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Abstract: In this paper, an Inventory model with unit production ctiste depended holding cost, with-out shortages is fornedland
solved. We have considered a single objective structurtihigation model. In most real world situation, the objeetand constraint
function of the decision makers are imprecise in nature.cdehe coefficients, indices, the objective function andstramt goals are
imposed here in fuzzy environment. Geometric programmiogides a powerful tool for solving a variety of imprecisetiopzation
problems. Here we use nearest interval approximation rddthoonvert a triangular fuzzy number to an interval numkethis paper,
we transform this interval number to a parametric intemalted functional form and then solve the parametric proldby geometric
programming technique. Numerical example is given totitate the model through this Parametric Geometric-Progrizag method.
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1 Introduction

An inventory deal with decision that minimum the total awgracost or maximize The total average profit. For this
purpose the task is to construct a mathematical model ofdhklife Inventory system, such a mathematical model is
based on various assumption and approximation.

In ordinary inventory model it consider all parameter like-sp cost, holding cost, interest cost a fixed. But in rdal li
situation it will have some little fluctuations. So consiation of fuzzy variables is more realistic.

Geometric Programming (GP) method is an effective methed us solve a non-linear programming problem like
structural problem. It has certain advantages over the ofitamization methods. Here, the advantage is that it igllisu
much simpler to work with the dual than the primal one. Sa@mon-linear programming problem by GP method with
degree of difficulty (DD) plays essential role. (It is definesl DD = total number of terms in objective function and
constraints — total number of decision variables -1).

The study of inventory model where demand rates varies with is the last decades. Geometric Programming (GP) is
one of the effective methods to solve a particular type of Nlo@ar programming problem. Geometric programming is
introduced by Zener (1971) and it further developed by Dufiinffin R J, Peterson E L, Zener C M[6](19670) studied
Geometric Programming-Theory and Application . Park anchd\studied shortages and partial backlogging of items.
Friedman(1978) presented continuous time inventory mad#i time varying demand. Ritchie(1984) studied in
inventory model with linear increasing demand. Goswamia@huri(1991) discussed an inventory model with
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shortage. Gen et. Al. (1997) considered classical invgntoodel with Triangular fuzzy number. Yao and Lee(1998)
considered an economic production quantity model in thezyuzsense. Sujit Kumar De, P.K.Kundu and
A.Goswami(2003) presented an economic production qyaintrentory model involving fuzzy demand rate. J.K.Syde
and L.A.Aziz(2007) applied sign distance method to fuzzyeimtory model without shortage . D.Datta and Pravin
Kumar published several paper of fuzzy inventory with orhwiit shortage. S. Islam, T.K. Roy [13](2006)presented a
fuzzy EPQ model with flexibility and reliability considerah and demand depended unit Production cost under a space
constraint. Kotba.M Kotb, Halla.Fergancy[8] (20)J,JpresenthuIti-item EOQ model with both demand-depended unit cost
and varying Lead time via Geometric Programming.

In this paper we first consider crisp inventory model. Thdterat transformed to fuzzy inventory mode and developedstfwve
solved the model b Fuzzy Max-Min Geometric-Programminghmégue and then it solved by Fuzzy parametric Geometric
-Programming technique. At last it made an example and datu®/ both Technique.

2 Mathematical mode

An Inventory model is developed under the following notai@nd assumptions.

2.1 Notations

I(t):Inventory level at any timet 0.

D: Demand per unit, time which is constant.

T:Cycle of length.

S: Set-up cost per unit time.

H:Holding cost per unit item, which is time depended.
P:Unit demand and set-up cost dependent production cost.
g:Production quantity per batch.

f(D,S): Unit production cost per cycle.
TAC(D,S,q): Total average cost per unit time.

Wo: Space area per unit quantity.

W: Total storage space area.

2.2 Assumptions
(a) The inventory system involves only one item.
(b) The replenishment occur instantaneously at infinite.rat

(c) The lead time is negligible.
(d) Demand rate is constant. (e) The unit production cogingiguous function of demand and Set-up cost and take thmiolg form

P=6D*s 1 6,xecR (>0).

