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Abstract: This paper is an extension of our papercluster points of filters [8]. In this paper, we have discdse relationship
between —cluster points of filters and cluster points of nets and é&thbd their equivalence. We have also estabilished thivalgnce
of | —cluster points of filters and nets.
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1 Introduction

The concept of convergence of a sequence of real numberebashktended to statistical convergence independently by
H. Fast [4] and I. J. Schoenberg [23]. Kostyrko et. al. in [2])] generalized the notion of statistical convergence and
introduced the concept df-convergence of real sequences which is based on the seutttive ideal of subsets of the

set of natural numbers. Mursaleen et. al. [15] defined ardiexiithe notion of ideal convergence in randosndrmed
spaces and construct some interesting examples. Sevaita wol —convergence and statistical convergence have been
done in [1], [3], [6], [7], [8], [9], [10], [11], [14], [15], 6], [17], [18], [22].

The idea ofl —convergence has been extended from real number space o spetce [9] and to a normed linear space
[21] in recent works. Later the idea bf-convergence was extended to an arbitrary topological dpaée K. Lahiri and

P. Das [12]. It was observed that the basic properties resdgimeserved in a topological space. Lahiri and Das [13]
introduced the idea df—convergence of nets in a topological space and examineddmaweffects the basic properties.

Taking the idea of [13], Jamwal et. al introduced the ideb-afonvergence of filters and studied its various properties in
[6]. Jamwal et. al reintroduced the idea lof convergence of nets in a topological space in [7] and esthbill the
equivalence of —convergences of nets and filters on a topological space. dhatwal introduced the idea of-cluster
points of filters in a topological space and studied theippraes in [8].

We start with the following definitions:

Definition 1. Let X be a non-empty set. Then a faraflyc 2% is called afilter on X if

) 0¢ 7,
(i) A,Be .7 implies AABe . and
(i) Ae #,BD Aimplies Be #.

Definition 2. Let X be a non-empty set. Then a famity PX is called anideal of X if
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(i) oel,
(i) A,BelimpliesAUBe | and
(i) Ael,BcC AimpliesBel.

Definition 3. Let X be a non-empty set. Then a filt&ron X is said to beon-trivial if .# # {X}.
Definition 4. Let X be a non-empty set. Then an ideal | of X is said tadretrivial if | # {0} and X¢ I.

Note(i) # = Z (1) = {AC X: X\ Ae |} is afilter onX, called thefilter associated with the ideall.

(i) I =1(F)={ACX:X\Ac Z#}isanideal oiX, called theideal associated with the filter.7.

(i) A non-trivial ideall of X is calledadmissibleif | contains all the singleton subsets Xf Several examples of
non-trivial admissible ideals have been considered in [9].

We give a brief discussion dn-convergence of filters and nets in a topological space as diyd6], [7]. Throughout
this paperX = (X, 1) will stand for a topological space amhe= | (%) will be the ideal associated with the filtéf on X.

Definition 5. A filter .# on X is said to be4convergentto x € X if for each nbd U of x, {y € X:y¢ U} € 1. In this
case, ¥ is called an Flimit of .% and is written as F lim.% = xg.

Notation In case more than one filters is involved, we use the notdtioh) to denote the ideal associated with the
corresponding filterz .

Lemma 1.Let.# and¥ be two filters on XThen% C ¢ if and only if I(#) C 1(9).

Proposition 1.Let.Z be a filter on X such that+ lim % = xg. Then every filtetZ’ on X finer than# also |-converges
to xo, where I=1(%).

Proposition 2. Let .# be a filter on X such that + lim.# = xg. Then every filter#’ on X coarser thanZ also
| —converges tox where |= | (7).

Proposition 3. Let .# be a filter on X and4 be any other filter on X finer thai#. Then (%) — lim¥ = xp implies
(&) —1lim¥ = Xxo.

Proposition 4. Let 11 and 12 be two topologies on X such that is coarser thant,. Let % be a filter on X such that
| —lim.% =xgW.r.t 1. Then I-Ilim.% = xg w.rt 17.

