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Minimality over free monoid presentations

A. Sinan Cevik* , Kinkar Ch. Das ", I. Naci Cangul * and A. Dilek Maden®

Abstract

As a continues study of the paper [4], in here, we first state and prove
the p-Cockeroft property (or, equivalently, efficiency) for a presentation,
say Pg, of the semi-direct product of a free abelian monoid rank two by
a finite cyclic monoid. Then, in a separate section, we present sufficient
conditions on a special case for Pr to be minimal whilst it is inefficient.
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1. Preliminaries

Suppose that P = [X;r] is a finite presentation for a monoid M. Then the Euler
characteristic is defined by x(P) =1 — |X| + |r|. There also exists an upper bound over
M which is defined by 6(M) = 1 — rkz(H1(M)) + d(H2(M)). In fact, as depicted in
[2, 3, 4], S. Pride has shown that x(P) > §(M). With this background, we define the
monoid presentation P to be efficient if x(P) = §(M) and then M is called efficient if
it has an efficient presentation. Moreover a presentation Py for M is called minimal if
X(Po) < x(P), for all presentations P of M. There is also interest in finding inefficient
finitely presented monoids since if we can find a minimal presentation Py for a monoid
M such that Py is not efficient then we have x(P") > x(Po) > §(M), for all presentations
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P’ defining the same monoid M. Thus there is no efficient presentation for M, that is,
M is not an efficient monoid.

Some of the fundamental material (for instance, semi-direct products of monoids,
Squier complex, a trivializer set of the Squier complex, p-Cockcroft property, monoid
pictures) which will be needed to construct the main results of this paper have been
defined and referenced in detail in [1, 2, 3, 4].

The following theorem also proved by S. Pride which we will use it rather than making
more direct computations of homology for monoids. In fact Kilgour and Pride showed
the analogous result for groups in [8] and credit an earlier proof by Epstein ([5]).

1.1. Proposition. Let P be a monoid presentation. Then P is efficient if and only if it
is p-Cockcroft for some prime p.

Let A and K be arbitrary monoids with associated presentations P4 = [X ; r] and
P = [V, s], respectively. Alsolet E = K x¢9 A be the corresponding semi-direct product
of these two monoids. For every x € X and y € Y, choose a word, which we denote by
Y0z, on Y such that [yf.] = [y]f|,) as an element of K. To establish notation, let us
denote the relation yz = z(yf,) on X UY by T, and write t for the set of relations Ty, .
Then, for any choice of the words y0,,

(11)  Pe=[V, X;s 1]

is a standard monoid presentation for the semi-direct product E. Then a trivializer set,
Xg, of the Squier complex D(Pg) has been defined in [10] by J. Wang as the set

XaUXrgUC;UC,

(see also [4, Lemma 1.5]) where Xa and Xk are the trivializers of the Squier complexes
D(P4) and D(Pk), and also the subsets C1, Ca2 consist of the generating monoid pictures
Pse (S€s, z€ X)and Pry (REr, y €Y). Hence, by using the set Xg, Cevik proved
the following result which will be used to proof of Theorem 2.4 below.

1.2. Theorem. [3, Theorem 3.1] Let p be a prime or 0. Then the presentation Pg in
(1.1) 4s p-Cockcroft if and only if the following conditions hold.

(1) Pa and Pk are p-Cockcroft,
(i) exp,(S) =0 (mod p) for all S €s,y €Y,
(4it) expg(Bs,») =1 (mod p) for all S €s, v € X,
(iv) expg(Cy0,) =0 (mod p) forall S€s,ye€Y, Rer,
(v) expp,, (Ar,.y) = expy, (Ar_y) (modp) forall REr,y€Y andz € X.

This paper has been divided into two main parts. In Section 2, we will investigate the
efficiency (in fact, by Proposition 1.1, p-Cockcroft property for a prime p) for a standard
presentation of the semi-direct product F of a free abelian monoid rank two, say Ks,
by a finite cyclic monoid, say A, (see Theorem 2.4 below). Moreover, in Section 3, we
will present the minimality of the monoid E while it has an inefficient presentation (see
Theorem 3.1 below) by considering a special case.

