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Abstract: In this work, the effect of equal or different temperature variations investigated for varying cross-
sectioned plain element by employing matrix displacement methods. Necessary basic stiffness coefficients for
stiffness matrices of frame elements and fixed end moments were obtained analytically and by using Romberg
integration methods. Thus, use of table and charts is not needed. At the end of this work an example of varying
cross-sectioned frame under equal and different temperature variation was solved by using a program which was
prepared in BASIC language.
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INTRODUCTION

Elements of industrial constructions are usually considered to be as varying cross-sectional. Cross-
section areas and moment of inertia are variable along the length of elements because of height and
width. Stiffness matrix and fixed end forces due to the different or equal temperature which affect the
element are needed for the structural analysis of the systems including variable cross-sectioned elements
by using matrix displacement method. Because of the number of variation in cross-sections, tables and
charts are not suitable for the computer Cakiroglu and Tezcan'"?.In the Literature on stiffness matrices
and therefore on basic stiffness coefficients: Beam elements is divided into limited parts Tezcan and
Vanderbilt and Funk et al.>*#, In linear variable cross-section elements Simpson digital integration was
applied Kiral et al. *!, shear forces effect was considered Eisenberger!®, linear variable cross-sectioned
elements investigated Brovn and Kosko!”®], Elasticity modulus were regarded as variable in Fertis et
al.), in Mezaini et al.l'” the linear elastic behaviour of variable sectioned frames was investigated using
iso-parametric plane stress finite elements and it had been found that there are big differences between
the obtain results and fixing moments in, stiffness and transport factors in the literature for the variable
cross-section elements and the models of the classical frame analysis were proposed by investigating
the ranks and sources of the errors. In Topgul!!! the basic stiffness coefficients of the variable section
elements were given and the calculation of fixing moments for various methods were given using the
analytical and numerical integration method. Karaduman!'?!, investigated the effect of heat on carrier
systems consisting of variable bar sections. Behaviour of Non-prismatic beam vibration was
investigated in Rute!'*! . This study aimed to investigate the behaviour of non-prismatic beams with
symmetrical parabolic haunches in Yiiksel!'*, Behaviour of reinforced concrete haunched beams
subjected to cyclic shear loading was investigated in Archundia-Aranda et al.'>l. Investigation of
performance of a minimum weight pre-stressed concrete beam adopting a non-prismatic section is aimed
in Raju et al. '), Shear behaviour of non-prismatic steel reinforced concrete beams was investigated in
Orr et al. ['") Influence of the cross-section shape on the behaviour of SRG-confined prismatic
unreinforced concrete specimens was investigated in Thermou et al., ['¥), Ma and Chen "”) made a modal
analysis of a rectangular variable cross section beam with multiple cracks under different temperatures.
Also, Model Analysis of a Simply Supported Steel Beam with cracks was performed under different
temperatures in Ma et al. ?°!. However, any substantial investigation on the effect of equal or different
temperature variation in the variable cross-sectioned beam elements was not found.
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BASIC PRINCIPLES
In this study, investigated beam element was selected to variable height and fixed width (Figure
1).
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Figure 1. Variable cross-sectioned element

End displacements, d, end forces, p, and fixed end forces, f, are given in Figure 2. According to
displacement method, equilibrium condition of an element in closed form is

{P}=[K]{d} + {f} (Equation 1)
K is stiffness matrix of the element and is symmetrical. Elements of k is named as stiffness
coefficients.
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Figure 2. End displacements, end forces, and fixed end forces
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These coefficients are varied with the geometry of carrier element according to the elastic
parameters. The coefficients are kjj= kji and provide static equilibrium equations. Elements stiffness
matrix K are as follows (Topgu!!!!).

ki1 =03 EAg/L,  Kkig = —kq1, Kz, = (mj; + my; + 2my;)El, /L3
k23 = (mii + mll)EIO/LZ y k25 = —k22 y k26 = (m” + mll)EIO/LZ
k33 = m“E IO/L , k35 = _k23 , k36 = m” EIO/L (Equation 2)

Ksa =Kkq1, Kgs = —Kiz, Ksg=—Kze, Kge= my; El,/L
K12 = K3 = kg5 = Ky6 = Kpa = Kgs = Kys =Ky =0

