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Abstract: In this paper, we discuss a scale of necessary and sufficieitons for the local boundedness and boundedness of
superposition operatoPy : Cro (p) — £ (), wherep = (pys) andq = (dks) are bounded double sequences of positive numbers.
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1 Introduction

Throughout this papeN andR denote the set of positive integers and real numbers, ridgplgcA real double sequence
is a function acting fronN? = N x N into R and briefly denoted byx,s). Let Q denotes the space of all real double
sequences with coordinatewise addition and scalar michifibn. Letx = (xs) € Q be any sequence. If, for evegy> 0,
there exist$); € N such thaixs— 1| < € for all k,s > ng, then real double sequenke- (Xs) is said to be converging to
| € R in Pringsheim’s sensand denoted bp — limxs = |. Let the double sequenge= (xxs) converges in Pringsheim’s
sense and the iterated Iimitﬁ 3 and IismxkS exist. Then the double sequence- (i) is calledregularly convergent
and denoted by — lim xys. By C;, we denote the space of all regularly convergent double sex@se The Maddox space
Cio(p) is defined by

Cro(P) = {X= (%ks) € Q1 —lim [xcs| ™ = 0}

wherep = (pks) is @ bounded sequence of positive numbers. Als@, ) : Cro(p) — R is defined as

(1] = | |"‘)/Iks
X = SUp [Xks| "1 ,
Cro(p) kseN S|

n m
whereM; = max{ 1, sup pks}. The convergence of the partial sums sequéBgg) ,wheresim= 5 3 Xs (N, MeN)
k,seN k=1s=1

implies that the double serieg 3 XysiS convergent. By, we denote convergence notions, i.e., in Pringsheim’s semse
k=1s=1
regularly convergent. If the partial sums sequefsg) is convergent to a real numbein v-sense, i.e.

m
leks =5,
1s=
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then the serlesz Z Xgs is calledv—convergent and it's denoted by
=1s=1

z Xks = S.

k,s=1

If the serlesz Z Xks IS V—convergent, then the-limit of (xks) equals to zero. The remaining term of the serEsz Xks
1s=1 =1s=1
is defined by
n—1 oo o m—1
an* ZstJr Z ZXKSJF Z zxks 1)
—=1S=m k=ns=m
and briefly denoted by
Xks
max{k,s} >N

for n=m= N. It is known that if the serlesz Z Xks IS V—convergent, then the—limit of the remaining term
k=1s=1
Xis IS zero.
max{k,s} >N

The double sequence spagg is defined as follows
L= {X (Xs) € Q- Z Xes P < °°}
k,s=1

and this space is a Banach space with the norm

o ’
Xl = ( S |xks|p> ,
k,s=1

for 1 < p < «. The Maddox spac&’ (q) of double sequences is defined as

k,s=1

Z(q) = {X—(xks)eﬂ Z|Xk|%<°°}

whereq = (ks) is & bounded sequence of positive numbers. Alg0y, ) : -2 (d) — R is defined by

® s
Xz = > Xsl™,
k,s=1

whereM, = max{ 1, suqus}. For more details sed],[2],[3],[ 7],[9],[12],[19].
k,seN

Let X, Y be two double sequence spaces. A superposition opdfatmn X is a mapping fronX into Q defined by

Py(x) = (9(k,s, xks))k&1 , whereg : N2 x R — R satisfies condition (1) in belowl) g(k,s,0) = 0 for all k,s € N.

If Py(x) €Y for all x € X, we say thaPy acts fromX into Y and writeP, : X — Y [13]. Also, we shall use some of the
following conditions:

(2) g(k,s,.) is continuous for alk,s € N;

(2) g(k,s,.) is bounded on every bounded subseRdbr all positive integer, s.
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One can easily see that if the functigrk,s,.) satisfies the propety?), theng satisfies(2’). Also, if the function
g(k,s,.) is locally bounded o, theng satisfieq2').

