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Abstract

The object of the present paper is to study generalized weakly symmetric and weakly
Ricei symmetric (LCS),-manifolds. Our aim is to bring out different type of curvature
restrictions for which (LCS),-manifolds are sometimes Einstein and some other time
remain 7-Einstein. Finally, the existence of such manifold is ensured by a non-trivial
example.
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1. Introduction

The notion of Lorentzian concircular structure manifolds (briefly (LC'S),-manifolds)
has been initiated by Shaikh [25]. Thereafter, a lot of study has been carried out. For
details we refer [5,12,19,27-30,33] and the references therein.

The notion of weakly symmetric Riemannian manifold have been introduced by Taméssy
and Binh [34]. Thereafter, a lot research has been carried out in this topic. For details,
we refer to see [1,2,10,13,14,21-24,26,31,32] and the references there in.

In the spirit of Taméssy and Binh [34], a Riemannian manifold (M", g)(n > 2), is said
to be a weakly symmetric manifold, if its curvature tensor R of type (0, 4) is not identically
zero and admits the identity

(VxR)(Y,U,V, W) = A/(X)R(Y,U,V, W

)
+Bi(Y)R(X,U,V, W) + Bi(U)R(Y, X, V, W)
+ Dy(V)R(Y,U, X, W)+ D (W)R(Y,U,V, X) (1.1)
where A1, B1 & D are non-zero 1-forms defined by A1(X ) = g(X,01), Bi(X) =
9(X,01) and D1(X) = g(X,m), for all X and R(Y,U,V, W) = g(R(Y,U)V, W), V

being the operator of the covariant differentiation with respect to the metric tensor g. An
n-dimensional Riemannian manifold of this kind is denoted by (W S),-manifold.
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Keeping in tune with Dubey [11], the author have introduced the notion of a general-
ized weakly symmetric Riemannian manifold (which is abbreviated hereafter as (GWS),,-
manifold). An n-dimensional Riemannian manifold is said to be generalized weakly sym-
metric if it admits the equation

(VxR)(Y,U,V, W) = A(X)RY,U,V, W)+ B (Y)R(X,U,V, W)
+B1(D)R(Y,X,V, W) + Dl(V)R(Y U X, W)
+D1(W)R(Y,U,V, X)+ Ax(X)G(Y,U,V, W)
+By(Y)G(X,U,V, W)+ Bo(U) G(Y, X,V, W)
+Dy(V) G(Y,U, X, W)+ Dy(W) G(Y,U,V,X ) (1.2)

where
G(Yv UV, W) = [g(Uv V)g(Y, W) —g(Y, V).g(Uv W)] (1'3)
and A;, B; & D; are non-zero 1-forms defined by A;(X ) = ¢(X, 0;), Bi(X) = 9(X, 0i),
and D;(X) = g(X,m;), for ¢ = 1,2. The beauty of such (GWS),-manifold is that it has
the flavour of
) locally symmetric space [7] (for A; = B; = D; = 0),
i) locally recurrent space [36] (for A; # 0, Ay = B; = D; =0),
iii) generalized recurrent space [11] (for A; # 0. B; = D; = 0),
iv) pseudo symmetric space [§] (A1 =B1 =Dy =H; #0, Ay = = Dy =0),
v) generalized pseudo symmetric space [3] (for 21 =B;=D; = H #0),
vi) semi-pseudo symmetric space [35] (A; = Bs = Dy = 0,B; = D #0),
vii) generalized semi-pseudo symmetric space [4] (4; =0, B; = D; #0),
V111) almost pseudo symmetric space [9] (for Ay = Hy + K1,B; = D1 = H; # 0 and
Ay = By = Dy = 0),
(ix) almost generalized pseudo symmetric space [6] (4; = H; + K;, B; = D; = H; #0),
(x) weakly symmetric space [34] ( for Ay, B1, D; # 0, Ay = By = Dy = 0).
Analogously, we have introduced generalized weakly Ricci symmetric (LC'S),,-manifold
which is defined as follows
An n-dimensional Riemannian manifold is said to be generalized weakly Ricci symmetric
if it admits the equation

