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Abstract: A central issue in the analysis of complex networks is thesssent of their stability and vulnerability. A variety of
measures have been proposed in the literature to quanéfgtétbility of networks and a number of graph-theoretic patars have
been used to derive formulas for calculating network rdiigbDifferent measures for graph vulnerability have haetroduced so far
to study different aspects of the graph behavior after reof/vertices or links such as connectivity, toughnessttedag number,
binding number, residual closeness and integrity. In thjsap, we consider betweenness centrality of a graph. Batvess centrality
of a vertex of a graph is portion of the shortest paths allspaiivertices passing through a given vertex. In this papembtain exact
values for betweenness centrality for some wheel relateghgrnamely gear, helm, sunflower and friendship graphs.

Keywords: Network vulnerability, Network design and communicati@tability, Betweenness centrality of a graph, Gear graph,
Helm graph, Sunflower graph and Friendship graph.

1 Introduction

Vulnerability is an important concept in network analydite vulnerability of a communication network is defined as
the measurement of the global strength of its underlyinglgrahe design of a good communication network must take
into account notions such as reliability and vulnerahiltthen the network requirements are expressed in terms phgra
theoretical parameters, the problem of analysis and desfigretworks becomes finding a grag satisfying some
specified requirement.

Communication systems are often subjected to failures #adkas. A variety of measures have been proposed in the
literature to quantify the robustness of networks and a rermob graph-theoretic parameters have been used to derive
formulas for calculating network reliability. For instanaconnectivity of a graph is an important and the earliestsuee

of robustness of a networR]. However, the connectivity only partly reflects the alyilitf graphs to retain connectedness
after vertex or edge deletion. Other improved measures wéreduced and studied, such as toughness, scattering
number, integrity, residual closeness, tenacity e&3,4,8,9,15,16,17]. In this paper we study the concept of
betweenness centrality, introduced as a useful measum@pii gulnerability. The betweenness centrality can be ddfin

as the portion of shortest paths of a graph that pass throsgleated vertex. The index attracts the attention due to not
only the use in real network analysis but also its matheragpioperties 14].

The betweenness centrality of a graph measures the robastfienetwork under random vertex or edge removals.
Removing a vertex or an edge with large betweenness cdéptnadians that the communication between many vertex
pairs will be affected, since they will now be forced to exepe information through alternative, possibly longer path
Graphs that have large betweenness centralities areigensitandom removal of a set of vertices or edges. The vertex
or edge betweenness centrality of a graph does not yieldrdagmation about the centralities of different vertices or
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edges, that may have large variation among each other. Faories having the same betweenness centrality, large
variations between vertices or edges yield a sensitivitatgeted attacks, since removing the most central venticgs
significantly disrupt the functioning in network,[L3,14]. It is important that betweenness centrality of the netwisr
only dependent on its size indirectly, through the averaigadce of the graph. For a fixed order, the average
betweenness centrality of a network decreases by addingdges.

The remainder of this paper is structured as follows. IniBe@, definition and known results for betweenness cetyrali
are given. In section 3, 4, 5, 6 and 7, betweenness cergglii wheel, friendship, helm, gear and sunflower are,
respectively, determined and exact values are given. @sioel is addressed in Section 8.

2 Betweenness Centrality

In this paper, we consider simple finite undirected graphliiaa no self-loops and no more than one edge between any
two different vertices. Given a connected graph= (V,E), n and m denote the number of its vertices and edges,
respectively; folu,v € V, u # v, (u,v) denotes an ordered pair of vertices. The set of all neightfoaisvertexx is N (x),

and the degree ofis d (x) = [N(x)|. We denote by andA the minimum and the maximum degree of the vertices of the
graph, respectivelyg, 7].

For any two verticesi,v € V, d(u,v) stands for their distance (that is, the length of a shottespath) inG. By dy,y, we
denote the number of all shortest-paths, and byl v(x) the number of all shorteskv-paths passing through a vertex

X# u, V. Letby y(x) = dy,v(X)/du,v , then thebetweenness(R) of a vertexxis defined as S by v(X) (note that, ifu
(u,v)ev2
andv belong to different components &, then the corresponding term is not included in the sum).Béteeenness of

the grapiGis B(G) = & 5 B(x) [6,1314].
xeV

Theorem 1.[14] B(G) = (n— 1)(I — 1), wherel is mean distance.