Lemma 2.Let.# ={¥ : ¥ is a filter on X}. ThenZ = Ny ¥ if and only if I(.F) = Ngc 41 (¥).

Proposition 5.Let.# be a collection of all those filter¥ on a space X which(#)—converges to the same poitx X.
Then the intersectio® of all the filters in.# | (.%)—converges tox

Theorem 1.A filter % on X |—converges toxe X if and only if every derived nét of .# converges tox
Theorem 2.A filter % on X |I—converges toxe X if and only if.# converges tox

Definition 6. Let | be a non-trivial ideal of subsets of XetA : 2 — X be a netin XwhereZ is a directed set. Theh
is said to be }-convergentto x in X if for each nbd U of ¢ {A(c) e X: A(c)¢ U} e€l.

Theorem 3. A filter # on X I—converges to x€ X if and only if every derived néet of . | —converges to x where
I =1(%).

Lemma 3.Afilter.# on X converges topin X if and only if every derived ndtof.# | —converges tog where I=1(%).
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Theorem 4.LetA : 2 — X be anetin X and” be a derived filter oA. ThenA | —converges toxin X if and only if the
derived filter.# | —converges tog where |= | (%).

We now recall some of the results discussed in our phpeluster points of filters [8].

Definition 7. A point % € X is called an Fcluster point of a filter % on X if for each nbd U ofx {ye X:yeU} ¢ 1.
In other words, ¥ € X is called an Fcluster point of# if U ¢ |, for each nbd U of x

Equivalently, ¥ is an I—cluster point ofZ if for each nbd U of 5, {V € 2(X):U CcV} ¢ I.

Notation Let|(C4) andl (L &) respectively denotes the set of lcluster points and the set of &l-limits of a filter .7
onX.

Theorem 5.With usual notations,(L#) C | (C#). But not conversely.

Theorem 6.Let.Z be a filter on X If xg is an |—cluster point of#, then for each nbd U ofpx {V € 2(X) :UNV #

071

Proposition 6.Let.Z be a filter on a non-discrete space Xhen.Z has x as an (% )—cluster point if and only if there
is afilter® on X finer than# such that (¢) —lim¥ = xo.

Proposition 7. Let .# be a filter on X and? be a filter on X finer than”. Then.# has % as an (¥)—cluster point if
andonly if (¢) — lim¥ = xo.

Proposition 8. Let.# be a filter on X such tha# has % € X as an kcluster point. Then every filte#’ finer than.#
also has ¥ as an I-cluster point, where & 1 (.%).

Proposition 9.Let.# be a filter on X such tha# has x € X as an kcluster point. Then every filte#’ coarser thanZ
also has ¥ as an I-cluster point, where & 1 (.%).

RemarkLet.# be a filter onX and.#' be a filter onX finer than%. Thenl (%#)—cluster point of% = Xy need not imply
thatl (#’)—cluster point of%’ = xo.

Proposition 10.Let 11 and 1, be two topologies on X such thatis coarser tharr,. Let.# be a filter on X such thatyx
is an |I—cluster point of# w.r.t 7. Then ¥ is also an I-cluster point of# w.r.t T1. But not conversely.

Proposition 11.Let.# be a collection of all those filter¥ on a space X which have x X as an [¢)—cluster point.
Then the intersectio of all the filters in.# also has ¥ as an [.%)—cluster point.

Theorem 7.Let X be a Lindgf space such that every filter on X has arcluster point, where | is an admissible ideal
of X. Then X is compact.

Theorem 8.A topological space X is compact if and only if every filter ohaé an Icluster point.

2 Equivalence ofl —cluster points of filters and cluster points of nets

We have the following definition of cluster point of a net inpaseX as given by [24].