(f) Holding cost is time depended, as at.

2.3 Crisp model
The differential equation describirdt) as follows

—-D,0<t<T (1)
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Fig. 1: Inventory Model.

with the boundary conditioh(0) = g,1(T) = 0. The solution ofl is obtained as

I(t) =q—Dt. @
Also there are
T=q/D
Now inventory holding cost
T aHo®
H/O atl (t)dt= "1 3)

Total inventory related cost per cycle = set-up cost + hgdiost + production cost

aHo®
| 4
S+ 6D2 +Pq 4)
So total average cost per cycle is given by
TAC(D,S.q) = %3 + ag'sz +oDI*s 1, (5)

and
storagearea= Wo(Q.

Hence the inventory model can be written as

SD aHd?

i _ =" 1-Xo1
MIinTAC(D,S,q) = q + ) +6D7S” (6)

subject towpqg <W,D, S q> 0.

2.4 Fuzzy model

When the objective and constraint goals, coefficients apdments become fuzzy sets and fuzzy numbers respectivelgrisp model
6 written to be a fuzzy model, as

)

MinTACD, S q) = =2 + 39 | gp1xgt )
q 6D

subject tongg SW, D, S q > 0. (8)
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3 Geometric programming (GP) problem

Primal program: Primal Geometric Programming (PGP) problem is

To m
Minimize go(t) = z Cox I'I]tj"Oki
k=1 J=

subject to
To m
ZT Cik |‘| tj™ <1, (r=12...,1),tj>0,(j=1,2,....,m)
k=1+T1 =1
where Coi (> 0) (k=1,2,.....,To),C(> 0) and ayj(k=12,...,14+Tr_q,.....,T;r=0,1,2,...... J,j=1,2,....,m) are real
numbers.

It is constrained polynomial PGP problem. The number of teath polynomial constrained functions varies and it is tehby T,
foreachr =0,1,2,... 1. LetT =To+ Ty + T2 +....T, be the total number of terms in the primal program. The Degfé&fficulty is
(DD)=T —(Mm+1).

Dual program: Dual programming (DP) problem dfis:

LT gy 0w T O
Maximize = |_L M (6—r) ( zr 3rs)
r=0k=1 ©rk s=1FT,_,

subject to

To
z dok = 1 (Normality condition)
K=1
I T
ZJ Z arjdk =0, (Orthogonality conditions)
r=0k=1

ok >0,(k=1,2,...,T;) (Positivity constant)

Casel For Top > M+1, the dual program presents a system of linear equatiomthé dual variables, where the number of linear
equations is either less than or equal to dual variableseMbunique solution exist for the dual vectors.

Case 2 For Tp < M+1, the dual program presents a system of linear equationthé dual variables, where the number of linear
equations is grater than the number of dual variables. lxdhse generally no solution vectors exists for the duablbes.
However one can get an approximate solution vector for tiseay using either the Latest Square(SQ) or Max-Min(MN)
method.

3.1 Solution procedure of crisp model by geometric programyié.P) technique

Here the primal problem is

213 A2
Min TAC(D,Sq) = - + 5 + 6Dt s 2 ©)

subject tonpg < W, D, S q > 0. Corresponding dual form & is given by
1 aH)\ 2/ 8\ / wp ™
Max (dow) = [ — | (—) (—) ( o1 10
() (wl) 6w) \ax) \Wang) P (10)
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Subject to

w+uwp+w=1

w - w3=0
w—wp+(1-X)az =0
—w+20+wp1=0
w1, Wy, W3, o1 > 0

From10we getw; = z1;, @ = 3%, w3 = 41, ,andiny = 252 . Putting the values ii0we get the optimal solution of dual problem.

The values 0D, S qis obtained by using the primal dual relation as follows.rririmal dual relation we get

Sb_ w1* x d*(w)

q

quz * *

0D — @2 x d*(w)
OD S = w3t x d* (w)
Wod _

W =1

The optimal solution of the model through the parametriaapgh is given by

2-x 2x=3 23

()= (-0 (LX) ot (o) T B
and
6wt wyrd* (w)?
S="
. aHe¢
b= 6wy d* (w)
LW
T wo.