2. Efficiency

2.1. The semi-direct product of K2 by A. By the definition, to define a semi-direct
product of K2 by an arbitrary monoid A, we first need to define an endomorphism of K».
To do that, let us start with Z*" which is the free abelian monoid rank n, say K,. Also
let M be an n X n-matrix with non-negative integer entries. Then we get a mapping

Yo Ky — K, v — oM,



where v = (v1,v2,-++ ,vn). Actually ¥ € End(Ky) (and so ¥, ¥a, = Yaym,). We
note that if ¢ € End(K,) then there exist a matrix M (depending on ¢) such that
¢ = . By the mapping M — vy, we get an isomorphism from Mat,(Z*) to the
monoid End(K,), where

Mat,(ZT) = {M : M is an n x n-matrix with non-negative integer entries}

is a monoid under matrix multiplication.

Suppose Pk, = [ys (1 <i<n); yy; =y (1 <i<j<n)]isa presentation for
K, and P4 = [x ; r]| is a presentation for A. Suppose also that, for each z € x, we
have an endomorphism v, of K. Since End(K,) = Matn(Z+), the endomorphism
(z € x) will be ¥, for some matrix M,. For any positive word W = z1z2 - - -z, on x,
let Mw be the product M;, My, - - - M, of the matrices M,, where 1 < ¢ < n. Then
the mapping z — 9, (z € x) induces a homomorphism 0 : A — End(K,) if and only
if]\’[R+ =Mg_, for all R €r.

Now let A be the finite cyclic monoid with a presentation P4 = [z ; 2 = z'] where
1<l<kandl ke Z" (Wenote that the fundamental material about finite cyclic
monoids can be found in the book [6]).

k

2.1. Remark. Recall that the elements of the finite cyclic monoid A represented by
equivalence classes [z°] (0 <4 < k). For 0 < i <, the equivalence class [z] just consist
of the single element x*. However for i > [, the equivalence class [z'] consist of infinitely
many elements which are defined by [z] = {x”q(k_l) ;¢q=0,1,2,--- }.

Also let us consider K5 and let us suppose that 1 is the endomorphism ¥y of Ka,
where

Q21 Q22

M= { o1 Qe }
such that the entries «;;’s are the positive integers given by

[ya] — 111 92"] and [ya] — (31" g2 "]

Hence, by the previous explanation, the mapping z — ¥, (z € x) induces a well-defined
monoid homomorphism 6 : A — End(K>) if and only if Mizr) = My, or equivalently,

(2.1)  MF=M" modd,

where d | (k —1).

2.2. Remark. By considering the elements of finite cyclic monoid A with its presentation
P4 as defined in Remark 2.1, there exits an inequality between the non-negative integers
k and l such as 1 <[ < k. Thus to define an induces homomorphism 6 : A — End(K3),

that is, to be able to define Ka x9 A, we must take congruence relation between M* and
M! as given in (2.1) with the assumption d | (k — I).

In fact the kth and Ith powers of the matrices can be written as follows. Initially, let
us consider the matrices

MO — 1 0 and ML= | @ Q2
101 | a2 @ |

and then, for simplicity, let us rewrite them as the matrices

Ao Bo d Al Bl
Co Do | " ci D |’



respectively. Then we clearly get

M2 — A1 B Q11 Qi2 _ Arai1 + Biaar  Arois + Biags
Ci D 21 Q22 Cirai1r + Diaar Crane + Diaaa
= 4> B sa
- 02 D2 I y

Therefore the kth (k € Z) power of M will be

ME - [ Ak—1  Br-1 ] { a1l a2 ]

| Ck—1 Dr— Qo1 Q22

[ Ag—roa1 + Be—raer Ap_ioa2 + Br_i1aoe
| Ck—1011 + Dy—1a21 Cr—1012 + D_1022

= [ A B sa

As a similar idea, the Ith (I € Z1) power of M will be

| AL B
w-| o n.

Now we can present the following lemma which gives the importance of Equation
(2.1). In fact this lemma will be needed in the proof of Theorem 2.4 below.

2.3. Lemma. The function 6 : A — End(K32) defined by [x] — 0y is a well-defined
monoid homomorphism if and only if Ax = A; mod d, By = B; mod d, Cr = C; mod d
and Dy, = D; mod d, where d | (k—1).

