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ABSTRACT. Graph coloring is a special case of graph labeling. Proper vertex
k-coloring of a graph Gis to color all the vertices of a graph with different
colors in such a way that no two adjacent vertices are assigned with the same
color. In a vertex coloring of G, the set of vertices with the same color is
called color class. An equitable k-coloring of a graph G is a proper k-coloring
in which any two color classes differ in size by atmost one. In this paper we
give results regarding the equitable coloring of central, middle, total and line
graphs of Tadpole graph which is obtained by connecting a cycle graph and a
path graph with a bridge.

1. INTRODUCTION

A graph G is a set of vertex V connected by edges E. All graphs considered
in this paper are finite and simple (i.e) undirected, loop-less and without multiple
edges.

Everytime when we have to divide a system with binary conflict relations into
equal or almost equal conflict - free subsystems we can model this situation by
means of equitable graph coloring [6]. The notion of equitable colorability was
introduced by Meyer [9]. However an earlier work of Hajnal and Szemeredi [7]
showed that a graph G with degree A(G) is equitably k-colorable if k > A(G) + 1.

If the set of vertices of a graph G can be partitioned into k classes Vi, Va, ..., Vi
such that each V; is an independent set and the condition ||V;| — |V}|| < 1 holds for
every pair (i,7) then G is said to be equitably k-colorable. The smallest integer k
for which G is equitably k-colorable [5] is known as the equitable chromatic number
of G and is denoted by x_(G).

A proper vertex coloring of a graph G is m-bounded if each color appears on
atmost m vertices [4,8]. Every equitable k-coloring of a graph G is [n(G/k)]-
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bounded, where n(G) denotes the number of vertices of G and a k-coloring is a
coloring with k color classes. A graph G may have an equitable k-coloring but not
an equitable (k + 1)-coloring. There are two parameters of a graph G related to
equitable coloring, equitable chromatic number and equitable chromatic threshold.
The equitable chromatic number of G denoted by x_(G) is the minimum ksuch
that G is equitably k-colorable. The equitable chromatic threshold of G denoted
by x%(G) is the minimum k' such that k > k' where G is equitably k-colorable
[10].

In this paper we investigate the equitable chromatic number of central, middle,
total and line graphs of Tadpole graph T}, .

2. PRELIMINARIES

Let G be a simple and undirected graph and let its vertex set and edge set be
denoted by V(G) and E(G) respectively. The centralgraph of G[1,2], denoted by
C(G) is obtained by subdividing each edge of G exactly once and joining all the
non-adjacent vertices of G in C(G).

Let G be a graph with vertex set V(G) and edge set E(G). The middlegraph
[2,3] of G is denoted by M(G) is defined as follows: The vertex set of M(G)
is V(G) U E(G) in which two vertices x,y are adjacent in M(G) if the following
condition holds

(1) z,y € E(G) and x,y are adjacent in G.
(2) z € V(G), y € E(G) and they are incident in G.

Let G be a graph with vertex set V(G) and edge set F(G).The totalgraph [2, 3]
of G is denoted by T'(G) is defined as follows: The vertex set of T(G) is V(G)UE(G)
in which two vertices x,y are adjacent in T'(G) if the following condition holds

(1) z,y are in V(G) and z is adjacent to y in G.
(2) z,y are in F(G) and z,y are adjacent in G.
(3) zisin V(G), y is in E(G) and x,y are adjadent in G.

The linegraph[2, 3] of a graph G denoted by L(G) is a graph whose vertices are
the edges of G and if u,v € E(G) then uv € E(L(G)) if u and v share a vertex in
G.

The (m, n)-tadpole graph denoted by T, ,, also called dragon graph is the graph
obtained by joining a cycle graph C,, to a path graph P,, with a bridge.

