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Abstract: The improved (GG)-expansion method is applied to reach the different sgiéon solitions of the Hirota-Satsuma Coupled
KdV (HSCKdV) equation. It is obtained hyperbolic, triangglperiodic wave and kink soliton solitions of this equati®he method
is an effective one to reach the different types of solutimimsonlinear partial differential equations and systenisalfy, the numerical
simulations add to these obtained solutions.
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1 Introduction

The mathematical modeling of scientific systems genersaléxpressed by nonlinear evolution equations. Therefoee, i
crucial to reach general solutions of these correspondorgimear equations. Thus, the general solutions of these
equations provide much information about the character thedstructure of the equations for researchers. Many
effective methods have been improved to provide much in&tion for physicians and engineers. We recall that most of
these methods use the wave variable transformation to egtiemonlinear PDE to ODE in order to acquire the solution.
Several are tanhl], G'/G-expansion], Jacobi elliptic function §], mapping [, tanh-sech §],exp-function p] and

first integral methods7]. All of these methods are effective methods for acquiriayeling wave solutions NPDE. For
more details seeg[9,10].

The improved (GG)-expansion method has been presented to the literagutaubet al.[7]. This method has been
successfully implemented to NPDE and some fractional difféal equations which are new type of equations. The aim
of this paper is to find travelling wave solutions of the HSGKetjuation by using improved (&)-expansion method.

This paper is organized as follows: the HSCKdV equationvemiin Section 2 and improved '(KG)—expansion method
is described in Section 3. This method has been applied tel8@KdV equation §] in Section 4. Then we give some
conclusions in the last Section.
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2 Mathematical analysis
In this work, we consider the generalized HSCKdV equat&jn [
1
U = EUXXX_ 3uuy + 3(vw)x

Vt = 7Vxxx+ 3qu (1)
Wt = —Wyxx+ 3UW

where the subscriptsandx denote differention. Withv = v:and w = v, Eq.(1) reduces, respectively, to a new complex
coupled KdV equationd] and Hirota-Satsuma equatiot].

Eqg. (1) has been studied to obtain analitical and numeratatisns by many authors. Such as, numerically, variationa
iteration method 13],two-dimensional differential transform method415], Adomian’s method 16], homotopy
analysis method 1[7]. Analitically, improve Riccati equation methodl§], fractional sub-equation methodlq],
homogeneous balance meth@dj| etc.

3 Improved (G'/G)-expansion method

In this method, we assume that

(&) = 3 aR(). @)
is solution function such that o
FE)=ge ©)
whereG(&) is given by
G(§)G"(§) = AG*(§) +BG(§)G(&) +C(G'(&))* 4)

G(&) is the solution of the second-order nonlinear diferentiplaion such thad, B, C are real parameters. If we try to
find the solution of the (3), then we find the following four ea$/].

Casel: If B#0,A =B?+4A—4AC> 0, then

\/Z(s
B N BVA cie 2 " +ce
2(l-c) 2(1-c) A

cie 2 ' +4ce

VA
2 ¢
F(&)= : (3.4)
VA
2 ¢
such thaty, c; are real parameters.

Case2: If B# 0andA = B?+4A—4AC< 0, then

B Bv—-A iclcos@g‘ — iczsin@g‘

(&) 2(1-c¢) - 2(1-c¢) iclsin@gﬁticzcos@E (3:5)
Case3: If B=0andA =A(c—1) > 0, then
F(E) = VA cicogVA)E +casin(vA)E (3.6)

(1-¢)cysin(vA)& —cocogVA)E
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Case4: If B=0andA =A(c—1) <0, then

VA icicosi{yv/=A)E —casinh(v/—A)E

F(é)= (1—c)icysinh(v/—A)& — cocosh(v/—A)E’ 3.7)
Let apply the presented imprové@’ /G)—expansion method to Hirota-Satsuma coupled KdV equatiove luse
Ut =u(€), vxt) =v(€), wxt)=w(E), &=x—k
transformations in
U = %uxxr Bu+ 3(vW)x
Ve = —Vxx+ UV (5)

W = —Wyxx 4 3UW

such thak is wave velocity, then we get

—ku — 2u” + 3uu - 3(vw)’ =0,
V4V —3uV =0, ©)
—kw +w" —3uw =0.

We can take
m =2 Mm=mg=1,

by order balancing because of the higher order linear antineam terms in (3)21]. Thus for (9)

u(é) =ao+arF (§)+aF?(¢),
V(&) =bo+biF (&), ()
wW(&)=co+CiF (€),

such a solution can be searched, whagrey , ay, bg, b, Cp, ¢ are constants that will be determined & ) is the solution

function of the (3). If we take necessary derivatives in @0 put in (9), then the following algebraic equation system
obtained.