E : Elastic modulus

Io= Lin : Minimum moment of inertia of an element
Ao=Anmin : Minimum cross-section area of an element
L : Length of an element

nii, m;, my; and my; are called as basic stiffness coefficients. When these coefficients are known,
stiffness matrix of the element can be established, since all the other values are given with the size and
material of the element. If the cross-section is constant along the length the nj= 1, mii= mj; = 4 and mj;
=2

BASIC STIFFNESS COEFFICINETS

According to equation (1), 3™ column of K, f = 0 (unloaded element) and d; = 1 and while all the
other displacements are zero, the forces at the end of the elements due to d; = 1 displacements are given
in Figure 3.

m;; and m;; values, which are needed for the calculation of kss and Kke;3 stiffness terms, can be
calculated with Mohr method (Topgu!''l).
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Figure 3. d; = 1 loading and Mohr method
[Extended load P1, needed for the occurrence of a unit rotation, d; = 1]
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According to this fictitionus system

SM; =0
E.l, L (L—x)? El, L x.(L—x) .
—VaL = my =3 Jo B0 dx +m;—; /s B0 dx =0 (Equation 3)
M;=0
z El, (Lx.(L-X) El, L x? .
VgL + m;; 75 N e dx — m; L—Zfo 5109 dx =0 (Equation 4)

integrals in equilibrium equations

IlszXZdX,IZ=fL1dX, I3=fLX

0 1(x) 0 I(x) 0 @dx (Equation 5)

if arranged as matrices
{VA} _ L [(—Lzlz + 2LI; — ;) (LI3 = 11)] . {m“} _ {0}
4 L3 (-LI; + 1) (1) my; 1
is obtained. Assuming ds = 1, the equation system to obtain mj; can be established

(Equation 6)

In similar manner d; = 1 and d¢ = 1 loading coefficient matrix, A in Mohr systems are

A{gi;} - {_Ol}A {ﬁ}:} = {2} (Equation 7)

if these are solved

=__n = Ll o _ ZLH2L-h .
Mi = " e M7 T 0 MiT det(A) (Equation 8)
is obtained. Here,
det(A) = — b (41, — 13%) (Equation 9)

L

For the calculation of n; coefficient, f = 0 and d; = 1 and all the other displacements assumed to be
zero in equation (1) then the normal force of —n;EAo/L is obtained. The extension of the element in
length (AAL=d>—d;=-1)1is

AL =—1=—nz=2 [ Al(x) dx (Equation 10)
integral here is

I, = f;ﬁ.dx (Equation 11)
SO

n;; = ALO% (Equation 12)

is obtained as it can be seen here, the calculation of basic stiffness coefficients ni;, m;, m;, and my;
reduced to solution of integrals (5) and (12).These integrals solved for constant and linear cross-section
variations and for parabolic cross-section variations Romberg integration method is used and included
in the computer program (Topgul'!l).
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CALCULATION OF FIXED END FORCES IN THE PRESENCE OF TEMPERATURE
VARIATIONS
Equal Temperature Variation

The extension of a beam under equal temperature variation can be written as

ALt = a.L.(AT) (Equation 13)
Here a : Temperature extension coefficient of material

L : Length of element

AT : Average temperature variation
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Figure 4. The state of equal temperature variation

When a variable cross-sectioned beam fixed from both end exposed to AT temperature variation,
the extension at the both end due to axial force can be written as integral given below, since A; (x) and
Aj (x) are variable.

N fu dx fl.l'l'Lo dx L

AL=% o a0 A fu+Lo AX)

(Equation 14)

Here the statement in brackets is the 14 integral for the calculation of basic stiffness coefficient due
to the normal force. Thus,

N =E.a. (AT).I£ (Equation 15)
4

and if arranged,

N = n;;. E. Aya. (AT) (Equation 16)
is obtained. There is no other force effecting other than this axial force the {f} vector to obtain fixed end
forces due to equal temperature variation in the plane frame beam which has six degree of freedom, can
be written as below

1
2

nll E.A,. a(AT)
K:
(s = 1

(1)
| 0
? —n;;.E.A, a(AT)} (Equation 17)