In the tadpolegraph T}, », let m denote the number of vertices of cycle graph Cp,
and n denote the number of vertices of path graph P,. Let the vertices of cycle graph
and path graph be denoted by {v; : 1 <i <m} and {p; : 1 <j < n} respectively
and let the edges of cycle graph and path graph be denoted by {e; : 1 <i <m}
and {e/j 11<5< n} respectively. Throughout this paper, the path graph is joined
from the vertex v, of the cycle graph.
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3. EQUITABLE COLORING OF CENTRAL GRAPH OF TADPOLE GRAPH T}, p

Theorem 3.1. For a Tadpole Graph Ty, ,, where m and n are any two positive
integers such that m > 4 and n > 1, the equitable chromatic number of central
graph is

IR if m is even, n is even

m4n+tl
2

if m is even, n is odd
X:[C(Tm,n)] = m4n+1
2

if m is odd, n is even
%’”2 if m is odd, n is odd

Proof. Let V. = {v1,v2,...0n,D1,D2,..0n} and E = {61,62,...€m,€/1,€/27...6ln} de-
note the vertex set and edge set of the Tadpole graph T}, ,, respectively .

By the definition of central graph on T, ,, the edges of the cycle graph v;v;11
(1 < i < 'm) are subdivided exactly once by e; (1 <1i < m), the edges of the path
graph p;p;41 (1 < j < n) are subdivided by e; (2 < j < n) and the edge v1p; by

e
V(IC(Tmn)) ={vi : 1 <i<m}u{p; :1<j<npU{e; :1<i< m}U{e; 1< < n}

The two positive integers m and n may be either even or odd. The equitable
coloring on Tadpole graph T, ,, (m and n being even or odd) are assigned in the
following manner.

Case 1: m and n are even

Assign the colors {cl, C1,C2,C2,C3,C3,...C, Cn } to the consecutive vertices of the
cycle graph {vy,v2,v3,v4, V5, V6, -+, V-1, Um } and the colors {cm 41, cm 41, cm 4o,
cmyo ...} to the vertices of the path graph {pi,p2,ps3,ps,...}. Now assign the
colors {co, c3, ¢4, ..., CT+} to the edges of the cycle graph {eq, e, e3, ..., e%ﬂfl}
respectively. The remaining consecutive edges of the cycle graph are assigned the
colors {ec1,ca,c3,...}. The edges of the path graph {6/176/27 e;, . e;L} are assigned
With; the following colors:

e/1 as Cmin

€y a8 C1

{e;L, e;%l, 6;172, } as {c%_l, Comgn o, Cmgn g, } respectively.

Now we partition the vertex set V(C(T,.,)) as follows:

!
Vvl = {U17U2,6m737€2}
Vo = {vs,va,e1,em—2}

‘/3 = {U5,U6,€2,€m71}
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Vi = A{vr,vs,es,em}

!
VmTM = {pn—lapm €1, en—l}

Clearly, V1, V5, ...VmTM are independent sets of C(T}, ). Also |[Vi] = Vo] = ... =
Ve | = 4. [[Vil = [Vyll =0 ¥ i # . Hence

m-+n

X:(C(Tm,n)) < 9

For each i, V; is non-adjacent with V;_; and V;;; and an easy check shows that

X=(C(Tmn)) = 2. Therefore, x_(C(Tm,n)) = ™5™

Case 2: m is even and n is odd

Assign the colors {01,01,02,02,03,03,...c%,c%} to the consecutive vertices of
the cycle graph {v1,v2,v3, ...0;m—1, Uy } similar to case 1. The colors {cm 11, cm 1,
Cmig, Cmyg, .., c%,c%} are assigned to the vertices of the path graph
{p1,p2, 3, ..., Pn } Tespectively. As introduced in case 1, the colors {ca, c3, ¢4, ...,
c%m} are assigned to the edges of the cycle graph {el, €2, €3, .+, Cmin=1 o TESPEC-
tively.