Proof. This follows immediately from M* = M! mod d. O

Now suppose that (2.1) holds. Then, by Lemma 2.3, we obtain a semi-direct product
E = K5 x9 A and have a presentation

(22) TPE = [y1792730 ) S7 R7 TylauTyg:c],
as in (1.1), for the monoid E where

S y1y2 = Y21, R:zF =2

Tpo s ppz =ay; 7y, Typa : yox = oyy 5™,
respectively.

At the rest of this paper, we will assume that Equality (2.1) always holds when we
talk about the semi-direct product E of K> by A.

We know that the trivializer set of Xg of D(Pg) consists of the trivializer set Xk, of
D(Pk,), Xa of D(Pa) and the sets Ci, Ca (see [4, Lemma 1.5]). In our case, Xk, is
equal to the empty set since, for the relator S, we have ¢(S1) # +(S-) (or, equivalently,
7(S4) # 7(S-)) and so, by [7], Pk, is aspherical then p-Cockcroft for any prime p.
Newertheless, the trivializer set X of the Squier complex D(P4) is defined as in Figure
1 (cf. [3, Lemma 4.4]).

Finally the subsets C; and Cgz contain the generating monoid pictures Pg, , (which
contains a non-spherical subpicture Bs . as depicted in [3]), Pg,y, and Pg,y, of the triv-
ializer set Xg. These pictures can be presented as in Figure 2-(a) and (b).



Figure 2. : In the figure (a), X = y*' y5?2 and Y =yt ys1?

2.2. The main theorem and its proof. For simplicity, let us replace the sum of
coefficients

Ao+ A1+ -+ Ag_1as A, Ao+Ai+---+A_1as A,
Bo+Bi+:--+Bx-1asBy, Bo+Bi+: -+ B_1as B,
Co+Ci+-4+Crr1asC,, Co+Ci+---+Ci_1asC,
Do+ Di+---+Dx_1asDy, Do+Di+---+Di—1 as D;.

Suppose that the positive integer d, defined in (2.1), is equal to a prime p such that
p | (k—1). Therefore the first main theorem of this paper can be given as in the following.

(2.3)

2.4. Theorem. Letp be a prime or 0, and consider the replacements in (2.3). Then the
presentation Pg, as in (2.2), for the monoid E = K X A is p-Cockcroft if and only if
a) detM =1 mod p,
b) Ar=D; modp, Br=C€ modp,
Ck =B, modp, Dp,=A modp.

Proof. The proof will be given by checking the conditions of Theorem 1.2. By a part
of prelimary material of this paper, it is clear that Xk, = (. Also, since the trivializer
set X a of the Squier complex D(P4) can be defined as in Figure 1, it is clear that P4
is p-Cockeroft (in fact Cockeroft). Moreover, by considering the picture Pg, , in Figure
2-(a), we see that expr, ,(Ps.) = 0 = expr,,, (Ps,») which is clear by expy, (5) =0 =
expy,(S). Thus the conditions (i) and (i¢) of Theorem 1.2 hold. Furthermore in the



picture Bgs ., we actually have a11 a12-times positive and a2 a21-times negative S-discs.
Thus

e:Eps(BS,I) = (x11 ¥12 — (12 (x21 = detM.

So to condition (iii) be hold, we must have detM =1 mod p, as required.

Let us consider the generating pictures P, and Pg, as drawn in Figure 2-(b). We
always have expr(Pr,y;) = 0 = expr(Pr,y, ). Recall that to define a semi-direct product
K3 xg A, we assumed equality (2.1) be held. That means, for each i € {1,2}, we must
have

YiOizk) = Yibp1-

But we know that this equality be hold if and only if the conditions in Lemma 2.3 are
satisfied. Besides of that using the equality of the congruence classes gives us that there
will be no Cy, ¢, subpictures. In other words, all arcs in that part will be coincides
to each other. So the condition (iv) will be directly held. Let us now consider the
subpictures Ar, ,; and Ar_,, which consist of only T}, discs (1 <4 < 2). Since each of
the generating pictures Pry, and Pr 4, contains a single subpicture Ag, 4, and a single
subpicture AI}i,yi’ we must have

EXTPy; (AR+7yi) —expy, (Ar_y;) = expy; (Pry, ).