0
e o )
Different Temperature Variation
In a free end element the deformation, due to the AT heating in the upper face, the AT, heating in

the lower face of a variable cross-sectioned frame element and forces occurred when the element fixed
from both end are given in Figure 5.
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Figure 5. In different temperature variation

If the temperature variation is assumed to be linear along the height h (x) of thee element, extension
in length AL is found as;
AL = o. L. (AT, + AT,)/2 (Equation 18)
if N is drown from equation (14) and (18)

N = ny;. E. A,. o, S50 (Equation 19)

is obtained. From Figure 5, the cross-section rotation angle due to different heating of the upper and
lower face is

0 = o. L. (AT, — AT;)/h(x) (Equation 20)
if written in the form of,

M= %(X) .0 (Equation 21)
and if the equation is arranged
E. LI .
M= Ta (AT, — ATy) [, %.dx (Equation 22)
is obtained. If the integral here is shown with Sj, then it is
_ LI _ L ®) Li+Lo I, L Ij(x) .
Sii = [, %.dx =, m.dx + /i E.dx + Jiiito h]_(X).dx (Equation 23)

These integrals for different temperature variations are also calculated and included in the computer
program.

The {f} vector which gives the fixed end forces in a fixed end beam exposed to different heating
is obtained as

£ ( nii.E.Ao.% )
(f) 0
[f2] S E.o AT, —AT,
{Bxyz 1 f5 ? ={ "L g (Equation 24)
f4 —1jj. E. AO. AT +AT;
fs) o 2
. 5y EadTidTz

Numerical application
Variable cross-sectioned frame given in figure 6, was solved and results are given for equal
temperature variation on 20°C and different temperature variation AT; = -5 °C, AT>=+15°C
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Figure 6. Example of variable cross-sectioned frame
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Figure 7. Koding of the example
In the solution I=0.010 m*, E =2.1*10° t/m? b = 0.25 m are used.
Tablel. 20 °C Results of uniform temperature variations
Element and end forces
No | 1 J Ni (t) Nj (V) Vi (t) Vi @®) Mi (tm) Mj (tm)
1 1 2 -0.630 0.630 0.893 -0.893 3.518 1.837
2 2 3 -1.039 1.039 0.336 -0.336 -1.837 5.197
3 3 4 -0.336 0.336 -1.039 1.039 -5.197 0.000
Table 2. AT, =-5 °C, AT, = +15 °C Results of different temperature variations
Element and end forces
No | I | J Ni (t) Nj (v Vi (t) Vj (t) Mi (tm Mj (tm
1 1 2 -0.397 0.397 0.338 -0.338 -0.253 2.278
2 2 |13 -0.520 0.520 0.032 -0.032 -2.278 2.600
3 3 4 -0.032 0.032 -0.520 0.520 -2.600 0.000
RESULTS

For statical solution of carrier frames consisting of variable width or height beams under the effect of
equal or different temperature variation a computer program in BASIC language was prepared according
to the principles presented here. The program is able to solve the frames automatically without the need
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for using any graphs and charts. This program prepared with matrix displacement method is able to save
memory and working time of computer.

REFERENCES

[1] Cakiroglu, A.,1961, Hiperstatik Sistemlerin Hesap Metotlar1. Ar1 Kitabevi, Istanbul.

[2] Tezcan, S., 1970, Cubuk Sistemlerin Elektronik Hesap Makinalari Ile Coziimii. I.T.U. Yaymi
Say1 12, istanbul.

[3] Vanderbilt, M. D., 1978, Fixed and Action Stiffness Matrices for Nonprismatic Beams, ACI, 290-
298.

[4] Funk, R. R. and Wang, K.1988, Stiffness of Non prismatic Member, J. of Struct. Engnrg, 114, 2,
484-494,

[5] Kiral, E., Mengi, Y., Diindar, C.,1986, Yap1 Mekaniginde Bilgisayar programlar1 , Yayn No: 12,
Teknek Yaymevi, Adana.

[6] Eisenberger, M., 1985, Explicit Stiffness Matrices Nonprismatic Members, Comput. &Struct., 20,
4, 715-720.

[7] Brown, C. J., 1984 Approximate Stiffness Matrices for Tapered Beams, J. of Struct. Engnrg, 110,
3050-3055.

[8] Kosko, E., 1982, Uniform Element Modeling of Tapered Frame Members, ASCE, 108, STI, 245-
264.