Definition 8. LetA : 2 — X be a netin XThen a point ¥ € X is called acluster point of A if A is frequently in each
nbd of %. By A frequently in each nbd ofhxwe mean that for each nbd U of and each &= 2, there is ¢ d in 2 for
which A (c) € U. Equivalently, ¥ is a cluster point of if each tail ofA is contained in U for each nbd U of &, where
Ng={A(c):c>din Z}is atail of the nefA in X. In other words, we can say tha is a cluster point ofA if AynU # 0,
for each nbd U of yand each tail\y of the nefA in X.
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Theorem 9.A netA : 2 — X has ¥ € X as a cluster point if and only ifpds an I—cluster point of the derived filter on
X, where |= [ (#).

Proof. Suppose is a cluster point of a net : 2 — X. Then for each nbt of xg and eachd € 2, thereisc>din &
such thatA(c) € U. That is, each tail ofA is contained inU. Let .# be the derived filter ofA. That is,
F ={F Cc X: some tail ofA is contained irF}. Since each tail oA is contained irJ, we find thatU € .%#, for each
nbdU of xg.

Thus %, C %, where%,, is the nbd filter aio. This implies that# is convergent to. Hence by Theorer, .7 is
| —convergent to. Also, by Theorenb, I(L#) C 1(C#), where the symbols have their ususal meanings. This proves
thatxg is anl —cluster point of%.

Conversely, suppos# is the derived filter of a nex : 2 — X such thatxg is anl —cluster point of%#. Then for each
nbdU of xp, U ¢ I.

We shall show thaxg is a cluster point ofA. For this, letU be a nbd ofxy. Then by the given conditio ¢ |. Now

U¢l=X\U¢.Z.SinceZ is a derived filter, for anyl € 2,/Ay ¢ X\ U. This means that\y U # 0, for every tail

Ng and every nbd of Xp. This shows thah is frequently in each nbd of. Hencexg is a cluster point of\ .

Theorem 10.A filter % on X has ¥ as an Icluster point if and only if every derived net.gf has » as a cluster point,
where 1= (%).

Proof. SupposeZ is a filter onX such thatxy is anl —cluster point of#. Let us index# with an index setZ so that
F ={Fs:s€ 2}. Let us give some direction t& so thatc > d in & if and only if Fc C Fy. Let A be a derived net of#
S0 obtained. We have to show thatis a cluster point of\ .

Sincexg is anl —cluster point of%, U ¢ I, for any nbdU of xo. This implies thaiX \ U ¢ .%, for any nbdU of xy. Since
F ={Fs:s€ 2}, X\U #£F, foranyse 2. Letd € 2. ThenX\U # Fy4. Also, A(d) € Fg. Now forc > d in 2,
Fe C Fg and soA (c),A(d) € Fy. Clearly,A(c),A(d) ¢ X\ U. Thus we conclude thaty ¢ X \ U, for every tailAq of A
and every nbdJ of xg. That is,A\q "U # O, for every tail/\q of A and every nbdJ of Xp. This shows thah is frequently
in each nbd oky. Hencexg is a cluster point oA\ .

Conversely, suppose every derived Aetdf .%# hasxg as a cluster point. We have to show thgis anl —cluster point of
% . For this, letU be a nbd of«. Sincexg is a cluster point ofA, for the nbdU of xg, Ay C U, Vd € 2. SinceA is a
derived net, there existg € #, for eachd € 2 such thatA (d) € Fy. Clearly,\yq € .%, for eachd € 2. Since% is a
filter on X, we must havé&J € .# (% is closed under superset).

Now, U € .#, for each nbdJ of xo implies %, C .#, where%4, is the nbd filter ai. Therefore,# converges txo.
From Theoren®, % | —converges tog. Also, by Theoren®, | (L) C 1(C4). This proves thakg is anl —cluster point
of #.

We recall [24] that a filter# on a topological spack clustersat xp(or, hasxg as acluster point) if eachF € .# meets
eachU € %,. Equivalently,# hasxg as a cluster point if and only iy € N{F : F € .7 }.