(VxS)(Y,Z) = AX)S(Y,Z)+ Bi(Y)S(X,Z) + D:1(2)S(Y, X)
+A2(X)g(Y. Z) + Bo(Y)g(X, Z) + Do(Z2)g(V,X)  (14)

where and A;, B; & D; are non-zero 1-forms defined by A;(X ) = g(X,0:), Bi(X) =
9(X,0i), and D;(X) = g(X,m;), for i = 1,2. The beauty of generalized weakly Ricci
symmetric manifold is that it has the flavour of Ricci symmetric, Ricci recurrent, gen-
eralized Ricci recurrent, pseudo Ricci symmetric, generalized pseudo Ricci symmetric,
semi-pseudo Ricci symmetric, generalized semi-pseudo Ricci symmetric, almost pseudo
Ricci symmetric, almost generalized pseudo Ricci symmetric and weakly Ricci symmetric
space as special cases.

Now, if the vectors associated to the 1-forms Ay, B1 & D; are respectively co-directional
with that of Ay, By & Dy that is Al(X) = ¢)A2(X), Bl(X) = ¢BQ(X) & Dl(X) =
»D2(X) V X, where ¢ being a non-zero constant function, then the relation (1.4) turnes
into

(i
(i
(
(
(
(
(
(

(Vx2)(Y,U) = Au(X)Z(Y,U) + By(Y) Z(X,U) + Dy(U)Z(X,U)
where Z(X,Y) = S(X,Y) + ¢ g(X,Y) is well known Z-tensor introduced in ([15,18]).
This leads to the following

Proposition 1.1. FEvery generalized weakly Ricci symmetric manifold is o weakly Z-
symmetric manifold provided the vector fields associated to the 1-forms Ay, By & Dj are
co-directional with that of As, Bs & Do respectively.
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Our work is structured as follows. Section 2 is concerned with (LCS),-manifolds and
some known results. In section 3, we have investigated a generalized weakly symmetric
(LC'S)p-manifold and it is observed that such a space is an 7-Einstein manifold provided
B*(§) # —a. We also tabled different type of curvature restrictions for which (LCS),-
manifolds are sometimes Einstein and some other time remain 7-Einstein. Section 4, is
concerned with a generalized weakly Ricci-symmetric (LC'S),-manifold which is found to
be an n-Einstein space. Finally, we have constructed an example of a generalized weakly
symmetric (LC'S)y-manifold.

2. (LCS),-manifolds and some known results

An n-dimensional Lorentzian manifold M is a smooth connected paracompact Hausdorff
manifold with a Lorentzian metric g, that is, M admits a smooth symmetric tensor field
g of type (0,2) such that for each point p € M, the tensor g, : T,M x T,M — R is a
non-degenerate inner product of signature (—,+,...,+), where T,M denotes the tangent
vector space of M at p and R is the real number space. A non-zero vector v € T, M is said
to be timelike (resp., non-spacelike, null, spacelike) if it satisfies g,(U,U) < 0 (resp, < 0,
=0, > 0), [20]. The category to which a given vector falls is called its causal character.

Let M™ be a Lorentzian manifold admitting a unit timelike concircular vector field &,
called the characteristic vecotor field of the manifold. Then we have

9(&,¢) = 1. (2.1)

Since £ is a unit concircular vector field, there exists a non-zero 1-form 7 such that for

9(X, &) = n(X) (2.2)

the equation of the following form holds
(Vxn)(Y) = afg(X,Y) +n(X)n(Y)} (a #0) (2.3)

for all vector fields X, Y where V denotes the operator of covariant differentiation with
respect to the Lorentzian metric g and « is a non-zero scalar function satisfies

