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Abstract: The main purpose of this paper is to define the complete litt pfojectable tensor field of type (1,2) to semi-cotangent
bundle t*M. Using projectable geometric objects on M, wereie lifting problem of projectable tensor field of type (Li2 the
semi-cotangent bundle. We also present the good square gethi-cotangent bundle t*M.
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1 Introduction

Let My, be a differentiable manifold of clags® and finite dimension, and let(My, 1@, Bm) be a differentiable bundle over
Bm. We use the notatiofx') = (x,x%), where the indices j, ... run from 1 ton, the indicesa, b, ... from 1 ton—mand
the indicesa, B3,... fromn—m+1ton, x9 are coordinates iBn, x? are fibre coordinates of the bundle

Let now (T*(Bm), TT,Bm) be a cotangent bundlé][over base spacBp,, and letM, be differentiable bundle determined
by a natural projection (submersiom) : M, — Bm. The semi-cotangent bundle (pull-bac,[[3], [4], [5], [6]) of the
cotangent bundI€T*(By), 77, Bm) is the bundlgt*(Bm), 76, My,) over differentiable bundI#,, with a total space

' (Bm) = { (04, X) X) € Mo x Ty (Bm) £ 780 %) = 71 (X757 ) = (%) } © Mo x Ty (Br)

and with the projection map 7 : t*(By) — M, defined by m(@x%,x7) = (@ x9), where
TS (Bm) (x=m (X),X= (x3,x%) € Myn) is the cotangent space at a point of By, where x7 = pq
(E,E, w=n+1 .., Zn) are fibre coordinates of the cotangent buricéBy,).

Where the pull-back (Pontryagi]) bundlet*(By,) of the differentiable bundI#, also has the natural bundle structure
over By, its bundle projectiont : t*(Bp) — Bm being defined byt : (x3,x%,x%) — (x%), and hencat = 1 o 76. Thus
(t*(Bm),mm o 7®) is the composite bundled], p.9] or step-like bundled]. Consequently, we notice the semi-cotangent
bundle ¢*(Bm), ™) is a pull-back bundle of the cotangent bundle dBgiby 5 [6].

If (d") = (& ,x@") is another local adapted coordinates in differentiabledteid,,, then we have

x@ =@ (x0 xP),
{ X0 =x" (xF). @
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a pd
0 A[g

To a transformationl( of local coordinates d¥,, there corresponds ah(By,) the change of coordinate

The Jacobian ofl) has components

#)=(5)

a
whereA? = ’;ﬁ),Ag ‘;’)‘;,A" = ‘;’)‘(,3 [6].

X = X3 (30 xB),

X =x7 (), @)
—/ a ﬁ

X — gxa’ XB

The Jacobian of coordinate system transformat®s(

/ /

a a
- A A0
A=(A)=| 0 A 0| ®)
B’ B
0 PoAg Ay Ag
— =y ‘;2 o
wherel = (a,a,@),J = (b,8,B),1,J,.... =1,....2n; Ag,a, = B,X — [6].

Now, consider a diagram as

A good square of vector bundles is a diagram as above vegifyin

(i) o andp are fibre bundles, but not necessarily vector bundles;
(i) yandrmare vector bundles;
(i) the square is commutative, i.eToa = BoYV;,
(iv) the local expression

AL BU'XRxG xR - U"xG® (x,a%g",b%) — (X,g")

a1 1P 1 A 4 +

C —>D U'x R - un x,a = (X)
s

whereG is a manifold and superindices denote the dimension of théfoids [11].

By means of above definition, we have

Theorem 1Let nowrt: t*(By) — Bn be a semi-cotangent bundle arg: M, — B be a fibre bundle. Then, the following
is a good square:
t*(Bm) -3 My M x T (Bm) 3 My (0@,x%,x%) 38 (@ x@)
id \L \Lnl id \L ~Ln1 id \L ~Ln1
t*(Bm) ? Bm Mn x Ty (Bm) ? Bm (x®,x%,x%) ? (x7)

In this study, we continue to study the complete lifts of patable tensor field of type (1,2) to semi-cotangent
(pull-back) bundlgt*(Bm), m®) initiated by F. Yildirim and A. Salimové].

