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Bu caligmada, simirli bir alanda elastoplastik-mikroyapir modellerinde ortaya ¢ikan dogrusal olmayan bir evrim denklemi i¢in
global varlik sonuglar1 potential well metodu kullamilarak olusturulmustur. Potential well yontemi igin bir fonksiyonel
tamimlanmig ve bu fonksiyonelin isaret degismezligi kullanilarak yiiksek baglangic enerjili durumda global varlik

kanitlanmastir.
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Existence Results for a Nonlinear Evolution Equation Arising in Elastoplastic-
Microstructure Models
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Van Yiiziincii Y1l University, Department of Mathematics, haticetaskesen@yyu.edu.tr

Abstract

We establish global existence results for a nonlinear evolution equation which arises in elastoplastic-microstructure models on
a bounded domain, employing potential well method. A functional is defined for the potential well method, and global
existence is proved by use of sign invariance of this functional in the case of high initial energy.
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1. INTRODUCTION

The present paper considers the nonlinear evolution
equation of the form

U, + AU+, +Zn:(pk (uXk )) =0, xeQ, t>0, (1.1)
k=1

X

u(x,0)=p(x), u (x,0)=y(x), xeQ, (1.2)
U=6—u=0,X€aQ,t20, 1.3)
on

where >0, Qc R" is a bounded domain and 7 denotes
unit outward normal of Q.

For n=1 Eg. (1.1) without a dissipative term and with a
source term becomes

U, +U, =a(u?), + f(x1t) (1.4)

which is a class of nonlinear evolution equations describing
the motion of an elastoplastic bar [1]. Eq. (1.4) with several
source terms and damping terms has been investigated in
may papers [2-6, 7,8]lInitial-boundary value problem of
(1.4) is considered in [2,3]. The authors proved in [2] that
under different conditions imposed on the term a and its
first two derivatives, their problem has a unique generalized
global solution and unique classical global solution.
Furthermore, some blow-up results were given in [2].
Global existence of weak solutions, classical solutions and
generalized solutions were proved in [3] via potential well
method. Problem (1.1)-(1.3) was studied in [4] with a
source and without a damping term. Qualitative behavior of
solutions is analyzed, blow up, convergence to the ground
state as T — oo and boundedness are characterized by
using this method. Problem (1.1)-(1.3) was also studied in
[5,6]. In both [5,6] existence of global solutions were
proved by using the same method. In [6], existence of
global solution was proved for 0<E(0)<d,, and it was
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extended to 0<E(0)<d, d >d, in [5]. But the case of
high initial energy ,i.e. E(0)>d for arbitrary d is still

open. In this paper, we deal with this open problem. For
this purpose, we use potential well method with a
functional which include both of the initial data. The case

of E(0)>d, by using potential well method, is considered
in few papers [9-13].
Throughout this paper, ||f||p |f| and |f], will be used

instead of norms of L°(J"),’(0") and L°(@O0"),
respectively. We also use the following abbreviations:

W W (@), € ~CH@), G =G5 @)
Hm =Wm,2’ H(;n =W0m,2.

(,-) denotes the L*inner product.

2. PRELIMINARIES

The present section refers to some preliminaries to achieve
the main results of this paper.

Assume that p, (s), 1<k <n satisfy

i.  p(s)eC(R)NC*(R), p,(s)>0 for s#0,

sp(s)—p(s)>0 for s>0,
for n=12;

There exists ¢ satisfying 1l<89<w

9<(:L§) for n>3 such that

ii. |p(s)|<p|s|” for sel andsomeB>0.

Let us define

1 2 2 p
£ -1 Juf +Jauf ]--Zo g

9+1
9+1

(21)

E(t)+A[|u. Jdz = E(0),

G+1
g+1"7

1 2 p
— Z[Auff -—L-|v
0 -l - Lo

9+1

@ =[Auf" - gIvul3 (22)

a=infIe)

where N :{u eH (C "|1(u)=0,Vu ¢O}, d and J(u)
describes the depth of potential well and the potential
energy, respectively.

Lemma([14]): For any ueH;, ||Au| is equivalent to

[ull: -
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Lemma([14]): Let l9£n—+§ if n>2 Then the
n_

imbedding HZoW"*is compact, and we have

[vul,,, <ClAul.