Vxa = (Xa) = a(X) = pn(X), (2.4)
p being a certain scalar function. If we put
1

then from (2.3) and (2.5), we have
X =X +n(X)E, (2.6)

from which it follows that ¢ is a symmetric (1,1) tensor. Thus the Lorentzian mani-
fold M"together with the unit timelike concircular vector field &, its associated 1-form n
and (1,1) tensor field ¢ is said to be a Lorentzian concircular structure manifold (briefly
(LC'S)p-manifold) [5]. In a (LC'S),-manifold, the following relations hold [25]:

n) = -1, ¢o&=0, (2.7)

n@X) = 0, g(¢X,8Y) =g(X,Y)+n(X)nY), (2.8)
n(R(X,Y)Z) = (a®—=p)[g(Y, Z)n(X) —g(X, Z)n(Y)], (2.9)
R(X,Y)¢ = (o= p)n(Y)X —n(X)Y], (2.10)
S(X,6) = (n—1)(*—pmn(X) (2.11)
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for any vector fields XY, Z.
Lemma 2.1. Let (M",g) be a (LCS)y,-manifold. Then for any X; Y;Z the following

relation holds:
(VwS)(X,€) = (n—1)a(a® - p)g(X,W)
+2ap— BW)n(X)] - aS(X, W) (2.12)
In this connection we would like to mention that equation (2.3) is the defining property

of concircular or unit time-like torse-forming vector field. In ([16], Theorem 2.1), the
authors proved that a Lorentzian manifold is twisted, i.e. the metric is written in the form

ds? = —dt® + f(t,27)Gapdrdz”,

if and only if it admits a unit time-like torse-forming vector field. Moreover eq (2.4) and
the consequent integrability relations (2.10) and (2.11) in [16] ensure that the unit time-
like vector is an eigen vector of the Ricci tensor. Also, Proposition 3.7 of [17] ensures that
the space-time is a generalized Robertson-Walker space-time, i.e. the metric is written in
the form

ds?* = —dt* 4+ f(t)*Gapdr®da”,

g being the metric tensor of a n — 1 dimensional Riemannian manifold.

3. Generalized weakly symmetric (LC'S),-manifold

A non-flat n-dimensional (LCS),-manifold (M";g) (n > 2), is termed as generalized
weakly symmetric manifold, if its Riemannian curvature tensor R of type (0;4) is not
identically zero and admits the identity

(VxR)(Y, UV, W) = A*X)R(Y,U,V, W)+ B*(Y)R(X,U,V, W)

+B U)R(Y,X,V, W)+ D*(V)R(Y,U, X, W)
D*(W)R(Y,U,V,X ) + a*(X)G(Y,U,V, W)
B*(YV)G(X,U,V, W) +5 (U) G(Y, X,V, W)
(V) GY,U, X, W) +~*(W) GY,U,V,X ) (3.1)

/_\f\

where

GY,U,V, W) =[g(U,V)g(Y, W) —g(Y, V)g(U, W)] (3.2)
and A*, B* D* o*, p* & ~* are non-zero 1-forms which are defined as A*(X) =
9(X, 01), B*(X) = g(X, ¢1), D*(X) = g(X,m), o*(X) = g(X, 02), 3" (X) = g(X, ¢2) and
V(X)) = g(X, 72).
Now, contracting U over V' in both sides of (3.1) we find
)

)
(VxS)(Y, W) = A*X)S(Y,W)+ B*(Y)S(X,W) + D*(W)S(Y, X)
—B*(R(Y, X)W) + D*(R(X,W)Y) + (n — 1)[a*(X)
g(Y, W) + B (Y)g(X, W) ++*(W)g(Y, X)] = B*(Y)g(X, W)
+ [B5(X) + v (X)]g(Y, W) — " (W)g(X,Y) (3.3)
which yields
(n = Da(a® = p)g(X, W) + (2ap — B)n(W)n(X)] — aS(X, W)
= (a® = p)[(n — D{A*(X)n(W) + D*(W)n( X)} + n(W)B*(X)
= g(X, W)B*(§) + n(W)D*(X) — n(X)D*(W)] + B*(§)S(X, W)
+ (n = D[a*(X)n(W) + B*(§)g(X, W) +~v*(W)n(X )]
= B5(&) g(X, W) + [B*(X) + 7 (X)] n(W) =" (W)n(X)  (3.4)