G\° 1
(E) :A%a; + 3Aagay — 3A%aB — 5AalEs2 — A%a3,C — 3Abyco — 3Abc; — Aagk =0

G\?! 1
<—> :A%a2 + 8A%a; 4 6Aagay + 4Aag B + 3apa; B — 7AaB? — 5alEs3 — 8A%a,C
— 4A3BC — 3Bbycp — 3Bbycy — 6Abic; — 2Aaxk — a31Bk=10
N\ 2
7
(—) :—4Aa; — 3agay + 9Aaas + 3a§B + 26AaB + 6agaB + EalBZ — 42,B% + 8AaC + 3a9a;C — 26Aa,BC
7
-5 D1B?C — 4AaC? + 3b1Co — 301C o + 3bgCy — 6Byt — 3bgCey + agk — 2a,Bk— a;Ck = 0

3
(—) : — 3a2 — 20Aay — 6apay + 6A35 — 6a1B + 9a18,B + 19a,B? + 3a3C + 40Aa,C

+ 6agayC + 12a;BC — 19a,B%C — 20Aa,C? — 6a;BC? + 6byc; — 6b,Cc; + 2ak — 2a,Ck = 0
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4
> :3a; — 9ajay — 27A’B + 6a2B — 9a;C + 9a18,C + 54a,BC + 9a,C? — 27a,BC? — 3a;C3 = 0

—
o}

[&)]

:12a, — 623 — 36a,C + 6a3C + 36a,C? — 12a,C3 =0

o

: — 2A%b; — 3Aagy, + AB%b; + 2A%h;C — Ak =0

=

: — 3Aayb; — 8ABb; — 339Bb; + B3b; + 8ABbC — Bk =0

N

:8Aby + 3agh; — 3Aapby — 33;Bby — 7B%b; — 16Ab,C — 3agh;C + 7B?b;C + 8Ab,C?

O 0|Q olQ o

+ bk — 16A,C — 3agh;C + 7B%0,C + 8AC? + b1k — b;Ck= 0

:3a1b; + 12Bby — 3a,Bb; — 3a;0,C — 24Bb,C + 12BbC2 =0

IN

: — 6by + 3ayb; + 180;C — 3a,b,C — 180,C? + 6b,C3 =0

o

1 — 2A%c; — 3AagCy + AB?cy + 2A%Cc; — Ack =0

=

: — 3Aa;c; — 8ABG — 3apBcy + B3c; + 8ABCq — Berk =0

N

:8Ac; + 3agc; — 3Aapc; — 3a1Bey — 7Bzcl —16ACcq — 3agCcy

O O 0 0 6K

+ 7B?Cc; + 8AC%c; + cik— Co k=0

w

:331C1 + 12B¢; — 3a,Bc; — 333Ccy — 24BCc + 12BC%c; = 0

N——— N — 7 N~ N~ N — 7 N~
w

O OlQ

: — 6Cy + 3a,C; + 18C¢; — 3a,Ccy — 18C%¢; + 6C3¢; = 0.

/N N 7~/ N 7 N 7 N 7N 7N 7/ N 7N 7N 7N

S~
IN

If we solve this algebraic equation system by Mathematiten tve acquire the desired constants as

B=0
ao=3%(-2A+B2+2AC—k), a4 =0, a=2(1-2C+C?
bo=0, by #0 ®)
2
Co=0, C; = 4(1-C) (3%(117C)+k)
and
B#0
ao=3(—2A+2AC—k), ay=2(-B+BC), a=2(1-2C+C?
bo=0, by #0 ©)
1-C)B(—B?—4A(1-C)+4k -
CO:( )B( 3b1( )+ )7 o = %EC%'

If these constants are putin (3.10), then the completeisokibf Hirota-Satsuma coupled KdV equation are given by