Theorem 2.[13] B(x) < (n—1)(n — 2) for every vertex x of a graph G, and the equality holds if anty @x is the
center vertex of the star,.

Theorem 3.[14] Let G be a graph of order n and let Gbe the graph obtained from G by connecting two vertices
u,v € V(G) at distance d=d(u,v) > 1 with a new edge. Then

B(G) <B(G) - @.

Theorem 4.[14] Let G’ = (V,E’) be a spanning subgraph of the graph=GV,E). If r = |[E\E’| then

B(G) <B(G) - 2.

Theorem 5.[14] Let G = (V,E) be a graph of order n and size m, and let T be a spanning tree ®hén

B(e) <B(r) - 2D

3 Betweenness centrality of wheel graph

A wheelW, of ordern is a graph that contains an outer cycle of order1, and for which every vertex in the cycle is
connected to one vertex (which is known as the haB).[The edges of a wheel which include the hub are called spokes
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In other words, a wheel grapit, is obtained when a additional vertexiot onC,,_; is joined to each of tha— 1 vertices
in C,_1 by new edges. Let the central vertex of a gréghbec. The central vertex has a vertex degree— 1 [2,5,7].

Theorem 6.1f W, is a wheel for n> 7, then the betweenness value for the wheel graphith n vertices iB(W,) =
(n—4)(n—1)

2n '
Proof. In the wheel graphV,, the central vertex is adjacent to each vertex of the cy€@g ;. We consider the all pair
of vertices orC,,_;. Let (u, v) be onC,_; any pair of adjacent vertices. Sindéu, v) = 1, there is not any shortest path
passing through any vertex except tbat in W,. We have two cases depending on the distance between angttices
|n Cnfl.

Case 1L et take to vertex pairs, whose distance over cyctiisv) = 2. There areixvanducvpaths between these vertex
pairs, wherex # u, v. It is easy to see thax, y(x) = 1/2,x = 1,n andb, y(c) = 1/2.
While there are only one vertex pairs includixigertex in this path, there are— 1 different vertex pairs including
the center verteg. Hence, we get

B(x) = 1/2andB(c) = (n—1)(1/2) = (n—1)/2.

Case 2L et take to vertex pairs whose distance over cycti{isv) > 2. There is onlycvpath between these vertex pairs.
Obviously we havéy, y(c) = 1. There argn—1)(n—6)/2 different vertex pairs including the center vertex
Therefore, we get

B(c)= (n—1)(n—6)/2.

By summingCasel and 2, the betweenness values of each vertex are
B(x) = 1/2 andB(c) = (n—1)/2 + (n—1)(n—6)/2 = (n—5)(n—1)/2.
Consequently, the betweenness centralitwpfs

= ~1(/n-1 (n-5(n-1)\ (n—4)(n—1)
B(W>ﬁ< 2 T2 ) 2n

Thus, the proof is completed.

4 Betweenness centrality of friendship graph

The friendship graplii, can be constructed by joinimgcopies of the cycle grapBs with a common vertex. Another way
of obtaining friendship graph is addition Kf andn copies ofK; [2,10,11]. Let the central vertex of a friendship graph
fn bec. The central vertexr has a vertex degree oh2

Theorem 7.1f fy is a friendship graph, then the betweenness value for tie@dship graph § with 2n+ 1 vertices is

B(fn) = 2t

Proof. The center verteg in f, is adjacent to each vertices. Because of this, there is iyotentex whose length between
the center verter is not bigger than 1. Therefore, we consider only the pathsd®n major vertices. There is onlgv
path between the vertexand the vertex, d(u,v) = 2. From the definition of betweenness, we know thaj(c) = 1.
There arg2n— 2)2n/2 different vertex pairs. Hence, the betweenness valueeadehter vertek is

B(c) = (2n—2)n=2n?—2n.
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None of the shortest paths that are between all vertex painsph contains any vertex except the center vertelence,
the betweenness value of all vertices is zero. TBg¢r), = 0.
Consequently, the betweenness centrality of the friepdsfziphf, is

- 1 2n(n—1)
B(fy) = ——(2n°—2n)= ——
(fn) 2n+1( " —2n) 2n+1

Thus, the proof is completed.