We denote by]é’(Mn) the set of all tensor fields of clag€s® and of type(p,q) on My, i.e., contravariant degrgeand
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covariant degreg. We now put(Mn) = ¥ 54 08 (Mn), which is the set of all tensor fields dm,. Smilarly, we denote
by Dg(Bm) andO(Bn) respectively the corresponding sets of tensor fields in #se lspac8n.

Let w be a X-form with local componentsy, on By, so thatw is a 1-form with local expressiomw = wadx?. On
putting [6]
0
w=1]0 , 4)
Wy

W

we have a vector field’w ont*(Bn). In fact, from @) we easily see thatVw)' = A(Vw). We call the vector field"w
the vertical lift of the T-form w to t*(Bp).

Let X € O3(My) be a projectable vector field ] with projectionX = X(x¥)dy i.e. X = X2(3& x¥)da + X% (x%)g.
Now, consideiX € O3(Mn), then®X (complete lift) has components on the semi-cotangent kB, [6]
Xa
cex — (ccf(a) — | xa (5)
—Pe(9aX?)

with respect to the coordinatés®, x  x7).

2 y—operators

For anyF € 0}(By), if we take account of3), we can prove thatyF )’ = A_\(yF), whereyF is a vector field defined by
(6]:

yF=(FH)=1|0 (6)
Pgs Fy
with respect to the coordinatée®, x¥, x7) ont*(Bp).
For anyR € 0(Bn), if we take account ofd), we can prove thatR/ K = AS'Al A} yR S, whereyR has componen®§

such that -
Rapy = PeRagy, )

all the others being zero, with respect to the induced coatds ort*(By). WhereRaﬁé are local components & on
Bmandalsd = (a,a,@),J = (b,3,8),K = (c,y,y).

Theorem 2.1f X andY be a projectable vector fields on,Mith projection X 03(Bm) and Y € U3(Bm). We have

() (YRI(CK,Y) = y(RX,Y)),
(i) (VR)(™ew,"'6) =0,

(i) (YR)("Ve,%Y) =0,

(V) (YR)(“w.yG) =0,

v) (YR, yG) =0,

(V) (YR(YF.yG) =0

foranyw, 8 € 09(Bm), F,G € 0}(Bm) and Re 03(Bm).
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Proof. (i) If Re 03(Bm), X andY be a projectable vector fields &fy, with projectionX,Y e 03 (Bm) and

[(YR) (K oY)
[(YR) (K Y)Y
[(VR) (K V)7

are components dfyR)(°°X,°¢Y)]K with respect to the coordinaté’, x¥, x) ont*(Bp), then fork = c, we have

[(VR)(cc)z’ccv)]c _ (ﬁag)ccf(accvﬁ -0
0

because off) and (7). ForK =y, we have

(YRR TN = (Rah) “KeFP =0
0

because off) and (7). ForK =y, we have

[(R(“X Y)Y = (Rafy) X9 YE = PeRaghXIYP = P(R(X,Y))}
Xa yB

because off) and (7). It is well known thaty(R(X,Y)) have components

P(R(X,Y))y

with respect to the coordinatée, x¥,x¥) ont* (Bp). Thus, we havéyR) (°°X,°°Y) = y(R(X,Y)). Similarly, we can easily
compute another equations of Theorgm

3 Complete lift of a tensor field of type (1,2) to semi-cotangd bundle

Let S 03(My) be a projectable tensor field of tygé, 2) with projectionS = S (% x*) 6 ® dx @ dx, i.e. S has
componets such that

“Sp =S5
with respect to the coordinates &fy. Wherei = (a,a), j = (b,8), k= (c,y).