9+1

For the case of 0<E(0)<d, = ($-9) (i jS—l and
(4(9+1) )\ bC~
E(0)<d, the existence of global solutions of (1.1)-(1.3)

are proved respectively in [6] and [5] by the sign invariance
of (2.2) and some tresholds were given by aid of an
augmented functional |

I, (u)= o-||Au||2 —anjuxkpk (uXk )dx, o >0.

i=1 o

In case of 0<E(0)<d, the existence of global weak
solution and blow up of solution may be proved with the
functional 1 (u). But for E(0)>d , the existence of global
solution does not depend only on u,. Some additional

conditions should be imposed on initial data and a
functional will be constructed according to these
conditions. This will be achieved in the next section.

We complete this section by a corollary that can be proved
as in [10]. For this purpose, we firstly introduce some

notations: For d> - JTl

I, (u)= (1—5)||Au||2 —iznlliuxk e (uXk )dx, 5>0.

d, =inf J(u),

ueNy
N, :{u = HOZ(R”): l,(u)=0, ||u||Hoz ;tO}.
Corollary 2.1. Supposeu, € H'(L"), u e *(U"). Let
l,(u,)>0and 0<E(0)<d.Then, forevery t>0

2
Hy !

0 < Iy(u(t)) <&, |ul

where &, is maximum of positive root of d, = E(0).

3. MAIN RESULTS

This section is devoted to the global existence of weak
solutions of problem (1.1)-(1.3). We prove firstly the sign
invariance of a functional, which includes both u,and u, .
The sign invariance of this functional plays a key role in the

proof of main theorem about existence of global solution..
Let us define this functional



H. TASKESEN

G+1
9+1

K (W) = |Auf - vy
= 1(u) —Ju |-

~Julf

(3.1)

Theorem 3.1: Let geH?, weH,
8 > 8, , assume that

and E(0)>0. For

(9+1)5

($+3)5+9-1 e

(y/,¢)+%n¢u2§— E(0)

Then the sign of K (u,t) is invariant for everyt e[0,0).

Proof: We try to get a contradiciton for the proof. We
define

t

o0 =|ulf +7[ Il o=
0

Then

0'(t)=2(u,u)+y]ul,
0"(t)= 2||ut|| +2(u,,u)+y2(u,,u)
=-2K(u,t).

Let there exists some t' >0 such that K (u,t')=0 and t’ is
the first time with this property. ¢"(t) <0 results in '(t)
is strictly decreasing on [0,t’). It follows from (3.2) that
6'(0) <0 and therefore &'(t)<0 in [0,t']. On account of
this, we conclude that &(t) is strictly decreasing on [0,t].
From the energy identity and K(u,t')=0, we get

Sl OF 45 O + 5 )
=[§+3%1jnut ) |r e

The corollary in the previous section and K (u,t')=0
provides the following inequality

2(9 +1)

laul* > 81, (ut)) = 67 u, @) -

The above inequality in (3.3) yields
1 1

E(0)> (5+9_+1+—2 (jj)(sjuut )

(9+3 )6 +9-1
Seens @)l

~2(u, (t),u(t))~Ju(t) ]

From the monotonocity of 6(t) and &'(t), we get

(3.3)
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(0)2 Iy )Ly |

(9+1)8

Then we have a contradiction with (3.2). The proof is
completed.

Theorem: Let ¢eH2(L"), y/eLZ(L”), 1<89<oo for

n+2

n=12; l<9<ﬁ for n>3 and. Suppose that

condition (3.2) holds, K(u,0)>0, E(0)>0 and for some
6 > &, . Then, the solution of problem (1.1), (1.3) is global
for every t e[0,).

Proof: Since K (u,t) is invariant under the flow of (1.1)-

(1.3) , we have 1(u)>0 for every t>0. ByE(t) , we
have
1, 2 9-1 2 1
E(0)>= ——||Al —1
1 2 9-1 2
> — :
This yields the boundedness of ||u||Hz and |u,|. forevery

t>0. The combination of previously mentioned local
existence theory [15] and the above estimate yield existence
of global solution. Thus we complete the proof.
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