The remaining consecutive edges of the cycle graph are assigned the colors
{c1,¢2,¢5,...}. The edges of the path graph {6/176/2,6;), ...,e;} are assigned with
the following colors:

e,1 as Cmini1

€y a8 C1

’ ’ ’ .
{en,enfl,enﬂ, } as {cm+;_3,cm+;_s,cm+;_7,...} respectively.

Now we partition the vertex set V(C(T,.,)) as follows:

7
Vl = {’Ul, V2,€Em—1, 62}
V2 - {’0371)4,6771}
!
‘/23 {U57U67e3}

!
Vi = {”U7,U87 €s, 64}

’
VnL+n+1 = {pn, 617 66}
2
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Clearly, V1, Va, ...Vinins1 are independent sets of C(Tin)- Also |V1],|Val, ..., |Vm+2n+1 |
is either 3 or 4. So ||V;| — |V;|| <1V i # j. Hence

X=(O(T ) < WEIEL

For each i, V; is non-adjacent with V;_; and V;;; and an easy check shows that
X=(C(Tm.n)) > %"Jrl Therefore, X_(C(Tm.n)) = %’”1

Case 3: m is odd and n is even

Assign the colors {cl, C1,C2,C2,y...Cm—1,Cm—1,Cm+1 } to the consecutive vertices
2 2 2

of the cycle graph {v1,vs,v3, V4...Vm—2, Vm—1,Vm } respectively and the vertices of
the path graph {p1,p2,...,Pn—1,Dn} are assigned with the colors {CMTH+1, Coms1

covy Cotndd 4 Cm+2ﬂ+1} respectively. Now the edges of the cycle graph {ej, es, e3,

- e%} are assigned with the colors {ca, ¢3, ¢4, ..., Comini }. The remaining
consecutive edges are assigned the colors {c1,cz,c3,...}. The edges of the path
graph are {6/1, 6/2, e e;} assigned with the following colors:

e,l as Cminii

’
€y aS €1

’ ’ ’ . .
{en, €n_13C€n_2 } with {C7n+n+1 1y Cmintl o, Cmintl g, } respectively.
2 2 2
Now the vertex set V(C(T,.n)) are partitioned as follows:
’
Vvl = {’Ul,U2766,€2}
Vo = {vs,vs,e1,e7}
Vs = {vs,ve, €2}
’
Vi = {07, 63,63}
’
Vinint1 = {pnfl,pm e 6m—2}

Clearly, V1, V2, «-Vmini1 are independent sets of C(Thn n). Also |V1],|Val, ..., |Vm+2n+1 |
is either 3 or 4. So ||Vi| — |V;|| < 1V i # j. Hence

1
X (C (T ) < "0

For each i, V; is non-adjacent with V;_; and V;;; and an easy check shows that
X=(C(Tp,n)) > 2L Therefore, x_(C(Trn ) = Zt2EL

Case 4: m is odd and n is odd
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Assign the colors {61761,62,62,63,63,...CnL;l,Cm;l,CanJrl} to the consecutive

vertices of the cycle graph {vy,vs9,v3,...,v — m — 2,V,,_1, Uy, } respectively and the
vertices of the path graph {pi,p2,...,Pn—2,Pn—1,Pn} are assigned with the colors

{C1n+n72 , Cmtn—2, ..., Cmtn, Cm+tn, Cm.+n+2} respectively. NOW the edges Of the Cy'
2 2 2 2 2

cle graph {617 €9,€3, ..., em+n} are assigned with the colors {02703, C4y.--Cmtn+t2 }
2 2

The remaining edges are assigned the colors {c1, ¢, cs,...}. The edges of the path
graph are assigned with the following colors:
611 as Cm+2n+2

’
€y S €1

{eln,e;_l,e;i_% } with {cm+n+z,cm+n,cm+n , } respectively.
2 2 2
Now we partition the vertex set V(C(T,.,)) as follows:
Vi o= {U1,U2,€m71,€2}
Vo = {vs,va,em}
V77”+2"+2 = {pna €1, em72}