5 Betweenness Centrality Of Helm graph

A helm graph is denoted b, obtained by attaching a single edge and vertex to each vafrthe outer circuit of a wheel
graphW,. The number of the vertices &f, is 2n— 1 and the number of edges i$n3- 1). Let c be the central vertex of
Hn. The central vertex has a vertex degree af The vertices oH,\ {c} are of two kinds: vertices of degree four and
one, respectively. The vertices of degree one will be reteto as minor vertices and vertices of degree four to as major
vertices L0, 11].

Theorem 8. If Hy, is a helm for n> 6, then the betweenness value for the helpwith 2n — 1 vertices isB(Hy) =
2n3—6n?—14n-7
2(2n-1)

Proof. We have four cases depending on the center vergaxd major verticek of Hy:

Case 1l et examine the paths of between major vertices. Since 888 is very similar to the proof of Theorémwe have
B(k) = 1/2 andB(c) = (n—5)(n—1)/2.

Case 2Let examine the paths of between minor vertices in threeasésc Lek andy be different two minor vertices
from each other.

Case 2.1There is only one path betwearandy which isd(x, y) = 3. In this path, there are two different major
vertices. Each major vertdxis included only one. From the definition of the betweennedaes we
know thatby (k) = 1/1 for each major vertek There are two different vertex pairs including each major
vertex. Thus, the betweenness value of the major vertices

B(k) = 2.

Case 2.ZThere are two different paths betweeandy vertices whose distance over cycslel(g, y) = 4. One of
these paths is over cycle and the other one is over the cesrtexvThe center vertex is included only one
path. Besides, there anedifferent vertex pairs. From the definition of the betweesmnealue, we know
that

B(c) =n/2.

The major vertices connected with minor vertices are in paths. So, we know thak (k) = 2/2. There
are two different vertex pairs incliuding each major verfette other major vertex is included only one
path which is on cycle. Hence, we obtdig, (k) = 1/2. By combining obtained two equalities above for
each major vertek, we have

B(k) = 2(2/2) +1/2 =5/2.
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Case 2.3There is exactly one path over center vertex between vedés prhose distance from over cycle is
d(x,y) > 4. There arey(n—5)/2 different vertex pairs including the center vertex. Thea have

B(c)=n(n—5)/2.

There are two major vertex connected with minor verticehingath. These major vertices are included
by n— 5 vertex pairs. Hence, for each major verkexe obtain

B(k) = n—5.

Case 3The paths between minor and major vertices are examineddr gubcases. Letbe a major vertex angdbe a
minor vertex.

Case 3.1There is only one path betweerandy vertices,d(x, y) = 2. There is one major vertex between these
vertices. Each major vertices are included by two diffexemtex pairs like this. So we have,

B(k) = 2.

Case 3.ZThere are two different paths betweeandy verticesd(x, y) = 3. While one of them is from over cycle,
the other is from over the center vertex. The center vertecisided only one path. Thus, we know that
bxy(c) = 1/2. There are @different vertex pairs like this. Therefore, we obtain

B(c)=2n(1/2)=n.

The major vertex which is adjacent with minor vertex is onfbjaths. So, we know thak (k) = 2/2.
There are two different vertex pairs. The other major veidércluded only one in the path which is on
cycle. Hence, we obtainy (k) = 1/2. There are also two different vertex pairs for this major exrBy
combining two equalities obtained above for each majorexdgtwe have

B(k) = 2(2/2) +2(1/2)=3.

Case 3.3There is one path between vertex pairs whose distance oebr isyd(x, y) > 3. The path is over the
center vertex. Each major vertkxand the center vertexare included byi(n — 5) vertex pairs. From the
definition of betweenness value, we know that

B(k) = B(c) = n(n—5).