Now let us take into account the matrices M%, M, --- ,M*~!. By using the endo-
morphism ¥y of K defined by [y1] — [y1%" y2?1?] and [y2] — [y1?' y2“?2], a simple
calculation shows that the sum of the first row and first column elements in these matrices
gives the exponent sum of the Ty, discs in the subpicture Ar . In other words

Ak = expr, , (Ary ).
Similarly, we also get
B = expTyzz(ARmel), Cr = expTyw(ARJr’y?) and Dy = expTyzr(AR+’y2)'

On the other hand, again by considering the matrices M°%, M, --- . M!~! with the
same idea as above, we obtain

A= E€TPTy, . (ARfﬂﬁ) , Bi= EXPTy, o (AR77y2) )
C = expr,,.(Ar_ ), Di=ecxpr, ,(Ar_ ).

Therefore to p-Cockcroft property be hold, we need
expTyim (AR+ sYi ) = eIpTyiw (AR— sYi ) mOd b,

forall 1 <i<2.

Conversely let the two conditions a) and b) of the theorem be hold. Then, by using
the trivializer of the Squier complex D(Pg), we can easily see that Pg is p-Cockcroft
where p is a prime or 0.

Hence the result. (]

2.5. Remark. The importance of the assumption p | (k — [) seems much clear in the
proof of Theorem 2.4. Otherwise we could not have obtained Equality (2.1) and so could
not have obtained the exponent sums of the disc T,,, and Ty,» congruent to zero by
modulo p in the subpictures Ar, o, and Ar_ 4,, where ¢ € {1,2}, since these sums are
directly related to the number of k-arcs and [-arcs, respectively.



2.3. Some applications.
2.6. Example. Let p be an odd prime and suppose that

1 0612}

(2.4) M= { 0

is a matrix representation for the endomorphism of free abelian monoid Kj rank two.
We then always have
MPH =M mod p

and, by Lemma 2.3, we also have £ = K3 x9 A. Hence we get a presentation
(2.5)  Pu=[y1,y2,@; y1y2 = yoy1, 2" =z, pix = 2yays 12, yaw = ayo),
as in (2.2), for the monoid E.

Therefore we can give the following result as a consequence of Theorem 2.4.

2.7. Corollary. For all odd prime p, the semi-direct product presentation Pg in (2.5)
always p-Cockcroft.

Proof. By considering the subpictures Ar_ y,, Ar, 45, Ar_ 4, and Ag_ 4, given in Fig-
ures 3 and 4, the proof will be an easy application of Theorem 2.4. In fact the condition

AR+7y1

Y1

l.PJrl

qde | B
2 |

(a) (b)
Figure 3

a) of Theorem 2.4 always holds since detM = 1. Moreover we have

€TPTy, - (Pry,) = ETPTy, (AR+vyl) — €TPTy, o (AR_,y)
= Ao+Ai+--+A,—Do=(p+1)-1=p,

which is obviously congruent to zero by modulo p, and

€TPTy, - (Pry,) = EXPTyq (AR+ 1)~ ETPTy, o (Ar_,y)
= Bo+Bi+-+Bp,—Co
1 1
= o012 Lp;— ) —0=ai2 Lp;— ) =0 mod p.



AR,,yl AR* sY2

Y1
X T

Y2
t Yo ?

Figure 4
Similarly,
€TPT,, - (]P)R»HQ) = €IPTy, . (AR+ ,yz) — €TPTy, o (AR— ,yz)
= Cg+Ci+---+C,—By=0 mod p,
€TPTy, (PRJJQ) = €IPTy,. (ARJr ,yz) — €TPTy, (AFL ,yz)

= Do+Di+--4+Dp—Ao=(p+1)—1=p=0 mod p.