Clearly, V1, V3, ...Vinins2 are independent sets of C(Tyn.n). Also |Vi], |Val, ..., |Vm+2n+2 |
is either 3 or 4. So ||V;| — |V;|| <1V i # j. Hence

X=(O(T ) < "EIE2

For each i, V; is non-adjacent with V;_; and V;;; and an easy check shows that
X=(C(Tp,n)) = 2AE2E2 Therefore, x_(C(Tin,n)) = 2042, O

4. EQUITABLE COLORING OF MIDDLE GRAPH OF TADPOLE GRAPH Ty, p

Theorem 4.1. The equitable chromatic number of the middle graph of tadpole
graph T, n, where m and n are any two positive integers such that m > 4 and
n>14s x_[M(Tpnn)] =4

Proof. Let V ={v; : (1 <i<m)}and {p; : (1 <j <n} be the vertices of the cycle
graph and path graph respectively of the Tadpole graph (T,,,»). Let {e; : (1 <i <m)}
and {e; (1< < n} denote the edges of the cycle graph and path graph respec-

tively. By the definition of Middle graph on T, ,, each edge v;v;41 (1 < ¢ < m) are
subdivided by the vertex e; (1 < i <m — 1) and the edge v,,v1 by e,,. Each edge
pjpj+1 is subdivided by e;-ﬂ (1 <j <n)and the edge v1p; by 6/1. Clearly,

VIM(Tm,n) = {vi:1<i<m}U{p;:1<j<n}
U{eizlgigm}u{e;»:lgjgn}
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Thus 4 colors {c1,c2,c3,cq} are assigned to V(M(T,,,,)). The assigning of colors
is done in the following three cases.

Case 1: m is even and n is odd or even

Assign the colors {cy, ¢, €1, €2, ..., €1, c2} to the consecutive vertices of {v1, va, v,
V4, ey Um—1, Um }, the colors {cs, ¢4, 3, C4, ..., C3, c4} to the consecutive vertices {eq,
€2, €3, €4, ..., €m_1, €m} and the colors {c1, o, c3, ¢4, €1, Ca, ...} to the consecutive

. / ’ ’ . m n . .
vertices U1, €1, P1, €9, D2, €3, D3, } The colors ¢; is used 7 + bJ times, co is used

T+ (%—‘ times, cg is used 5 + [%W times and ¢4 is used 5 + L%J times such that
each color class differ in value by atmost one which satisfies equitable coloring.

Case 2: m is odd and n is even

Assign the colors {c1,c2,¢1,¢2,...,c1,c2} to the consecutive vertices of {vy, v,
V3, ...Um—2, Um—1}, the colors {cs, c4, c3, 4, ...,c3, c4} to the consecutive vertices
{e1,ea,€3, ..., €m_2, €m—1} and the colors {cy, c3, c2, ¢1, ¢4, c3, ...} to the consecutive
vertices {ell7 P1, 6/2, D2, e;, P3, -.-}. The colors ¢z and ¢y are assigned to the vertices

v and e, respectively. The color ¢; is used L%J + 5 times, ¢ is used [%1 + 3
m m

times, cg is used [ 5 —| + % times and ¢4 is used L 5 J + % times such that each color
classes differ in value by atmost one which satisfies equitable coloring.

Case 3: m is odd and n is odd

Assign the colors {c1,c2,¢1,¢2,...,c1,c2} to the consecutive vertices of {vy, v,
V3, V4, .- Vm—4, Um—3}, and the colors {c1,cq,c3} to the remaining vertices {v,,—_a,
Um—1, Um} respectively, the colors {cs, c4, c3, c4, ...,c3, ca} to the consecutive
edges {e1,ea,€e3,€4,..., €m_4a, €pn—3} and the colors {ca,c1,c4} to the remaining
edges {€m—2,€m—_1,em} respectively, the colors {c1, ¢, ¢3, ¢4, 1, Ca, ...} to the con-
secutive vertices {vy, e/l,pl, 612,])2,62)), ...}. The colors ¢y and c3 are assigned to the
vertices v,, and e, respectively. The color ¢; is used (%W + L%J times, ¢y is used
L%J + %W times, cg is used L%J + [%W times and ¢4 is used [%W + L%J times
such that each color classes differ in value by atmost one which satisfies equitable
coloring. Thus 4 colors are assigned to V[M (T}, )] in all the three follows that

