form (6), which is in the fomn= Ax, whereA : C[%)-T] — C[lO.T] is an operator defined by

dsdp+/f p.x(p))dp+ 9, ®)

O\U

t

A =
X(t) 1 a/
0

wheref is continuous function on the rectanddeSince,

dsdp+/f (p.x(p))dp-+ ¢

O\U

AX(t) = t/
o

under assumptions of theorem, by using (2), we find

AX(t)] = ‘ )](7 ds)dp+/f p.x(p)dp+ ¢
0 0

t

4 )dsd%

t
>ds)dp+/|f p.x(p)|dp+ 9|

+19|

t
[ (px(p)dp
0

|I'1 a)l

t
1a/
0

o\u o\‘o
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t /P

<F /(/ "max‘ ’ds)dp+/cdp+|¢!|
0o\

max s)} _a41|P

t
s€[0,T]
= /< _a+1 )dp+ct+|¢|
0 0

rnax }
AisGOT

—a+1
a+1 dp| +ct+|9|

O\""

Ll ! .

= +ct+ ||
ri-a) a+1)( a+2)|,
max |X s)‘ _

::SQOI] t—o+2 Fctt o]

ri-a) (—a+1)(—a+2)

Thus, we have show th#tx € C1[0,T] if x € C1[0,T] ; i.e., A maps the se€![0,T] itself. Now, we show thatA is a
contraction map 0(’1‘,[1O 1) Applying the Lipschitz condition (4), we get

|AX(t) - AY(t)] = |-

tp
1 o
+ru_a)é{w$ y( dezfpy ) dp
tp t
<Fise M(p—s)“ (X(9-v9) dsd%%mp,x(p))— f(p.y(p)| dp

tp
<mm[a M{ p—s) % dsdp+tl x(s) —y(s)|

t— a+2
’ (—a+1)(—a+2)

!

max ‘x’ (s)—y (s

+th[x(s) —y(9)|

::FYETTES&jQﬂ
t—a+2
STl-o)(ar(-a+r2) d(x,y)+tld(xy)
t—a+2
:("(1G)(a+1)(a+2)+“)d(x7>/)-

Taking maximum from both sides we have

thJrZ

< e (F g a ez )40

T*(H»Z

<g(a,T,hd(xy)

From (4) we see thaj(a,T,l) < 1, so
d (Ax Ay) < d(x,y).
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Thus,Ais a contraction OE[}).T]' Therefore A has a unique fixed pointe C[lO 1]’ that is, a continuous function df, T]
satisfyingx = Ax. By (7), we have

tp
X0 =~ a// dsdp+/f px(p))dp-+ 9. ©)
00
Example 1Solve initial value problem for Basset equation
dx(t)
at + D@, x(t) \/ X(t), 0<t<T,x(0)=0 (10)

by the iteration method.

Solution 1By integrating both sides of Basset equation (10),

\}ﬁ] dsdp+/<1+\/_ X(p))dp
0

fSoi:]r::](lej;‘a(t,x(t)) =1+ %T\/x(t), 0<t<T,a=3 ¢=0,we have that= % Letxo (t) = 0. Now, x, () is defined by

O\U

tp
Xalt) = - ﬁﬂ(ps>“x’r,l(s)dsdm{f(p,xn1<p>>dp+¢, neN
Then,
1 0l ‘
S M dsdp+_/f(p,xO<p>>dp+¢
17
ﬁﬂ p—s) 20dsdp+/<1+\/_\/(_)> dp+0=t,
1 p
I'(% 4p s) 2x1 dsdp+/f p,x1(p))dp+ ¢

Nl

(p—9) 2 dsdp+/(1+\/2_p

)dp

t

o)
le| S

( -2(p dp+<p %T
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In similar manner, it can be showed

Hence,
X(t)= Ilim x,(t) = lim t=t.

n—-;co n—o0

4 Conclusion

In this work, we consider initial value problem for Bassetiation. We obtain a sufficient condition for existence and
uniqueness of this problem and establish the theorem oteakis and uniqueness. This approach permits us to use fixed
point iteration method to solve problem for differentiab@tjon involving derivatives of nonlinear order.
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