4 Fuzzy number and itsnearest interval approximation

4.1 Fuzzy number

A real numberA described as fuzzy subset on the real Rvehose membership functigmz (x) has the following characteristics with
—a<ay<ap<laz<a

pa-(x), if  ar<x<ap
HA) =< MgR(X), if ax<x<ag
0, otherwise

Where pzt (x) @ [a1,82] — [0,1] is continuous and strictly increasing angiR (x) : [ag,as] — [0,1] is continuous and strictly
increasing.

a—cutof A: Thea — cut of A, is defined byAy = {X: pa(X) = a,a >0 Ay is a non-empty bounded closed intervalrand it can
be denoted byA, = [A_(a), Ar(a)]. WhereA (a) andAr(a) are the lower and upper bounds of the closed interval reispct

Figure 2 shows a fuzzy numbe¥ with a-cuts Agq = [AL(a1), Ar(01)], Ag2 = [AL(02), ArO?)]. It Seen that ifa, > a3 then
AL(a2) > ALag) andAR(a1) > Ar(a2).
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Fig. 2: Trapezoidal fuzzy number @ with a-cuts.

4.2 Interval number

An interval number A is defined by an ordered pair of real nursilas followsA = [a ,ar] = {x: a. <x<ar},x € R} where anda_
are the left andg right bounds of interval A, respectively. The interval Agiso defined by centea) and half-width &) as follows.

A= (ac,ay) = {X: ac—aw < X< ac+aw,X € R} whereac = 25 s the center andy = 252 is the half-width of A.

4.3 Nearest interval approximation

Here we want to approximate a fuzzy number by a crisp mod@p&seA andB are two fuzzy numbers with-cuts ardA (a), Ar(a))]
and[BL (a),Br(a)] respectively. Then the distance betwdeandB is

~ o~ 1 1
d(A.B) = ¢ |, 4@ B (@)% + [ (An(@) ~Br(@)’da.

with respect taCi_ andCg. In order to minimized (A,Cp (A)), it is sufficient to minimize the functio®(C,,Cr) = (d?(A,Cp(A))).
The first partial derivatives are

0 1
—D(C.,Cr)= —2[A_ (a)da +2C..
oCL 0

And

0 1
—D(CL,Cr) = —2[ARr(a)da +2Cr.
dCr 0

1 1
Solving diCLD (CL,Cr) =0 anddLCRD(CL,CR) =0, we getC, = '({AL (a)da andCRéAR(a) da. Again since

92 92
—— (D(CL*,CR"))=2>0, —— (D(CL*,CR*))=2>0
BCLZ( (CL*,Cr")) ’dCRZ( (CL*,Cr"))
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and

2 * * 02 * * 02 * * 2
(D(CE.GR) g7 (D(CL. )~ (5 (P(CL.GH) ) =40

SoD (C}',Cf) i.e.d (A,Cp (A)) is global minimum. Therefore, the inten@} (A) = [folAL (a)da,folAR(or)da] is the nearest interval
approximation of fuzzy numbek with respect to the metrid. Let A= (a1,ap,a3) be atriangular fuzzy number. Tleecut interval ofA

is defined a®\y = [AL (0) ,Ar(a)] whereA_ (a) =a;+ a (ap —a;) andAr(ar) = a3 — a (ag —az). By nearest interval approximation
method the lower limit of the interval is

* * a
H(C{,Cr) = c2
£

1 1 ay +a;
o= [A@)da = [Cfas+a(a—ay)da = 22
and the upper limit of the interval is
1 L ag+a;
CR:/O AR(a)da:/O [ag—a(ag—az)}da:%.

Therefore, the interval number correspondiis [25%, 2521 — [m,n] In the centre and half —width form the interval numbe#of
is defined ag % (a1 +2ap +ag) , 5 (a3 —a1)).