X=(M(Tyn,n)) < 4 since {el,vhem,e;} is complete, we have x_(M (T, n)) > 4.
Therefore, x_ (M (T,n)) = 4. O
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5. EQUITABLE COLORING OF TOTAL GRAPH OF TADPOLE GRAPH T}, ,

Theorem 5.1. The equitable chromatic number of the total graph of tadpole graph
Tn.n, where m and n are any two positive integers such that m > 4 andn > 1 is

X=[T(Trm,n)] = 4
Proof. For a tadpole graph Tp,, ,,, let V(T ) = {vi : (1 <i <m)}U{p; : (1 <j <n}
and E(Ty,,) ={e;: (1<i<m)} U {e; (1< < n} By the definition of total
graph on T, ,,, we have
V[T(T'rn,n)] = V(Tm,n) U E(Tm,n)
= {vi:(1<i<m)}U{p;: (1 <j<n}
LHq:ﬂgigmHU{é:ﬂgjgn}

The 4 colors {c1,¢2,¢3,c4} are assigned to V(T'(T,.,)). The proof of this theorem
follows as in theorem 4.1. Therefore, x_[T'(Ty,n)] =4 O

6. EQUITABLE COLORING OF LINE GRAPH OF TADPOLE GRAPH T}, ,

Theorem 6.1. The equitable chromatic number of the line graph of tadpole graph
Tn,n, where m and n are any two positive integers such that m > 3 andn > 1 is

X=[L(Tm )] =3
Proof. Let the vertices of the tadpole graph T, , be V (T}, ,,) = {v; : (1 <i <m)}U
{p; : (1 < j < n}andtheedgesbe E(T},,) ={e; : (1 <i < m)}U{e; (1<j< n}
By the definition of line graph

VIL(Tn)) = B(T) = {ei: (1 <i<mpufe;: (1<) <n},

where e; and e; represents the edges of the cycle graph and path graph respectively.
The colors {c1, ca,c3} are assigned to V[L(T,,,,)]. Based on the number of vertices
{e;: (1 < i< m)} of the cycle graph in the line graph of tadpole graph we have the
following conditions:

1. m mod 3=0

Here we assign the colors {cl, C2,C3,C1,C2,C3,...,C1, C2, 03} to the consecutive ver-
tices of {e1, €2, €3, ...€;n—1, €m }, the cycle graph and the colors {¢s, c3, ¢1, ¢, 3, ¢1, ...}

to the consecutive vertices of {6/1, €hy g, Cy, } of the path graph.
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2. mmod 3=1

In this case we assign the colors {c1, ca,c3,¢1,C2,C3, ..., C2, C3,C2} to the consec-
utive vertices of the cycle graph {ej, es, es,...€m—1,€m }, and the colors {cs, c1, ca,

. . ’ ’ ’ ’
3, C1, Ca,...} to the consecutive vertices of {el, €9,€3,€4, ...

3. mmod 3=0

Here we assign the colors {c1, 2, 3, ¢1, €2, €3, ..., €1, c2 } to the consecutive vertices
of the cycle graph {eq, ea, €3, ...€;m—1, €m }, and the colors {c3, c1, 2, 3, ¢1, ...} to the

consecutive vertices of the path graph {ell, (:‘/2, e;, eip

An easy check shows that the coloring is equitable in all the three cases. Since 3
colors are assigned, it follows that x_[L(T,,,,)] < 3. Since {el, Ems e/l} is complete,
we have x_[L(Tyn,n)] > 3. Hence x_[L(T)n)] = 3. O
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