Case 4There is a two-length path between minor vertices and theecegartex. The path only contains the major vertex.
So, we obtain

B(k) = 1.

By summingCasel, 2, 3 and 4, the betweenness values of the center veaed the major verticdsare respectively,
B(c) = (n—5)(n—1)/2+n/2 +n(n—5)/2+n+n(n—5)= (4n’>—18n+5)/2

B(k) = 1/2+2+45/2+(n—5)+2+3+n(n—5)+1=n’>—4n+6.
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Consequently, the betweenness centrality for the helmhgtags

2 —6n2—14n—7
2(2n—1)

- 1 402 —18n+5
Bt = 5 (3

=51 +(n1)(n24n+6))

Thus, the proof is completed.

6 Betweenness centrality of gear graph

Gear graph is a wheel graph with a vertex added between eadcdjscent graph vertices of the outer cycle. Gear graph
Gn has 2+ 1 vertices and Bedges [,10]. Gear graphG, includes an even cycl&;,. The vertices o;, in G, are of
two kinds: vertices of degree two and three, respectiveig Vertices of degree two will be referred to as minor vestice
and vertices of degree three to as major verti@ekl]. Let the central vertex of gear gra@y bec. The central verter

has a vertex degree of

Theorem 9.1f Go, is a gear graph for > 5, then the betweenness value for the gear graphv@th 2n+ 1 vertices is

— 2
B(Gzn) = 51"

Proof. Gear graph has three different vertices, such as the ceattxc, major vertexk and minor vertexn. The
betweenness values of each vertices are examined in fderatif cases.

Case 1There are two-length two different paths between the miedtices and the center vertex. Two paths only contain
the major vertex. There are two different vertex pairs Itkis.tSo, we have

B(k) = 2(1/2) = 1.

Case 2Let examine the paths between major vertices in two subcheeg andy be different two major vertices from
each other.
Case 2.1There are two paths between vertex pairs whose distancedvencycle isd(x,y) = 2. These paths are
xmyover cycle andcy over the center vertex. It is easy to see thai(m) = 1/2; andb, y(c) =,1/2;.
While each minor vertemis included by a vertex pair, the center vertag included byn different vertex
pairs. Thus, we obtain
B(m) =1/2 andB(c) =n/2.

Case 2.2There is one path between vertex pairs whose distance owlerisyl(x, y) > 2. This isxcypath over the
center vertex. The center vertexs included byn(n—3)/2 different vertex pairs. From the definition of
betweenness value, we know that

B(c) = n(n—3)/2.

Case 3Let examine the paths between minor vertices in three casesandy be two minor vertices different from each
other.
Case 3.1There is onexky path between vertex pairs whose distance from over cydédsy) = 2 . Each major
vertexk is included by a vertex pair. From the definition, we have

B(k) = 1.

Case 3.ZThere are five different paths between vertex pairs whoserdie over cycle id(x, y) = 4. One of them
is over cycle and four of them are over the center vertex. Tivesobtainby y(c) = 4/5 . The path over

(© 2017 BISKA Bilisim Technology
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cycle contains the minor verter. So, we havé, y(m) = 1/5 While the center vertex is included lny
different vertex pairs, each minor vertexis included by a vertex pair. Therefore, we obtain

B(c) = 4n/5andB(m) = 1/5.

These five paths include the major vertex other than the aftodéed the center and minor vertex. There
aren different vertex pairs providing this condition. For eaclajor vertexk: each major vertex is
contained only four of these vertex pairs. In two of these,lHatweenness values args52in others two
are 3/5. By combining obtained two equalities for each major vekieve obtain

B(k) =2(2/5+3/5 ) =2.

Case 3.3There are four different paths between vertex pairs whastamtie over cycle id(x, y) > 4 . The center

vertex is in all these paths. It is included bhyn—5)/2 different vertex pairs. From the definition, we

obtain

B(c) = (n(n—5)/2)4
4

These four paths also include the major vertex. The two gathtain the minor vertex. Each minor vertex

kis included by 2n — 5) different vertex pairs. So, we have

=n(n—5)/2.