Boundedness of the superposition operators on some segisigaces was studied by Sama€],[Sagir and GungorlH]
and Chew 4], [5], [6], [8], [1Q], [11], [18]. Sagir and GlingorF] characterized the superposition operatysnCro (p)
as follows

Theorem 1. Letg: N2 xR — R satisfieg2'). Then B: Cio (p) — %1 if and only if there existr > 0 and(cks){:kl e
such that
lg(k,s,t)| < cks Wwhenevelt| < a

forallk,se N.

Theorem 2. Letg: N2 x R — R . Then B: C;o(p) — -Z (q) if and only if there exist N N anda > 0 such that

Yks
sup Ig(k,s,t)l'vkE < oo,

1
max{k,s}>N t|<a Pis

2 Conclusion

2.1 Superposition Operators ofgXp) into £1

Theorem 3. Let R : Co (p) — -%1. Then Ris locally bounded on G (p) if and only if g satisfie$2’).

Proof. Suppose thag satisfies2') and letz= (zs) € Cio (p). By Theorem 1, there exigtys) € .21 anda > 0 such that

lg(k,s,t)] < cks 2

whenevett| < a for all k,s € N with max{k,s} > N. Letx = (xxs) € Cro (p) satisfies the following relation;

o
g

S

o V1
2= Xlea(p < T

<

Thus, we have

=

ks o
SUP |Zs — Xis| M1 < 5 (3
k,seN

Sincer — lim zs = 0, there exist® € N such thaiz| P < %S,"l—s for all k,s € N with max{k,s} > N. Hence,

Py

FKs
Ps ot
Sup 2™ = ——. (4)
max{k,s} >N
Using the relations (3) and (4), we get
Pks Pks Pks Pks Pks
My My My My My
Xs| © < sup [Xks| < SUP|Zs—Xs 4+ Sup (& @ <a
max{k,s}>N k;seN max{k,s} >N

for all k,s € N with max{k,s} > N. From (1), we have that

|g(ka S, st)| S Cks
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for all k,s € N with max{k,s} > N. Therefore,

0

(Z 19 (K, S, %s)| < (Z Cks < Z Cis = || Cisll1 - (5)
max{k,s} >N max{k,s}>N k,s=1
Letms= sup |g(k s t)|. Sinceg satisfieg2), we have thamys < o for all k,;s€ N and so
‘tfzks‘ﬁ—ﬁl—
2Pks
19(K; S, Xks)| < Mks (6)

for eachk,s € N. By (5) and (6), we obtain

L) N—-1
[Pe®)[;= > laksxs)= Y lg(ksxs)+ 19(K, S, Xs)|
Ss=1 k,s=1 max{k,s} >N
N—-1 o N-1
< Z Mys+ Z Cks = Z m&s"'HCksHl'
k,s=1 k,s=1 k,s=1

Therefore,

IPs 0 =Py @]y < IR ], + [Pa D]

N—-1
<[P@ly+ ¥ mMest llcislls-
k,s=1

N—-1
Lety=||Py(2)||;+ ¥ Mks+ llcksll1, then||Py(x) — Py (2)||, < y. It means thaPy is locally bounded oo (p).
k,s=1

Conversely, leBy be locally bounded o€ (p). It is enough to show thatis locally bounded ofR. Lety = (yis) be as

Yks = {

for allk,s € N anda € R. Thusy = (yks) € Cro(p). By the hypothesis, there exists 3 > 0 such that

, k=nands=m
+1, others

i~ Q

Py (0) —Py(y)||, <B @)

whenevet|x — Y|l ) < a. If we takex = (xs) such that

N = b, k=nands=m
S %+%, others

M
for all k,s N andb € R with [b— a| < a s, we havex = (xcs) € Cro(p). Thus, we get

P

3

S

E

Pks
[X=Yllgo(p) = SUP [Xks— Yks| ™+ = [b—a™ <a,
k,seN
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which means thatPy (x) — Py (y)|| < B by (7). Then, we obtain

|g(k,s,b)—g(k,s,a)| < Z |g(k,S,st) —9(k757Yks)| = HPQ(X)_Pg(y)H < B
k,s=1

Sinceb € R is arbitrary,g(k,s, .) is locally bounded ofR.