Theorem 11.A filter % on X has ¥ as an Icluster point if and only if it hasgas a cluster point.

Proof. It follows from TheorenilOand the fact that a filte## on X hasxp as a cluster point if and only if every derived
net inX hasxg as a cluster point.
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3 Equivalence ofl —cluster points of filters and nets

We first define thé—cluster points of nets iX.

Definition 9. Let | be a non-trivial ideal of subsets of XetA : 2 — X be a netin XwhereZ is a directed set. Then a
point % € X is said to be an+-cluster point of the nefA if for eachnbd U of g, {A(c) e X:A(c)eU} &1.

Theorem 12.A filter % on X has ¥ as an Icluster point if and only if every derived nktof .# has % as an I-cluster
point, where I= | (#).

Proof. = Suppose a filter# on X has X as an |—cluster point. Then for each nbdJ of X,
Ve Z(X):UNV #£0}Z1---(x).

Let us index% with an index set? so that# = {Fs: s€ Z}. Let us give some direction t&@ such that >d in Z if
and only ifF; C Fy. Let A : 2 — X be the derived net of* so obtained. This means thats) € Fs, for s€ 2. We have
to show thatxy is anl —cluster point ofA.

For this, letU be a nbd ofxy. We claim that{A(c) € X : A(c) e U} ¢ |. So, letA(c) € X such thatA (c) € U. Now
A(c)eU = {A(c)} cU andso{A(c)}NU # 0. By (), {A(c)} ¢ |. Thereforexg is anl —cluster point of.

Conversely, suppos# is a filter onX such that every derived natof .# hasxg as anl —cluster point. Then for each
nbdU of xp, {A(c) e X:A(c) eU} &1 (xx).

We have to show thaty is anl—cluster point of%. For this, letU be a nbd ofxy. We claim thatU ¢ |. Suppose the
contraryU € |. From the given conditiofi«x), A(c) € U = {A(c)} ¢ |. Since.# is a derived filterA (c) € Fc, where
Fce #. ThusA(c) eUNk. = {A(c)} cUNF.. Now,UNF. CcU,U €l andl is an ideal implies thdt) NF; € | and so
{A(c)} €1, a contradiction. Thus our supposition is wrong. Hetdcg |. This proves thakg is anl —cluster point of#.

Theorem 13.LetA : 2 — X be anetin X and” be the derived filter ok . Then ¥ is an I—cluster point ofA if and only
if the derived filter# of A has % as an I-cluster point, where & | (7).

Proof. Suppose o is an |—cluster point of a netA : 2 — X. Then for each nbdU of xo,
{Ac)eX:A(c)eU} &l---(x).

Let.Z be the derived filter oh. Then.# = {F C X: some tail ofAis contained irF}. We have to show thag is
an | —cluster point of.%. For this, letU be a nbd ofxy. We claim thatU ¢ |I. Suppose the contraty € I. Then
X\U € .Z. Since.Z is a derived filter, there existsc 2 such that\qy C X\ U, whereAq = {A(c):c>din 2} is the
tail of A. This means thdt) NAq = 0. SinceAg = {A(c) : c > din &}, ther is somé& < d in & such thatA (t) € U but
A(t) ¢ Ag. Now A(t) eU = {A(t)} CU. Also,U €1 andl is an ideal implies thafA (t)} € |, which contradictgx).
Thereforexg is anl —cluster point of#.

Conversely, supposke: ¥ — X is a net inX and.Z be the derived filter oA such that# hasxg as anl —cluster point.
Then for each nbdl of X, {V € Z(X) :UNV £0} L | --- (xx).

We have to show thatyy is an I—cluster point of A. For this, letU be a nbd ofxy. We claim that
{A(c) e X:A(c) eU} ¢1. So let A(c) € X such thatA(c) € U. Now A(c) € U = {A(c)} C U. Therefore,
{A(c)} NU #£ 0 and so by(xx), {A(c)} ¢ |. Thereforexg is anl —cluster point ofA.
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