S
.
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for Y = &. Setting X = W = £ in the foregoing equation, we obtain
~(2ap—B) = (a®—p)[A*(€) + B*(€) + D*(¢)]
+a™(€) + 87(&) + 77 (§)]- (3.5)

In a weakly symmetric (LCS),-manifold we have the relation (3.4). Setting X = & in
(3.4) we get

(n = 2)[(a® = p) D" (W) + 4" (W)] = [(n — 1){(2ap — B) + (a” = p){A™(€) + B*(€)}}
+(a? = p) D (OIn(W) + [(n = D{a™(€) + 5°(&)}

+ 7 (OIn(W). (3.6)
In view of (3.5), the relation (3.6) reduces to
[(0® = p)D*(W) + 7" (W)] = ~[(a® = p)D*(&) + 7 (&)In(W). (3.7)

Again, contracting over Y and W in (3.1) we get
(VxS)(U,V) = AYX)S(U,V)+ B (R(X,U)V) + B*(U)S(X,V)
+D*(V)S(U, X) + D*(R(X,V)U) + (n — 1)[{a™(X)g(U, V)
+67(U)g(X, V) +~+*(V)g(X,U)}]
7 (V)g(
Setting V' = ¢ in (3.8) and using (

+ 1 (X)g(U, V)
U, X) + 5" (X)g(U, V) = 5 (U)g(X, V). (3.8)

2.12), (2.11), we get

(n = Dla(a® - p)g(X, (2ap = B)n(U)n(X)] — aS(X,U)

U)+
1

(a —p)l(n— ){A*( n(U) + B*(U)n(X)} + B*(X)n(U) — B*(U)n(X)
D*(X)n(U) = +D*(§)g(X,U)] + D*(§)S(U, X) + (n — 1)[{a"(X)n(U)
+B (U)n(X) + (5) (X, U+ [y (X)n(U)
7 (§)g(U, X) + 55 (X)n(U) = 57 (U)n(X), (3.9)
which turns into
[(0® = p)B(U) + B(U)] = ~[(a® = p) B(&) + BE)]n(U) (3.10)
for X = ¢ and

[(0® = p)A™(X) + o™ (X)] = —[(a® = p)A*(€) + & (&)In(X) (3.11)

for U = ¢. In view of (3.5), (3.7), (3.10) and (3.11) we have

(2ap = B)n(X) = (o —P)[A*(X)JFB*(X) + D*(X)]
+o(X) + (X)) + (X)) (3.12)
Now, making use of (3.10)-(3.12) in (3.4), we find that
~[a+ B (©IS(X, W) =[(n - 2)5(§) — (o = p){(n — Do + B*(€)}g(X, W)
— (n = 2)[(2ap = B)n(W)n(X) + (a? = p){A*(X)n(W)

+ D" W)n(X)} + {a”(X)n(W) +~"(W)n(X )} (3.13)

which leaves

o2 — e — B*
SLw) = <a2—p>+<n—2>(( s @)]g(X,W)

C(n- 2)[(0[[&4_/2?(* ()5]) (&) n(W)n(X) (3.14)
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after a straight forward calculation. Approaching in a different manner, we can also have

a+ D*(§)

n —2)[(a?® — p)D* .
_(=2) . +p1))?(g()£]) O wryn(x). (3.15)

SXW) = |(@*—p)+(n—2) <(“2‘p)a”*“>>]g<x,w>

This leads to the followings.