(© 2017 BISKA Bilisim Technology
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Casel: 5
VA, VA,
1 B2 cle 2 +ce 2
uxt)==(—2A(1-C)—k) — — [1— 10
(xt) = 5(~2A(1-C)—K - 5 = = (10)
—- ¢ —-¢
cie 2 —ce 2
va va
b:B cie 2 +ce 2
V(x,t) = 1+VA . b1#0 11
- &
cle 2 —ce 2
and
VA VA
B(1—C) (—B%—4A(1—C)+4K) e 2 tcoe 2
w(x,t) = 1-VA 12
oy ob; VA VA (12
— -—¢
cie 2 —ce 2
If we take—cy = ¢ in (13)—(15), then we will obtain the following soliton sdilons as
2
u(x,t) = %(fZA(lfC)fk)f% [1Atanhz@g‘] (13)
b:B N
v(xt) = 510 1+\/Ztanh7§] (14)
and
B(1-C)(—B?—4A(1-C)+4k
w(x,t) = a-c)( 1-C)+4) 1—\/Ztanh\/—zf : (15)
6b; 2
If we use
tanfy = 1 — sed?y
in Eq. (16), then we get another single wave solution as
2 2
u(xt) = 1(—2A(1—C)— k) + B (A—-1)— B—Asemzﬁf. (16)
3 2 2 2
If we takec; = ¢, in (13)—(15), then we acquire
2
u(x,t) = %(—2A(1—C)—k)—% ll—Acothng] (17)
b:B VA
v(x,t) 231G 1+¢Zcoth7fs] (18)
and ,
B(1-C)(—B“—4A(1-C)+4k
w(xt) = 1-0)( (1-0)+4 1_\/Zcoth*/—zé . (19)
6by 2
Case2: 5
2 ' V- Az _osinYz4
u(x,t)(}2A(1C)k>B— {HA['QCOS z £ —Csint 'E] } 20)

icq sin@é + czcos@E
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b:B iclcos@E fCZSin@E
= 1 —A b1 #0 21
V(Y 2(1-C) +\/_iclsin@5 +czcos@5 » b7 (1)
and wixt) — B(1-C)(—B?—4A(1-C)+4k) _17miclcos@5—czsin@5 22)
e 6b; i ic1SiNY58¢ + cpcosA¢E |
Case3: i )
1 clcos(\/Z E) +czsin(\/Z 5)
u(x,t) == (—2A(1-C)+B?—Kk) +24 (23)
3 _clsin(\/Z E) fczcos<\/Z E)
) byV/A clcos(\/Z E) +czsin(\/Z E) by 20 ”
7 (1-0C) clsin<\/Z E) fCZCOS(\/Z E) o
and
wixty - 2101 AL-C + [ zaicos(VAE) resin(va )] 25
7 3b; ci1sin (\/Z E) fCZCOS(\/Z E)
comd 1 icicosh(v/—A &) —cpsinh(v/—A &) 2
1, B 2 1 - —C2 -
ut) = 3( A(1-C)+B k) —24 icisinh(v/—A &) —ccosh(v—=A &) | ' (26)
_ biVA |icicosh(v—A &) —cpsinh(v-A &)
Voo = (1-C) |icysinh(v/—A &) —cocosh(v—A &) |’ b1 70 27)
and
_4(1-C)(A(1-C)+k) icicosh(v/—A &) —cpsinh(v/—A &)
wixt) = 3b; ﬁiclsinh(\/j &) —cpcosh(v/—A &) | (28)
If we takec; =0, ¢ #0andc; #0, ¢ =0in (23)-(25) respectively, then we acquire
2
ul(x,t):%—ZA(l—C)—k—B?2 [1—Atan\/2—A(x—kt)} (29)
2
uz(x,t):%fZA(lfC)fka?2 {1+Acot\/;—A(xkt)} (30)
vi (x,t) = z(fl_BC) {1 \/jtan\/;—A (xkt)} by #0. (31)
Vo (X t) = Z(ElBC) [1+ \/zcot\/;_ﬂ (x—kt)] ,by#0 (32)
_ _B2_ _ —
wy (X,t) = B(1-C)(-B ijA(l C)+4) {1+ \/jtan\/z_A (xkt)] (33)
and
2
Wo (X,t) _ B(l*c) (*B ijI_-A(1C>+4k) |:1—\/ICOI\/;_A (X—kt):| ) (34)

(© 2017 BISKA Bilisim Technology
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If we takec; =0, c; #0andc; #0, ¢ =0in (26)-(28) respectively, then we get

Us (X, 1) = % (~2A(L-C)+ B~ K)  2Atar? [VA (x—k)] (35)
Ug (X,t) = % (~2A(1-C)+B*—k) +2Acof [\/Z (xfkt)} (36)
va(X,t) = — (tf\/g tan[\/Z (x— kt)} by #£0 (37)
Vg (Xt) = 81:/?_:) cot[\/Z (x— kt)] ,b1#0 (38)
ws (1) = — 23=C) (gél_c)+k)\/5tan[\/z (x—kt)] (39)

1

and 4(1-C)(A(1—C)+k)

Wy (%) = cot[\/Z (Xx— kt)} . (40)

3by

If we takec; =0, c; #0andc; #0, ¢ =0in(3.28)-(3.30) respectively, then we obtain

Us (X.) = % (~2A(L-C)+ B2 —K) — 28tank? [V (x—ky)] (41)