B(k) = 2(n—5)(2/4) =n—5.

Case 4Let examine the paths betwerandy in two cases. Let be a major vertex anglbe a minor vertex.

Case 4.1There are three different paths between vertex pairs whissende over cycle isl(x, y) = 3. One of
them is over cycle and the other two are over the center veff@xthe center verteg, we know that
by y(c) = 2/3. There are Rdifferent vertex pairs providing this condition and incigithe center vertex.
Thus, we have

B(c) = 2n(2/3).

The minor vertexnis only in path over cycle. Itis included by 2 different verfairs. From the definition,
we obtain

B(m) = 2(1/3) = 2/3.

These three paths include the major vertex other than theeadtadied the center and minor vertex. There
are X different vertex pairs providing this condition. For eachjor vertexk: each major vertex is
contained only four of these vertex pairs. In two of these,libtweenness values arg32in others two
are 1/3. By combining obtained two equalities for each major wekienve obtain

B(k) =,2(2/3+1/3) =2.

Case 4.ZThere are two different paths between vertex pairs whogardie over cycle ig(x, y) > 3. The center
vertexc is in all these paths. The major vert&xs in only one path. Hence, in these two paths the
betweenness values of the major verkeand the center vertexare 1/2 and 22, respectively. While
each major vertek is included by 2n— 4) different vertex pairs, the center vertexs included by
n(n— 4) different vertex pairs. From the definition, we obtain

B(k) = (2(n—4))1/2=n—4
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B(c) = (n(n—4))2/2=n(n—4).

By summingCasel, 2, 3 and 4, the betweenness values of the center vertagjor vertexk and minor
vertexmare, respectively;

~n nin-3) 4n n(n-5) 4n 2 16In
B(c)f2 5 5t +3+n(n 4)=2n 30

B(k)=1+142+n-5+24+n—4=2n-3
B(m) =1/2+1/5+2/3=41/30.
As a consequence, the betweenness value of gear graph is

_ 1 161n 411  4n2—T7n
B(Gon) = 57 |27~ 3 T N(@ -3+ nzs) = S

Thus, the proof is completed.

7 Betweenness centrality of sunflower graph

Sunflower graplSF, consists of a wheel with central vertexand amn-cyclevg, vy, Vo, . .., Vh—1 and additionah vertices
Wo, Wy, W, ..., Wn_1 Wherew; is joined by edges tg;,v;,1 fori =0,1,2,...n— 1 wherei + 1 is taken modulm. SF, has
order 21+ 1 and size A. Let c be the central vertex @F,. The central verte has a vertex degree aof The vertices of
SF\ {c} are of two kinds: vertices of degree five and two, respegtividie vertices of degree two will be referred to as
minor vertices and vertices of degree five to as major ves{it@ 11].

Theorem 10.1f Sk, is a sunflower graph for & 7, then the betweenness value for the sunflower grapiw8k 2n+ 1

vertices isB(Sk) = %ﬁrﬂrs_

Proof. Sunflower graph has three different vertices, includingcérger vertex, the major vertex and the minor vertex

m. None of the shortest paths that are between all pairs dtesrih graph does not passes through minor vertices. Hence,
the betweenness value mfminor vertices is zero. The betweenness values of the cesttixxc andk major vertices are
examined in four different cases.

Case 1Let examine the paths between major vertices. Since thésisagry similar to the proof of Theorédywe have
B(k) = 1/2 andB(c) = (n—5)(n—1)/2.

Case 2Let examine the paths between minor vertices in four casetsx Andy be minor vertices different from each
other.
Case 2.1There is only one path between vertex pairs whose distaneeayele isd(x, y) = 2. This path isxky
path. There is only one vertex pair including the major wedad providing this condition. From the
definition, we know that for each major vertlex

B(k) = 1.

Case 2.ZThere is only one path between vertex pairs whose distarezecgele isd(x, y) = 3. The path contains the
major vertex. There is two different vertex pairs includthg major vertex and providing this condition.

(© 2017 BISKA Bilisim Technology
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Thus, we obtain for each major vertkex
B(k)=2(1/1)=2.