Theorem 3.1. A generalized weakly symmetric (LCS),-manifold M™(¢,&,n,9)(n > 2)
is an n-Finstein provided that B*(§) # —a.

Theorem 3.2. In an (LCS),-manifold the following table hold good

Nature of the space

Type of curvature restriction corresponding to
curvature restriction
locally symmetric space Einstein space
locally recurrent space FEinstein space
generalized recurrent space FEinstein space
pseudo symmetric space n-FEinstein space

generalized pseudo
symmetric space
semi-pseudo symmetric space n-FEinstein space
generalized semi-pseudo
symmetric space
almost pseudo
symmetric space
almost generalized pseudo
symmetric space
weakly symmetric space n-Finstein space

n-Einstein space

n-FEinstein space

n-FEinstein space

n-Finstein space

Note that if a manifold is locally recurrent, then it is Ricci recurrent, i.e. ViR = BpR;i,
for a non-null one form G which leaves after transvection Vi R = S R. Consequently, the
manifold is Ricci flat as it is known that the scalar curvature of an Einstein manifold is
constant. Thus we can state the following corollary.

Corollary 3.3. Every locally recurrent (LCS),, manifold is Ricci flat.

4. Generalized weakly Ricci symmetric (LCS),-manifold

A non-flat n-dimensional (LC'S),-manifold (M";g) (n > 2), is said to be a generalized
weakly Ricci symmetric manifold, if its Ricci tensor S of type (0, 2) is not identically zero
and admits the identity

(VxS)(Y,Z) = AI(X)S(Y.Z2)+Bi(Y)S(X,Z)+ Di(2)S(Y,X)

+A45(X)g(Y, Z2) + By (Y)g(X, Z) + D5(Z)g(Y, X) (4.1)

where A7, B} & D7 are non-zero 1-forms which are defined as A7 (X) = ¢g(X, 0;),
B (X) =g9(X,¢i), D;(X) = g(X,m) for i = 1,2. Setting, Y = { in (4.1) and then making

use of (2.12), we have
(n = Dla(e® = p)g(X, Z) + 2ap = Bin(Z)n(X)] - aS(X, Z)

= (o® = p)(n — D[AT(X)n(Z) + D1 (Z)n(X)] + Bi (€)S(X, Z)

+ A3(X)n(2) + B3(§)9(X, Z) + D5(Z) n(X) (4.2)
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which yields
(0 = p)(n — D[AT(€) + Bi(€) + Di(&)] + [A45(€) + B3(€) + D3(€) ]

— —(n—1)(2ap - B), (4.3)
for X =7 =¢.
Setting Z = £ in (4.2) we obtain
(n — 1)(a? = p)[A](X) + A7(€)] = —[A5(X) + A3(E)n(X)]. (4.4)
Proceeding in a similar manner we can find
(0 = p)(n = D[BI(X) + B (¢)] =

—[B3(X) + B (§)n(X)], (4.5)
(a® = p)(n = D[D{(X) + Di(§)] = ~[D3(&) + D3(X)n(X)).

Theorem 4.1. In a generalized weakly Ricci symmetric (LC'S),,-manifold M™(¢,&,n,9)(n >
2) the 1-forms are related by

(0 = p)(n = D[AT(X) + By (X) + D} (X)] + [A3(X) + B3 (X) + D5(X)]

= (n = 1)(2ap — B)n(X). (4.7)
Proof. Adding (4.4), (4.5) & (4.6) and then making use of (4.3) in the resultant, one can
easily obtain (4.7). O

Now, making use of (4.3)-(4.7)in (4.2), we find that

n— Da(a? —p) — B X 7
o — p)(n—1)Bi(§) + B; X\n(Z
_[( p)(a 1)T2§)§) 2(5)] n(X)n(2) (4.8)

This leads to the followings

Theorem 4.2. A generalized weakly Ricci symmetric (LCS),-manifold M™(p,&,n,9) is
an n-Einstein provided that Bf(§) # —a.