4.4 Parametric Interval-valued function

Let [m,n] be an interval, wheren > 0, n > 0. From analytical geometry point of view, any real number ba represented on a line.
Similarly; we can express an interval by a function. The petic interval-valued function for the intervih,n] can be taken as
g(s) = mt=sns for s € [0, 1], which is strictly monotone, continuous function and itgdirse exits. Lety be the inverse of(s), then

o logy — logm
" logn—logm’
4.5 Geometric Programming with fuzzy coefficient
When all coefficients of Eq. (6) are triangular fuzzy numlieen the geometric programming problem is of the form
min §o (X)

subject tagi'(x) <1 (1 <i<n), x> 0. Its objective function is

and constraints of the form

are all polynomials ok in which coefficientsg and indexes;; are fuzzy numbers. Wheg ™= (g, 3, C5) andci = (k. Ca.C3 ) -
Using nearest interval approximation method, we transfaltitniangular fuzzy number into interval number i[egwcgk] and [ch(,chi].
The geometric programming problem with imprecise paraméseof the following form

min go (X)
subject tagi(x) <1(1<i<n), x>0.

Its objective function is
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and constraints of the form .
G0 =3 e[]jx™ (@<i<n)
K=1

wherecj andb; denote the interval counterparts iog. € [cl, C, ] andcii € [ch.cit]. ¢ > 0.ch, > 0 for alli andk. Using parametric
interval-valued functional form, the problem reduces to

. To 1-s S
min go (x,8) = k; (c'ak) (cgk) ;"le?om
Subject to
Ti _
gi (x,8) = kzl (ci'R)l ® (c}i)sﬂgn:lx?“‘j <1,%x>0 for i=12....... nj=12....... m.

This is a parametric geometric programming problem. We ifetrdnt solutions of this problem for different value oktparametes.

4.6 Solution procedure of fuzzy model by Geometric Progriaug(6.P) technique

Whend'= (ay,ap,a3),H = (H1,Ha,H3), 8 = (81, 82, 83) andW = (Wi, W», W) are triangular fuzzy number .then the fuzzy model is
(Min) TAC(D,S,q) = SD/q+ (aH¢?)/6D + 6D(* st

subject to
woq SW.D,Sq>0.

Using nearest interval approximation method, the intenushber corresponding triangular numides Tag, ap, a3) is

(a1 +a2)/2,(az+ap) /2] = [a,ay].

Similarly interval number correspondingif andW are

[(H1+H2)/2,(H3+H2)/2] = [HL, Hul, [(61+ 62)/2, (63 + 62) /2] = [61, B ]

and
(W +W2)/2, (W5 +W5) /2] = WL, WU |

respectively. The problem (11) reduces to
Min TAC(D,S.q) = SD/q -+ ([a,au][Hc,Hu]a?)/6D + 6L, 8u]D* s (11)

subject to
woqd < WL,Wy],D,Sq>0.

which is equivalent to
Min TAC(D,S,q) = SD/q+ (aH¢?)/6D + 6D(1—x)S —1)

subject to
w.0qg<W,D,Sq> 0.

whereae [a,ay],H € [H-L,Hy],0 € [6., 8] andW € WL, W ].

According to section 4, the fuzzy model (13) reduces to a matdc programming by replacing
a=al%a,H =H!°H§,0 = 61 %65, W =W and wheres € [0, 1].

The model takes the reduces form as follows

Min TAC(D,S.q) = SD/q+ ((af* V) (H{* 7Hg)a?)/6D + (6" 7 65)D1 95~V
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subject to
woa S (W W§),0,80>0

Corresponding dual form & is given by

1 W 1-s sHlszs w2 917593 w3 W o
Maxd(w) = () (AT 0T, O By 7 Mo o o 12)
“1 62 w3 (WL W %) wor
subject to
w+w+w=1
w—-w3=0
w—-w+(1-X)w3 =0 (13)

— 1+ 2w+ =0
Wy, wp, W3, Wo1 > 0.

From13we getwy = ;2 ap = 2%, w3 = 7, andany = 252. Putting the values in3we get the optimal solution of dual problem.