Theorem 4. Let Ry : Co(p) — %1. Then B is bounded on (g (p) if and only if for everyB > 0 there exists a sequence
c(B) = cks(B) € 21 such that

9(k;st)| < cs(B)
Pks
Wheneve|[t|W'kI < B forallk,se N.
Pys
Proof. Suppose that the condition holds. I&t> 0 andx = (Xs) € Cro(p) such that|x|ic ) < B. Then,|xks|M*k1 < B for

eachk, s € N. By hypothesis, there exists a sequea®) = cs(B) € %1 such thalg(k, s, xks)| < cks(B) for all k,se N.
Therefore, we get

IRX[= 5 loksxe) < T cs(B) = lc(B)ly-

k,s=1 k,s=1
Hence Py is bounded o1& (p).
Conversely, assume thig} is bounded oi€;q (p). Let 3 > 0 and let definé\ () andcys(3) as follows

Pis

A —{rer:n® <p},

and
Cs(B) =sup{lg(k,st)|:t e A(B)}

pks
for all k,s € N. Therefore, we havggy(k,s,t)| < cks(3) whenevett| "< B. Sinceg SatISerS(Z') we get 0< cks(fB) < oo

for all k,s € N. Hence, for eacls > 0, there exists a sequence- (xks) € Cro () With Xy S < B such that
us(B) < 19K 5% + g ®)

for all k,s € N. By assumption, there exists(3) > 0 such that E la(k,s,Xs)| < a(B). Then, by (2.7) we find
k,s=1

icks( Z 19 (K, s, Xs)| + Z

k,s=1 k,s=1 k,s=1
Hence, we obtain(@) = cks(B) € Z1. The proof is completed.

Example 1. Letg: N? x R — R satisfies

Pks
forallk,se N and for allt € R. Sinceg satisfie2'), Py is locally bounded o (p) by Theorem 3. Let takﬂ|“"7k1 <B
andcs(B) = 4k+s for all k,s € N. Then, the condition in Theorem 4 holds and so the supeiposiperatoPy is bounded

onCro(p).
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2.2 Superposition Operators of& p) into . (q)

Theorem 5. Let R : Co (p) — -Z (q). Then Ris locally bounded on (G (p) if and only if g satisfie$2').

Proof. Let g satisfieg2') and letz= (zs) € Cro (p). By Theorem 2, there exi$t € N anda > 0 such that

s
sup |g(k,s,t)|M2 < oco. 9)
max{k,s}szSo’l%kS
WIL
Letx = (Xks) € Cro(p) such that|z— X||c o < %= . Then, we have
T ZW
1
oM
SUP [Zks — Xk " < bs - (10)
k,seN 2M
Sincer — lim zs = 0, there exist®N € N such thatz.|™ < 5 for all k,s € N with max{k,s} > N. Hence,
1
a Pks
sup |ze < = (11)
max{k,s}>N
Using the relations (9) and (10), we get
1
Xl < SUP  [Xs| < SUP[Zs—Xks| +  SUP |2 < 0Pk
max{k,s}>N k,seN max{k,s} >N
for all k;s € N with max{k,s} > N. By (8), we have
s G
; |9 (K, X¢s)| M2 < ; sup [g(k,st)[M2 < oo (12)
max{k,s}>N max ks}zNMSO{pikS
for all k;s € N with max{k,s} > N. Letms=  sup |g(ks, t)| . Sinceg satisfies(2'), we can easily see that
1
‘tfks‘ﬁw)%
mys < o for all k,s € N. Hence, we have .
ks
|g(k7 S7 XkS)| M2 S m<s (13)
for eachk,s € N. By (12) and (13), we obtain
oo W"(_ N-—-1 %'k_s
||P9(X)||g(q) = Z 19 (K, S, %s)| ™2 = Z g (K, s, Xcs | 3 + 19 (K, S, Xks)| M2
ks=1 ks=1 ax{k;s}>N
N-1 s
< Z Mys+ sup |g(k,s,t)|M2 < oco.
k,s=1 max k,s}szSa,%kS
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Yks
LetA= Z M+ 5 sup |g(k,s,t)|'75(5 < 0. Then, we get

k,s=1 max{k,s} >N
{ksp= lt|<a Pks

IPs ) =Py @ 2y < [IPe M| ) + IR D)]| g

< HPg(z)||$<q) +A.