Theorem 4.3. In an (LCS),-manifold the following table holds good
Nature of the space

Type of curvature restriction corresponding to
curvature restriction

Ricci symmetric space FEinstein space

Ricci recurrent space FEinstein space

generalized Ricci-recurrent space FEinstein space

pseudo Ricci-symmetric space n-FEinstein space

generalized pseudo
Ricci-symmetric space
semi-pseudo Ricci-symmetric space | n-Finstein space
generalized semi-pseudo
Ricci-symmetric space
almost pseudo
Ricci-symmetric space
almost generalized pseudo
Ricci-symmetric space
weakly Ricci-symmetric space n-Einstein space

n-Finstein space

n-Finstein space

n-FEinstein space

n-Finstein space
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Note that if a manifold is Ricci recurrent, i.e. Vi Rj = BxRj;, for a non-null one form
B which leaves after transvection ViR = Sy R. Consequently, the manifold is Ricci flat
as it is known that the scalar curvature of an Einstein manifold is constant. Thus we can
state the following corollary.

Corollary 4.4. Every locally Ricci recurrent (LCS),, manifold is Ricci flat.

5. Existence of generalized weakly symmetric (LCS)s;-manifold

Example 5.1. Let M3(¢,£,1m,g) be an (LCS),-manifold (M3, g) with a ¢-basis

0 0 0 0
— o7 — - — — 2 - 2z7.
er1=e¢ (x8x+yay>,62 pe; =e ay =75
Then from Koszul’s formula for Lorentzian metric g, we can obtain the Levi-Civita con-
nection as follows

2z 2z
Ve e3 = —e“eyp, Ve €2 =0, Ve €1 = —€ees,

2z 2z z 2z
Ve,3 = —e“eg, Ve,2 = —e“e3 — ey, Ve,61 = —eea,
Vese3 = 0, Vese2 =0, Vese1 = 0.

From the above it can be easily seen that (¢,&,7,g) is an (LCS)? structure on M. Conse-
quently M3(,€&,n, g) is an (LCS)3-manifold with a = —e?* #= 0 and p = 2¢**. Using the
above relations, one can easily calculate the non-vanishing components of the curvature
tensor R (up to symmetry and skew-symmetry)

R(€1,€2,€1,€2) = (1—€2z)622

R(€17€3)61763) = _642 = R(€2,63,€2,€3).

Since {e1, ez, e3} forms a basis, any vector field X, Y, U, V € x(M) can be written as
3 3 3 3
X = Y aie, Y=Y bie;, U= cie;, V=>_ die;,
1 1 1 1

Then

R(X,Y,U, V) = [(a1by — agb1)(cidy — cady)](1 — €27)e
—[(a1b3 — agbl)(cldg — 03d1)]e4z
—[(agbg — agbg)(Cng — ngg)]e4z

= T (say),

R(e1,Y,U, V) = —bs(crds — c3dy)e® + ba(crdy — cady (1 — €27)e??
= A1 (say),

R(e2,Y,U, V) = —bz(cods — c3dp)e? — bi(crdy — cady)(1 — €%)e?*
= X2 (say),

R(€3, Y, U, V) = b1 (Cldg — 63d1)€4z + b2(02d3 — C3d2)€4z = )\3 (say),

R(X,e1,U,V) = ag(cids — czdy)e® — ag(crdy — cady)(1 — €2*)e?

= M (say),
R(X,es,U, V) = as(cods — c3da)e® + ai(c1do — cody)(1 — €27)e??

