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Abstract: In this paper, the differential transform method is extehilg providing a new theorem to two-dimensional Volterragral

equations with proportional delays. The method is usefubfith linear and nonlinear equations. If solutions of gousy equations
can be expanded for Taylor series, then the method givestmity determine coefficients Taylor series, i.e. the ¢xadutions are
obtained in series form. In illustrate examples the mettpglyéng to a few type equations.
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1 Introduction

In 1897 by Vito Volterra [] considered integral equations which limits of integratiwariable and limits represents a
proportional delays vanishing ait= 0. Volterra preceded the analysis of the existence and enigs of the solution. In
1927 and 1937 papers, on population dynamics Volterra etiuiditegro-differential equations with delays. We can see
plenty of monographs and papers devoted for Volterra foneli equations and their applications. For example, the
nonlinear \olterra integral and integro-differential atjons with delays are described models in epidemiology and
population growth2,3,4,5,6,7,8].

There are many authors has studied numerical analysis dérv@lintegral and integro-differential equations, for
example, the collocation methods for Volterra integral artdgro-differential equations with proportional delaysre
first studied in detail in Brunner9], Zhang [L1], Takama [L(], Bellen [12]. Yuzbasi 3] has applied Laguerre
polynomials for pantograph-type Volterra integro-diéfiatial equations. The systems of Volterra integral equatisith
variable coefficients has been solving by Bessel polinaiig]14]. In addition, the homotopy perturbation methdd|
the variational iteration method.§], the Galerkin method1[7], the Adomian decomposition methodd and theirs
various modified methods has been used for solving aboveonestequations.

In this paper, we consider the two-dimensional Volterragnél equations with proportional delays the followingnfist

u(x,t) = f (xt)+g(xt), 1)
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where
ritroXx

f fh(y, 2)u(py.qz) dydz

f(xt)= jj pyqzdydz
ritrox

Xt J JU(Dy,qZ)dydz

wherery,r2,p,q € (0,1], h, f, vare given functions.

The rest of this paper is arranged as follows. In section @ ftimdamental relations and two theorems are given for
two-dimensional differential transform method. In Sest® we extend the differential transform method by the new
theorem for two-dimensional Volterra integral equationishwproportional delays. We apply this method to some
two-dimensional Volterra integral equations with projpmral delays in Section 4. Section 5 concludes this study eit
brief summary.

2 Two-dimensional differential transform

The differential transform method is presented by Pukii®}y &and Zhou RQ] in study of electric circuits. The main idea

of method is transformed the given functional equationsffer@nce equations, and by using initial conditions chdta

the values of derivatives of functions at given point. Inericyears, the method have been applying a large class of
problems, in particular, Tari et al2],22] and Jang 23] are applied for two-dimensional Volterra integro-ditatial
equations.

Suppose a function(x,t) is analytic in the given domaib and(xg,tp) € D.

Definition 1. The two-dimensional differential transform of functiaixu) at (xo,to) is defined as following

1 [o™™Mu(x,t)
U (n,m) = n'm! { axngtm } =% @
t=tp
Definition 2. Differential inverse transform of h, m) is defined as
=3 5 Um0 3)
n=0m=0

From the definitions differential transform and differahtnverse transform it is easy to obtain the following thexos.

Theorem 1. Assume that (h,m) and U(n,m)(i = 1,2) are the two-dimensional differential transforms of thediions
u(x,t) and y(x,t) at (0,0) respectively, then

If u(x,t) = aw(x,t) £ bup(x,t), then Un,m) = aU;y(n,m) & bUy(n,m), a and b are real numbers.

If u(x,t) = ui(x,t)ux(x,t), then U(n,m) = lEOkgoul(k, HU2(n—k,m—1).

Ifu(x,t) = ’7;k el | then Un,m) = (n+1)(n+2)...(n+ k) (m-+1)(m+2)...(m+ V(n+k m+1).

t
Ifu(x,t) = of 'V(y,2)dydz, then Yn,0) =U(0,m) =0, U(n,m) = =V (n—1,m—1).
2.

)> O — x

Theorem
u(x,t) and y

ssume that h,m) and U(n,m)(i = 1,2) are the two-dimensional differential transforms of thediions
x,t) at (0,0) respectively, p, pi,di € (0,1], then

—~
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If u(x,t) = v(px qt), then Un,m) = p"g™ (n,m).
Ifu(x,t) = u(Pax, dat)uz(P2x, Gat), then
U(n,m) = p3 ZO pkphal gl Us (kU2 (n—k,m—1).

Ifu(x,t) = W, then U(n,m) = (N+1)(N+2)...(n+K) (M+ 1) (M+2)...(m+1) p™ g™V (n+ k, m+1).

The proofs of Theorems 1-2 can be foundi,p4].

3 Main results

In this section, we present the differential transform tiefes that can be used for solving two-dimensional Volterra
integral equations with proportional delays.

Theorem 3. Assume that fn,m),U (n,m) and V(n,m) are the two-dimensional differential transforms of thediimns
f(x,t),u(x,t) and (x,t) at (0,0) respectively, p,r1,r2 € (0,1], then:

ritrox
(@) If f(xt)= f f u(py,g2)dydz, then Fn,0) = F(0,m) =0, F(n,m) = g™ 1p"1JrMU(n— 1, m—1).

o
(b) If f(x,t) = f f pqudyolz then Yn,m) = pnqm z z kL™ k+ 1) (m— 1+ )V (k,F (n—k+1,m—
[+1).