Case 2.3There are exactly five different paths between vertex pairzse distance over cycledgx, y) = 4. One
of them is over cycle; other remaining paths are over theecergirtex. The center vertexs included by
n different vertex pairs as distance over cyd(@, y) = 4. Then, we have

B(c) = n(4/5).

These five paths include the major vertex other than the attonkied the center vertex. For each major
vertexk: there are five different vertex pairs providing this coimitand also including each major vertex
k. Intwo of these, the betweenness values dEe B the other two are/5 and in one is 15. By combining
obtained these equalities for each major vekiexe obtain

B(k) = 1/5 +2(3/5+2/5 ) = 11/5.

Case 2.4There are four different paths between vertex pairs whostanite over cycle id(x, y) > 4. The center
vertex is included in every four paths. There ata— 7)/2 different vertex pairs as like this. From the
definition, we know that

B(c)=(n(n—7)/2)4/4 =n(n—7)/2.

Two of these paths include the major vertex. Hence, the lmrtmess value of the major vertkis 2/4.
There are th— 7) different vertex pairs. So, we obtain for each major vektex

B(k) =2(n—7) (2/4) =n—T.

Case 3Let examine the paths between minor and major vertices @etbases. Letbe minor and/ be major vertices.
Case 3.1There is only one path between vertex pairs whose distaneeayele isd(x,y) = 2. This is xky path.
There is two vertex pairs including the major vertex and fimg this condition. From the definition, we
know that for each major verteéx
B(k) = 2.

Case 3.2There are three different paths between vertex pairs whistende over cycle isl(x, y) = 3. One of
them is over cycle, other remaining paths are over the cemteex. From the definition, we know that
bx y(c) = 2/3. The center vertexis included by 2 different vertex pairs as distance over cyd(g, y) =
4. Then, we have

B(c) =2n(2/3) =4n/3.

In these three paths, there are three major vertices. Omewf is included in two different paths and the
others are included in only one path. There are a total ofiffierdnt vertex pairs providing this condition.
In two of these, the betweenness values of each major vertes 2/3 and in the others is/B. This is
valid each major vertek. By combining obtained these equalities for each majoexdstwe obtain

B(k) = 2(2/3+1/3+1/3) = 8/3.

(© 2017 BISKA Bilisim Technology
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Case 3.3There are two different paths between vertex pairs whogardie over cycle id(x,y) > 3. These paths
are over the center vertex. So, the center veetexincluded in both two paths. The center vertex is also
included byn(n — 6) different vertex pairs as like this. Therefore, we get

B(c) =n(n—6)(2/2) =n(n—6).

Only one of these two paths contains the major vertex. Fdr gagor vertexx, we obtainby y(k) = 1/2.
There are 2h— 6) different vertex pairs providing this condition and alsolirding each major vertek
Then, for each major verteg we obtain

B(k) =2(n—6)(1/2) =n—86.

Case 4There are two different paths between each minor verticdgtancenter vertex. Each major verteis included
in only one path. There are 2 different vertex pairs provgdhis condition. Hence, we get

Bk) =2(1/2) =1.
By summing,Casel, 2, 3 and 4, the betweenness values of the center veaied major vertex are, respectively;

B(C):wy_l)—l—él—;-i-n(nz_?)—i—%—i—n(n—@:

60n2—311In+75
30

B(k) =1/2+1+2+11/5+n—7+2+8/3+n—6+1=2n—49/30.

As a consequence, the betweenness value of sunflower graph is

_ 1 <60|12311n+75+n< 49>> 8n2—24n+5

BSh) = 201 30 ST 22n+1)

Thus, the proof is completed.

8 Conclusion

In this paper, we calculate the betweenness centrality ofeswheel related networks. Calculation of betweenness
centrality for simple graphs is important because the betwess centrality of more complex graphs can be calculated
by using betweenness centrality of its (simple) parts. \@wgd practical results can be achieved if the betweenness
centrality is calculated for some real networks (e.g. thedtarid). This parameter is of particular interest becatise
considered to be a reasonable measure for the vulneratfilifsaphs.
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