= A5 (say),
R(X,e3,U,V) = —aicrds — cadr)e’ — a(cads — csda)e™ = Xg (say),
R(X,Y,e1,V) = —ds(a1bs — azbr)e* + da(arby — azby)(1 — e*)e**

= A7 (say),
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R(X,Y,e2,V) = —ds(agbs — a3b2)64z —di(a1be —agby)(1 — e2z)e2z
= Xs (say),
R(X,Y,e3,V) = di(a1bz — asby)e’® + do(asbs — azbs) = g (say),
R(X,Y,Ue1) = cslarbs — asbi)e!® — ca(aiby — aghy)(1 — €2%)e**
= Ao (say),
R(X,Y,U,e3) = c3(azbz — a3b2)64z + c1(a1by — aghy)(1 — e?*)e?
= An (say),
R(X,Y,U,es) = —ci(a1bs — a3b1)64z — co(agbs — a3b2)64z = A\12 (say),
G(X,Y,U, V) = (bic1 + beca — bscs)(ar1dy + aady — asds)
—(a1c1 + agea — aszes)(bidy + bady — bads) = Th (say),
G(e1,Y,U, V) = (bacg — bgc3)dy — (bada — bzds)er = wy (say),
G(e2,Y,U, V) = (brc1 — bycs)ds — (brdy — bzds)co = wo (say),
G(e3,Y,U, V) = —(bicy + baca)ds + (bidy + bads)cs = ws (say),
G(X,e1,U, V) = (agdy — azds)c; — (agcy — azez)dy = wy(say),
G(X,e,U V) = (ardy —azds)ca — (a1c1 — ases)de = ws(say),
G(X,e3,U, V) = —(ardy + asds)cs + (arc) + azcs)ds = we (say),
G(X,Y,e1,V) = (agdy — asds)by — (bady — bzds)a; = wy (say),
G(X,Y,e2,V) = (ardy — asds)by — (bidy — bzds)as = ws (say),
G(X,Y,e3,V) = —(aidy + asds)bs + (b1dy + bads)asz = we (say),
G(X,Y,Ue1) = (baco —bzcz)ay — (azca — asze3)by = wig (say),
G(X,Y,U,es) = (bicr — bzez)as — (a1c1 — asze3)by = wiy (say),
G(X,Y,Uje3) = —(bicr + baca)az + (arcy + asca)bz = wia (say),

and the components which can be obtained from these by the symmetry properties. Now,
we calculate the covariant derivatives of the non-vanishing components of the curvature
tensor as follows

(Ve R)(X,Y,U,V) = e*[a1Xg + agh + biXe + b3hs

+c1 g + esA7 + didie + bsAio],

(Ve, R)(X,Y,U, V) = e**[(a1 + az)Aa + ags + (by + b3) A5 + badg
+(c1 + e3)As + cadg + (di + d3)A11 + daAi2]

+ez[a2/\1 4+ boAg + co A7 + dao,

(Ve, R)(X,Y,U, V) = 2[(a1by — asb1)(c1dy — cady)](1 — 2€2%)e?
—4[(a1bs — azby)(c1d3 — c3dy)]eb
—4[(agbs — agbo)(cads — c3dy)]eb.

For the following choice of the the 1-forms

e**la1 A3 + agA1 + bidg + b3y

Ajer) = d ,
. C1Ag + c3A7 + diA12 + b3

Afes) = e*{(a1 + az) A2 + asAs + (b1 + b3) A5 + bads(c1 + c3)As + cadg + d1 }
1(€2 - = )

Ty
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* o 622{d3))\11 + d2A12} + €Z{a2)\1 + bg)\4 + 02)\7 =+ d2A10}
A2(62) = - )

Ty
Al(ez) = —4,
Bi(es) = W
Bj(es) = W
Piles) =~
Pies) = o
Ai(es) = bz abi)(c1ds — cadi)e*

Ty ’

one can easily verify the relations
(Ve, R)(X,Y,U,V) = Aj(e;))R(X,Y,U,V)

forv=1,2,3.
From the above, we can state the following theorem.

Theorem 5.2. There exists an (LCS)3-manifold (M3, g) which is a generalized weakly
symmetric.
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