(c) If f(x,t)=

ritrox

(py,q2) dydz, then; £OV(k,I)F(nfk,mfl): %rl(rlq)mrz(rzp)nu(n—1,m71)

Proof. (a) From definition differential transform we hak¢n,0) = F(0,m) =0, (n,m=0,1,2,...). Since

92%f(x,t)

FNa(r ~ Pr2xant),

from Theorem 1-2 we have

%(njL 1)(m+ 1)F(n+ 1,m+ 1) = (prz)n(qu)mu (n7 m)

(b) Analogously to parta), F(n,0) = F(0,m) =0,(n,m=0,1,2,...). Since

92%f (x,t)
axot ’

1
u(rzpx ragt) = ——v(rax,rt)
rirz

using differential transform of multiplication of functie and Theorem 2, we have the following:

r r rori(n—k+(m—I1+21)V(k)F(n—k+1 m—-14+1), (n,m=12..).
(r2p)"(120)™V wz;);u WV (kD ( ) ( )

ritrox
(c) Sinsev(x,t)f(x,t) = [ [ u(py,q2)dydz using differential transform for multiplication of furiohs from Theorem
00

1 and two-dimensional integral with proportional delaysfrTheorem 3(a), we get necessary equation.

By using this theorem proved for solving two-dimension&gral equations, two-dimensional integral equationklvel
solve usefully.
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4 lllustrate examples

In this section, using differential transform and relai@mTheorem 3, we get solutions in series form of integrabtiqus

(2).

Example 1.Let us consider linear two-dimensional Volterra integigl&tion with proportional delays given by
u(x,t) = xt 4 2xt* — 2t +// z)dydz

t X
For this problemf (x,t) = Ofg'u(%’,z)dydzandg(x,t) = xt+ 2xt? — x22 — 1l

Using differential transform of equation, we have the foiiog

1 1
U(n,m)= U(nf1,mf1)+6(n71,m71)+25(n71,m72)féé(nfz,mfZ)féé(nfz,me),

nmn-1
where o is Kroneker symbol andd(n,m) = 4(n)d(m). U(n,0) = U(0,m) = O(n,m = 0,1,2,...), U(1,1) = 1,
U(1,2) =2, In other cased (n,m) = 0.

Using equatior{3) we get the exact solutiom(x,t) = xt -+ 2xt2.

Example 2.We consider the following two-dimensional Volterra intabgquation with proportional delays where

u(et =&t -3 +//

1t
u(}.2)

X
This problem is given byf (x,t) = [ [ % dydzand g(x,t) = et — %( — e*%X) in (1). Now, applying differential
00
s

transform to given equation and using Theorem 3, we have
U(n,m)=F(n m)+i—§6(n m—1)+=(—z)"=d(m-1) 4)
Y nim 477 3 n '
Solving recurrence equatiof¥), we obtain

U(0,0)=F(0,00+1+04+0 U(0,2)=F(0,2)+~—0+0

21

1

U(LO)=F(L0)+1+0-0 U(12)=F(12)+
3 3 1 11
UO1)=F(O01+1-7+7 URLH=F1+5+53

1 11

U(1,1):|:(1,1)+1+0—é U(2,2) = (22)+§§

1 1 3/ 2\°1
UR20)=F(20+5-0+0 U@BIL)= (31)+ﬁ+4( 3)§
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whereF (n,m) define from Theorem 3

F(n,0)=F(0,m) =0 and U(n—l,m—l):3”12mii2|“k, (n=k)(m-HF(h—km-1).

Using equatior{3), we get
1, 1 1 ., 1 1 5,
(Xt)—1+X+t+Xt+5t +5X +ﬁxt +ﬁxt+ﬁxt + ...

which is the Taylor series of functian(x,t) = €**! and exact solution of Example 2.

Example 3.Consider the following two-dimensional integral equatiaith proportional delays

¢ t/2x/3
X
u(x,t) = cogx+t)— 83|nlzs|n4) cos(lz / / z)dzdy
The exact solution of the problemusx,t) = cogx+t).
Now, using differential transform of last equation, we have
U(n,m)=F(n,m)+ icosE(nnL m) — LsinﬂTsinﬂT (5)
B nim 2 nimi12n4m="" 2 2
whereF (n,m) define from following relations:
F(n,0)=F(0,m) =0 (6)
N cosy n+m 1
Z)ZO k|Il12k4' (n—km-—1)= Wu(nfl,mfl). (7)

Using (5) we have the following relations:

U(0,0)=F(0,0)+1-0 U(20)=F(2,0)~-0
U(0,1)=F(0,1)+0-0 U(L1)=F(1,2)+0-0
U(L,0)=F(1,0)+0—-0 U(21)=F(2,1)+0-0

U(L1)=F(L1)— 17%4 U(2,2):F(2,2)+%70
u (0,2):F(0,2)7%70

Using relationg6 — 7) from Theorem 3 and equatidB), we gain

1, 1, 1
u(x,t) =1—xt— étz— §x2+Zx2t2+...

which is the Taylor series of exact solution of Example 3.
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5 Conclusions

In this study, the differential transform method has be@s@nted for solving two-dimensional Volterra integralatipns.
A new theorem is introduced with its proof, and as applicaiome examples are carried out. If solution of equation is
polinomial function, then method gives the exact solutiorther cases, the rapidly converging series solution.
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