[9] Fertis, D. G. and Keene, M.E.,1990, Elastic and Inelastic Analysis of Nonprismatic Members, J. of
Struct. Engnrg., 116, 2, 475-489.

[10] Mezaini N, Balkaya, C, Citipitioglu E, 1991, Analysis of Frames with Nonprismatic Members,
ASCE, 117, 1573-1591.

[11] Topgu, A.,1992, Degisken Kesitli Diizlem Cer¢eve Elemanlarin Temel Rijitlik Katsayilarmin ve
Ankastrelik Kuvvetlerinin Analitik ve Romberg Integrasyon Yontemi Ile Hesabi”. Ingaat
Miihendisliginde Bilgisayar Kullanimi III. Sempozyumu, I.T.U, istanbul.

[12] Karaduman, A,1993, Degisken Kesitli Diizlem Tasiyic1 Sistemlerin Matris Deplasman Y 6ntemi
ile Statik Coziimii, Selcuk Universitesi, Fen Bilimleri Enstitiisii, insaat Miihendisligi Anabilim
Dali, Konya, 132 s.

[13] Ruta, F, 1999, Application of Chebychev series to solution of non-prismatic beam vibration
problems, Journal of Sound and Vibration 227(2), 449-467.

[14] Yuksel SB, 2012, Assessment of non-prismatic beams having symmetrical parabolic haunches with
constant haunch length ratio of 0.5, Structural Enginering and Mechanics V: 22 Issue: 6 pp:849-
860.

[15] Archundia-Aranda H, Grande-Vega A, Tena-Colunga A, 2013, Behavior of reinforced concrete
haunched beams subjected to cyclic shear loading, Engineering Structures V: 49, pp: 27-42.

[16] Raju P.M, Rajsekhar K, Sandeep T.R,2014, Performance of non-prismatic simply supported
prestressed concrete beams, Structural Engineering And Mechanics V: 52 Issue: 4 pp: 723-738.
[17] Orr 1J, Ibell TJ, Darby AP, 2014, Shear behavior of non-prismatic steel reinforced concrete

beams,Engineering Structures, 71, 48-59.

[18] Thermou GE, Katakalos K., Manos G.,2015, Influence of the cross section shape on the behaviour
of SRG-confined prismatic concrete specimens (In Press), Materials and ~ Structures/Materiaux et
Constructions, 19p

[19] Ma, Y .Jiong, Chen, Guoping, 2016, Model Analysis of a rectangular Variable cross section beam
with multiple cracks under different temperatures , Journal of Vibroengineering, 18(5),3078-3088.

[20] Ma, Y .Jiong, Chen, Guoping, Yang, Fan, 2017, Model Analysis of a Simply Supported Steel Beam
with cracks under different temperatures Load, Shock and Vibraation, (3), 1-10.

27


http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=R1mlKukwR8aMhipacEZ&field=AU&value=Raju,%20PM
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=R1mlKukwR8aMhipacEZ&field=AU&value=Raju,%20PM
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=R1mlKukwR8aMhipacEZ&field=AU&value=Rajsekhar,%20K
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=R1mlKukwR8aMhipacEZ&field=AU&value=Rajsekhar,%20K
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=R1mlKukwR8aMhipacEZ&field=AU&value=Sandeep,%20TR
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=R1mlKukwR8aMhipacEZ&field=AU&value=Sandeep,%20TR
http://www.scopus.com/authid/detail.url?authorId=25923929500&amp;eid=2-s2.0-84921979452
http://www.scopus.com/authid/detail.url?authorId=25923929500&amp;eid=2-s2.0-84921979452
http://www.scopus.com/authid/detail.url?authorId=7004913362&amp;eid=2-s2.0-84921979452
http://www.scopus.com/authid/detail.url?authorId=7004913362&amp;eid=2-s2.0-84921979452
http://www.scopus.com/source/sourceInfo.url?sourceId=17139&origin=recordpage
http://www.scopus.com/source/sourceInfo.url?sourceId=17139&origin=recordpage
http://www.scopus.com/source/sourceInfo.url?sourceId=17139&origin=recordpage
http://www.scopus.com/source/sourceInfo.url?sourceId=17139&origin=recordpage