Ug (X,t) = % (—2A(1—C)+ B2 k) — 2A coti? [\/I (x— kt)} (42)

Vs (x,t) = 81—\/(4; tanh[\/z (x— kt)} . by 0, (43)

Vo (%,t) = 81:/5) coth[ﬁ (x— kt)} . by 0, (44)

ws (x 1) = 21=C) (géllfq +K V=8 tanh[ V=4 (x ki) (45)

e We (X,t) = 41-C) (géllfq R W coth[ﬂ (x— kt)] . (46)

Analytic solutions of Hirota—Satsuma coupled KdV equatiptsCKdV) given by (8) were investigated by improved
(%) —expansion method presented by Liu at &), [in this work. We obtained complex, single wave, soliton,
trigonometric and singular solutions of (8) by this methimdaddition, we showed that these solutions ensure therayste
(8) by Mathematica. HSCKdV equation has been solved by mathoas by using various methods. HSCKdV equation
was solved by Feng and LR]] by using Fan sub equation method with balancing terms 2 andm = 1. Feng ve
Zhang P2] acquired jacobi elliptic solutions of HSCKdV equation byxdiary function method. YanZ43] found wave

solutions of HSCKdV equation by using
u=av?+ pBv+y,w=Av+B,

transformations by extended Jacobi elliptic function méttsuch thata,3,y,A and B are constants that will be
determined. We obtained some of the solitons that have lmegmfby the methods that we mentioned and also we found
different solutions in this work.
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4 Numerical simulations

We will discuss the physical properties of the results ofréeaults of the HSCKdV equation. Some obtained solitions are
shown in Figures 1-6. These figures have the following playsiomments.

The shapes of Egs. (13)-(15) and (16)-(18) are representBdys.1-6. Eq. (13) is singular solitary wave solution. In
Fig.1 both 3D and 2D graphs describe the singular solitaryewsolution, the wave speed ls= 0.05 within
—4 < xt < 4. Eg. (14) is singular king solution and is given Fig.2 In Fip&h 3D and 2D graphs describe the
behaviour ofv(x,t), the wave speed k= 0.1 within —10 < x,t,< 10. Eq. (15) is singular kink solution and is given
Fig.3. Eq. (16) is non-topological soliton solutions and given Figs. 5 and 6, respectively.

Results of this work are new soliton solutions of HSCKdV depra The results are in terms of hyperbolic, triangular
and exponential functions, and hence they all produce tgpcdl solutions (16)-(18), bell-shaped solitary wave
solutions (19)-(21), periodic wave solutions (32)-(33faimilar waves. These solutions are useful in study shallow
water waves. The integrability of NLPDEs can be studied bngishe improved(G'/G)fexpansion method. The
obtained soliton solutions of this study are going to be widef interested in the HSCKdV equation.

: Three dimensional and two dimensional graphics of the@ololution ofu(x,t) that given by (13) such that
B=C=1k=0.05c;=c,=0.1.

Fig. 2: Three dimensional and two dimensional graphics of solitdat®n of v(x,t) that given by (14) such th# = 2,
B=1,C=05k=0.01c;=¢c,=0.1,b; =05.

(© 2017 BISKA Bilisim Technology
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t=05

Fig. 3: Three dimensional and two dimensional graphics of solitdat®n ofw(x,t) that given by (15) such th#dt= 2,
B=1,C=05k=01¢c=c,=0.1b; =05.
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ig. 4: Three dimensional and two dimensional graphics of themoliolution ofu(x,t) that given by (16) such that
=2,B=C=1k=0.05.c;=c,=0.1.

t=05

0ot

=10 -5 0 5 10

3

ee dimensional and two dimensional graphics of the@oliiblution ofv(x,t) that given by (17) such that
2,B=1C=05k=001c;=c,=0.1,b; =0.5.

ig. 5: Thr
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6: Thre
B=1C=05k=01,¢ =c,=0.1.

e dimensional and two dimensional graphics of the@okplution ofw(x,t) that given by (18) such that

5 Conclusion

we used the improveé%') —expansion method for acquiring several new exact solufartthe HSCKdV equation. We
have acquired different types solutions which are denateadrms of trigonometric, triangular, algebric, periodiaws
and singular soliton solutions. Some of our reached salatare new as our research from literature. Consequently, th

improved %') —expansion method is crucial one to construct different$ygiethe soliton solutions of the NPDEs and
systems. In addition, this system with time-dependentfimdefit and the stochactic perturbation terms will be regart

in next works. Additionally, the numerical results that atgained in this study are in conjuction with the analytical
development here (see Figures 1-6).
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