If we take account of3), we can prove thtS/K = AS'Al, A}, S, where®Shas componen$S'§ such that

“Sap = Sap
S -
CSuy = —Pe(0aS,+ Op S+ 0, p) | 8)
S = Sy
;-5

all the others being zero, with respect to the induced coatds ort*(Bp,). WhereSJK are local components &on My
and alsd = (a,a,@),J = (b,3,8),K = (c,V,y).

(© 2017 BISKA Bilisim Technology
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Proof. For convenience sake we only consi&"éa,v,. In fact,
ccxY _AVpAT pABccE Y _aV¥ a0’ pBca _cad
%/B/ - AFVAE/AB/ S(TB - AVJAQ AB/SVB — Sy/B/-

Thus, we havé"%% = Syg. Si_milarly, from @) and @), we can easily find all other components%fﬁ",‘ equal to zero,
wherel = (a,a,a@),J = (b,3,8), K = (c,v,y).

Theorem 3.LetSe [5(My) be a projectable tensor field of tyi§e, 2). If X,Y € 05(My), @, 8 € 09(Bm), F,G € U} (Bm)
then

(i) cc§(vvw, wE) =0,
(i) S, yG) =0,
(iii) ccgww,ch) = WwoS),
(V) “°S(yF.yG) =0,
(v) “SYFV) = —y(F o Sy),
(Vi) S(EXY) = (S(X,Y)) = V((LxS)y = (LyS)x +Sx.v))s

where Lk S denotes the Lie derivative of S with respect to X.

Proof. (i) If ,0 € 09(Bm) andSis projectable tensor field of tydd, 2) on My with projectionS € 03(Bm) and

(ccg(ww, WQ)) ¢
(ccg(ww, vve))f
(ccg(ww, vve)) Y

- K -
are components (ﬁCCS("Vw, "Ve)) with respect to the coordinatés®, x¥,x¥) ont*(By,), then we have

~ K ~ ~ — = ~
(CCS(WQJ, WQ)) _cc S !J(wwlweJ _cc Sﬁ%wwaweﬁ _cc S(T%(’Ja GB'
Firstly, if K = ¢, we have
~ c ~
(CCS(WQJ, WG)) _ ccsa%waeﬁ —0
——
0
by virtue of @) and @). Secondly, ifK = y, we have
(ccg(vvm7 WQ)) Y _ ccgﬁ%wa QB -0
0

by virtue of @) and @). Thirdly, if J = 8, then we have

(ccg(vvm7 WQ)) Y _ ccéﬁ%wa QB -0
0

by virtue of @) and @). Thus(i) of TheorenB is proved.
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(i) If Ge O}(Bm) andSis projectable tensor field of ty@, 2) on M, with projectionS e O3(Bm) and
(=506
(<5045’
(505"

~ K _
are components cﬁ‘CCS(""w, yG)) with respect to the coordinatés®, x¥,x¥) ont*(Bp), then we have

ccw K cc@Kw,  ~d _cc& Kw, @ B _cca K £
( S w,yG)) =*STVw'yG’ = Saﬁ wyGF = SgﬁwangB.
Firstly, if K = ¢, we have

~ C ~
(8w, 18)) =S wupeGh =0
N——
0
by virtue of @), (6) and ). Secondly, ik = y, we have
cCywW Y _ccxy £
( X w,vG)) =""Sgp WaPsCp =0
N——

0

by virtue of @), (6) and @). Thirdly, if J = 8, then we have

(5w, 8)) = S wa PGy = 0
0

by virtue of @), (6) and @). Thus(ii) of Theoren® is proved.
(iii) If Y e O§(My) andSis projectable tensor field of typd, 2) on My with projectionS e 03(Bm) and

(ccg(vvwfc?)) ¢
(ccg(wwfc?))i/
(ccg(vvwfc?)) 4

. ~\K -
are components cﬁ‘CCS(Ww,CCY)) with respect to the coordinatés’, x¥,x¥) ont*(Bm), then we have
~ ~\K ~ N\ J ~ _ s _A\b ~ _ s A\B ~ _ s, A\B
(CCS(WOJ,CCY)) _cCc SLI]( (ww)l (cw) _cc Sng (ww)a (cw) _’_CCS‘TE (ww)a (ch) +CCS¢T% (ww)a (ch) )
Firstly, if K = ¢, we have