Lety=||Py(z +A, then we have{Py (x) — Py(2)|| ) < V. HencePyis locally bounded oo (p).

)l 2@

Conversely, assume thg is locally bounded oo (p). To complete the proof, it is sufficient thaiis locally bounded
onR. Lety = (yks) be as follows
Yks = {

forall k,se Nanda € R. Then, itis clear thag = (yks) € Cio (p). By the hypothesis, there exists 3 > 0 such that

k=nands=m
+1, others

2

= Q

Hpg (X) - Pg (y)Hg(q) < Bi (14)

whenevet|x—Y|ic ) < 0. Letx= (xs) be as follows

)b, k=nands=m
Y = %Jr%, others

M
for all k,se N andb € R with [b—a| < a P, Thusx = (%s) € Cro(p). Hence, we get

e e
X = Yll.o(p) = SUP [¥ks— Yie ™2 = [o—a[™ < a
k,seN

Therefore, by (3.6) we geiPy (x) — Py (y)Hg(q) < B . Then, we obtain

i i
lg(ks,b) — g(k,s,a)| e < Ig(k,s,xks) — gk S Yie)| ™2

k,s=

TM8

Sinceb € R is arbitrary,g (k,s,.) is locally bounded ofR.

Theorem 6. Let Ry : Co (p) — £ (). Then Bis bounded on & (p) if and only if for every3 > 0 there exists a sequence
c(B) =cs(B) €L
9k st < ce(B),

Ps
whenevett| NE < B forallk,se N.

Pks
Proof. Assume that the condition holds. Lgt> 0 and letx = (xs) € Cro (p) such that|x(|¢, ) < B- Then,|ka|W'kI <pB

Yks
for eachk,s € N. By hypothesis, there exists a sequentB) = cs(f) € %1 such thatg(k,s, st)|w‘|‘§ < cs(B) for all
k,s e N. Therefore, we have

* s

Fa0ll g = 3 I96s%0l™ < 3 celB)=lo(B)ll
57

k,s=1
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which implies tha®y is bounded o1 (p).

Conversely, assume thgj is bounded o€, (p) . Let 8 > 0. Let defineA(B) andcys(B) as follows;

A(B):{teR: |t|%'kf gﬁ}

and
s
M2

cks<ﬁ>sup{|g<k,s,t>| :teA<B>}

s Pks
for all k,s € N. Therefore, we gelg (k, s,t)|“Tk2 < cs(B) Wheneve|1t|TVE < B. Sinceg satisfies(2'), it is easy seen that
0 < cs(B) < o for all k,s € N. Hence, for eacls > 0, there exists a sequence= (xs) € Cro (p) with |xk$|“"*k1S < B such

that

G4 g
CkS(B) < |g(ka S, Xk5)| Ve + 2k+s (15)

o 9
for all k,s € N. By assumption, there exists(8) > 0 such that |g(k,axks)|w'k§ < a(B). Then, we have
k,s=1

&
ok+s

S clB)< 3 lolksxolE+ Y

k,s=1 k,s=1 k,s=1

<a(B)+e.

Hence, we obtain(@) = cks(B) € 4. This completes the proof.

Example 2. Letg: N? x R — R be as follows
Mp
|t|pks Tis
g(k7 S7t) = (2k+S

Py
for all k,s € N and for allt € R. Sinceg satisfieg2'), Py is locally bounded oo (p) by Theorem 5. Let takg| w <p
andcgs(B) = fk—“ils for allk,se N. Then, the condition in Theorem 6 holds. Hence, the supéipoesperato, is bounded
onCro(p).
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