The values 0D, S qis obtained by using the primal dual relation as follows.rririmal dual relation we get

SD/q= wj x d*(w)

(a2 (HL" T Hy)a? /6D = 5 x d" (@)
(eél—s)eus)D(kX)S(*l) = wj x d*(w)
(woo) /(W Mp ) =1

The optimal solution of the model through the parametriaapgh is given by

2

) 1-so sy 1S 8) (4 x) | 7 L _ 5 ox_3
d*(w)—<4—x>4x<“"L S X)) (0 %005 (4-0) < (rrmesrag) (1)

X

and
6001 * wy*d* (w)?
(8 ®au®)(H ' °Hu®)
(%) (H, " Hy%)P
6wy*d* (w)

o WWG)

q= Wo

D* =

5 Numerical example and solution

A manufacturing company produces a machine. It is giventtieinventory carrying cost of the machine is $15 per unitygar. The
production cost of the machine varies inversely with the @etnand set-up cost. From the past experience, the prodwagi of the
machine is 12D~3S1 where D is the demand rate and S is set-up cost. Storage s&cpea unit timew) and total storage space
area (W) are 100 sq. ft. and 2000 sq. ft. respectively. Déterrthe demand rate (D), set-up cost (S), production qyafdjt and
optimum total average cost (TAC) of the production system.

Then the input value of the modélis

Table 1

a H X 0 Wo W
7 15 1.75 120 100 2000
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Then the model is of the form

2
Min TAC(D,S 0) = 2=+ 223, 15007551
q 6D
subject to 10§ < 2000D,S,q> 0. (14)

Table 2: Optimal solution of6 for crisp model.

CI’ISD % * X Ok VK
model s D 9 TACH(S".D".a)%
G.P 0.684 4048 20 140.517

N.L.P 0.685 4047 20 140.685

When the input data of inventory model is taken as triangulzzy number i.e.
a=16,8,=a=(6)1-5)(8)°c[6,§
H =[14,16/,= H = (14)(1—5)(16)° € [14, 1§
6 =[118122,0 = (118 (1—15)(122° € [118 122
W = [19002100, = W = (19001 —s)(2100° € [19002100, wherese [0,1].

Table 3: Optimal Solution of Fuzzy Inventory Model.

S S D* R TAC (S,D*,q") $
0.0 0.820 2983.86 21.00 119.801
0.1 0.786 3175.16 20.79 123.060
0.2 0.753 3378.71 20.58 126.396
0.3 0.722 3595.32 20.38 129.924
0.4 0.693 3825.81 20.18 133.735
0.5 0.664 4071.08 19.97 137.533
0.6 0.637 4332.07 19.78 141.519
0.7 0.610 4609.80 19.58 145.473
0.8 0.585 4905.33 19.38 19.38
0.9 0.561 5219.81 19.19 154.196
1.0 0.538 5554.45 19.00 158.767

Here we have given a rough graph, which shown how change the 8T ACx (S«, Dx, g«) for different values os.

6 Senditivity analysis

Effect, for increment of parameter

1. Forincreasing value o&", set-upS* cost decreasing.

2. Forincreasing value of”, demand D rate increasing.

3. Forincreasing value of; Production quantityf* decreasing.

4. Forincreasing value of’, Total average cotAC(S*,D*,g*) increasing.

7 Conclusion

In this paper, we have proposed a real life inventory probiera fuzzy environment and presented solution along wittsisigity
analysis approach. The inventory model developed with pr@itiuction cost, time depended holding cost, with-out tsty@s. This
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Fig. 3: Change of the value of objective function for changs bf Fuzzy Geometric Programming Technique.

model has been developed for single item.

In this paper, we first create a crisp model then it transfortieefuzzy model and solved by parametric Geometric-Programg
technique.Here decision maker may obtain the optimal tesuicording to his expectation .In fuzzy we have considéiadgular
fuzzy number(T.F.N) In future, the other type of membershipctions such as piecewise linear hyperbolic, L-R fuzzynhar,
Trapezoidal Fuzzy Number (TrFN), Parabolic flat Fuzzy Num({B#FN), Parabolic Fuzzy Number (pFN), pentagonal fuzzsnber
etc can be considered to construct the membership funatidtheen model can be easily solved.
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