(ccg(vvmvcc?» ¢ _ fSOEE(Ww)ﬁ (CCV) b Jrié;_ce(ww)ﬁ (C""?) g Jrisofe(ww)ﬁ (CCV) g =0

(© 2017 BISKA Bilisim Technology
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by virtue of @), (5) and @). Secondly, ifK = y, we have

S
VN
(@]
By
N—
o)
_|_
3
7
<
S
S
S
/
O
<
N—
=l
Il
(@)

(ccg(ww,cc?)) y _ f?g(vvw)a (cc?) b +i~?j§/(ww) O

by virtue of @), (5) and @). Thirdly, if K =y, then we have

S
/
(o]
2
N———
|

(ccg(vvwfc?))v _ ifﬁg(ww)a (CW’V) b + S/;Sf__séa (ww)ﬁ (ccq) B +i~if_£(vvw)
=By

= Sy wnYP = —SfwnYP = —(wosy)y

by virtue of @), (5) and @). On the other hand, we know th&fw o S;) have components

with respect to the coordinatés, x, x¥) ont*(Bp). Thus, we hav&S(Ww,®Y) = —W(wo ).

(iv) If F,Ge 0}Bn) andSis projectable tensor field of tyd, 2) on M, with projectionS e O3(Bm) and
(*SyF.vG))”
(<sF.ve)”
(<sF.ve))"

~ K _
are components c(fc"S(yF, yG)) with respect to the coordinatés®, x¥,x¥) ont*(Bp,), then we have

- K _ - _ = ~
(“SFve) = “SSVFYG = Salf (F)7 (vG)P =*° Sl (peFs) (eG ).

Firstly, if K = c, we have

(“SF.¥8) ) =& (peFS) (peG) =0

~——
0

by virtue of @) and @). Secondly, ifK = y, we have

(<8F.v8)) " = &% (peFE) (peGl) =0

——
0

by virtue of 6) and @). Thirdly, if J = 8, then we have
g V_ceg _
(SR, v8)) " = Se (peFe) (PeG ) = O

——
0
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by virtue of 6) and @). Thus(iv) of Theorem3 is proved.

(v) If Y € O5(My) andSis projectable tensor field of tyg@, 2) on M, with projectionSe [3(Bp) and
C)
CEk
(s’

- ~\K -
are components (ﬁCCS(yF,C"Y)) with respect to the coordinatés®, x¥,x¥) ont*(By,), then we have

(ccg(yF,cc?)) K —ccgK (VF)I (cc?)‘] _cc §c7§ (yF)® (ccv) b Jrccgag (yF) (cc?)ﬁ Jrcc~%% (yF) (ccv)ﬁ
Firstly, if K = ¢, we have

(ccg(yﬁcc?))c :ifzg(y':)ﬁ (cc?)b_i_isof-(é(y’:)ﬁ (cc?)ﬁ +i~?é(y':)ﬁ (cc?)ﬁ -0

by virtue of ©), (6) and 8). Secondly, ik = y, we have

B
0 0

~ ~ ~ T ecc\ P cox T (ecc\ B ~ T e\ B
(CCS(VF,CCY))V _ ccSm)J/(VF)a (ch) —|—CCS§E (VF)G (ch) _’_CCSHZ(VF)O! (ch) —0
% — -~
by virtue of 6), (6) and @). Thirdly, if K =y, then we have
~ ~0\Y ~ v T ecc\ P ~ v T (ecc\ B ~ 7 N
(CCS(VF,CCY))V _ C"Sag(yF)“ (ccy) + ccsag (VF)G (ch) +ccsﬁ%(yF)a (ch)
= —~ -~
S8=—%F g
— S PeFEYP = —p: (SYFEYP) = —pe(F oS0}
by virtue of ), (6) and @). On the other hand, we know thg{F o Sy) have components

0
y(FoS)=|0
pe(FOS{)i

with respect to the coordinatés®, x¥, x¥) ont*(Bm). Thus, we hav&S(yF.°Y) = —y(F o Sy).

) n )
(vi) If X,Y € O5(Mn) andSis projectable tensor field of tygd, 2) on M, with projectionS € [05(Brm) and

Cc

(ccg(cci,cc?))
(ccg(cci,cc?))
(ccg(cci,cc?))

<

Y

(© 2017 BISKA Bilisim Technology
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~ - K -
are components (ﬁCCS(CCX,CCY)) with respect to the coordinatés®, x¥,x¥) ont*(By,), then we have

(ccg(cc)’(v,cc?))K _CcCc §§ (CCX)I (ccv)J _cc §O’E (cc)?)a (ccv)ﬁ +cc§a% (cc)’(v)a (ccv) CCS(TK (ccx) (ch)
Firstly, if K = ¢, we have
(ccg(cc)z,cc?))c :isf:é(cc)z)a (CW’V)B +i~sﬁ-%/(cc>~()a (cc?) isic/(ccx) (ch)
Sug Xa YB 0 0

= SuiXIYP = (§(X,Y))°

by virtue of ) and @). Secondly, ifK = y, we have

Seea ceon )’ cea v (ce\? (oo ) P S ¥ (o v B
(CCS(CCX,CCY)) _%Sg_ﬁ/(c:z) (ciYﬁ) +i?_€(ccx) (ch) iif_/(ccx) (ch)
B

= SpXUYP = (S(X,Y))Y

by virtue of G) and @). Thirdly, if K =y, then we have

(s o2 (%) (7) s () (3) w5 ()" ()
= —Pe(0aSpl+ IpSy& + 0ySa§)XYP — peSah X 9pYE — peS/§ g XEYP
= —PedaSiXYP — pedpS e XIYP — pedy, Sy X YF — PeSay X9 IpYE — PeS/g0aXEYP
= — PadpSIXPYE — padeSAXPYE — pady ST XPYE — peSaf X ApYE + Pe Syl I XEYP

Al A2 A3 A4 A5

by virtue of &) and @). We know that®(S(X,Y))?, pa ((LxS)Y)g, —Pa ((LyS)x ) and pg (S[xy ) have respectively,
components ofi* (Bm)
CC(S(XaY))V = —Pady( gXBYE) = —Pa (OVS[;‘E’) XPye — Pa <0VXB) §Y&—pa (‘3VY£) SBgXB
(SOXY))Y = ~ P (0yS52) XPYE + pa (0,XP) SV~ pa (3,Y°) SIXP

(SXY)) = —Pa (3S8) XPY° + P (3X°) S5V — pa (9Y°) ¢X°
—/_/ %/_/

A3 26 A7
Pa (LxS)y)§ = PaXPIpS:aYE + PadeXPSpaVE + pady XPS.IYE — padpX SHYE,
Al A8 A6 A5
—Pa (LyS)x) = — PaYPOpSYXE — PadeYPS3 X — padyYPSIXE + padp YOS X,
A2 A9 A7 A4
Pa (Sxv))y = PaSpyf (X 0eYP —Y*0:XP) = paSpyX°0:YF — paSpyY©0eXP
A9 A8

(© 2017 BISKA Bilisim Technology
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with respect to the coordinatég, x¥, x¥). Where the same equations are denotedhyA?2, ..., A9. On the other hand, we
know that®® (S(X,Y)) andy((LxS)y — (LyS)x + Sx y)) have respectively, components

(S(X,Y))*
CSX,Y)) = | (SX, Y)Y ;
—Pedy (S(X,Y))*
0
y(LxS)y — (LyS)x +Sxy) = | O
Pa ((LxS)y — (LyS)x +Sx.x))¥

with respect to the coordinaté®, x¥,x¥) ont*(Bp). Thus, we have

CC5(°CX Y = (S(X,Y)) — V((LxS)y — (LyS)x + Sxy))

by the necessary simplifications made in equalities.
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