Therefore, for all i € {1,2}, expr,., (Pr,y;) =0 mod p. (We note that, by the explanation
as in the proof of Theorem 2.4, we do not have C,, ¢, subpictures in Pg,,). This
completes the proof. O

2.8. Remark. In Example 2.6, if we constructed the matrix M, defined in (2.4), for
even prime p while P! = z then, by Lemma 2.3, we would obtain a semi-direct product
E for just aya = 1 or aija = 0 while M® = M mod p. However, for a1z = 1, since

Bo + B1 + B2 # Cb,

by Theorem 2.4, the presentation Pg in (2.5) will be inefficient. Here, by Theorem
2.4, one can show that Pg is efficient if and only if a2 = 0. But a2 = 0 gives the
homomorphism 6 is identitiy and so, K2 X9 A becomes K3 x A. In fact the efficiency for
a presentation of the direct product of arbitrary two monoids has been investigated in
[3, Theorem 4.1].

A similar case, as in Example 2.6, can be given by using the matrix

1 0
=] ]

Then we obtain a semi-direct product E with a presentation
(2.6)  Pr=[y1,y2,2; yiy2 = yoyr, 2" =z, 1w = wy1, yaw = Ty ye].

Thus we have the following result, as a consequence of Theorem 2.4, which can be
proved quite similarly as in Corollary 2.7.

2.9. Corollary. Let Pg, as in (2.6), be a presentation for the semi-direct product of Ko
by A. Then, for all odd prime p, Pg is p-Cockcroft.

We note that Remark 2.8 is also valid for the above case.

2.10. Example. Suppose that p is a prime and the matrix M is equal to either { é ?12 } or

Then, by applying a simple calculation as in the previous examples, we get an efficient
semi-direct product presentation for k =2p+ 1 and [ = 1.



1 0
0 a2
M mod p and, by Lemma 2.3, we have a semi-direct product £ = K3 X9 A with a
presentation

2.11. Example. Let p be any prime and let M = { ] . Hence we get M?PH1 =

(2.7)  Pe=[y1,¥2,2; 1Yz = yoy1, 2" = 2, y1x = ay1, o = wys??).

As an application of Theorem 2.4, we also have the following corollary.

2.12. Corollary. The presentation Pg, as in (2.7), is p-Cockcroft for all prime p, if
ag2 = 1+ pt where t > 0.

Proof. In the proof, we will assume az2 = 1+ pt, t > 0, and then just follow the same
way as in the proof of Corollary 2.7. It is clear that detM = 1 (mod p) by the assumption
on agz. So the condition a) in Theorem 2.4 holds. Now let us consider the subpictures
AR, y1s AR, yo, Ar_y;, and Agr_ 4, given in Figure 5. We note that, by fixing these
subpictures into the pictures Pry, and Pry, given in Figure 2-(b), we obtain similar
Pr,y, (1 <7< 2) pictures for this case. Then we have

AR+7yl

v . Y1 x
? Y >?
n T Y2 x
—1 —1
ARf,.m ARf,;tn
Figure 5

expr,,,(Ar, y,) —expr, ., (Ar_y) = (2p+1)—1=2p=0 modp,
expr,,, (AR, y) — expr,,, (Ar_y,) = 0 modp and
expr,, . (AR, yo) — €xpr,, . (AR ) = 0 mod p.



Furthermore, since

€TPTy, (AR+’?J2) — ETPTy, o (AR—wz) = l4+ax+ 04222 + -+ 04222p -1
o a222p+1 -1 1
N a2 — 1
2p+1 _
= @2 792 _§ odp,
a2 — 1

the condition b) of Theorem 2.4 holds.

We should note that M?*T! = M (mod p) implies 92 ?PtTt = (o (mod p) and this
gives us that 7(Ar, y,) = L(Agi’yz), that is, there is no subpicture C,, ¢, in the picture
Pr,y, as expressed in the proof of Theorem 2.4. O

By choosing

el )

0 1
for any prime p, we get again M?**! = M mod p as in Example 2.11, and so we obtain
a presentation

+1

_ . _ 2p _ _ a1l _
- ) I ) - ) - - 1 ) - )
(28)  Pe=[y,y2,2; y1y2 = Y2y, T, )12 = zyyt ez = Y]

for the semi-direct product E = K3 xg A. Therefore, by drawing quite similar pictures

as in Figure 5, we have the following consequence of Theorem 2.4.

2.13. Corollary. The presentation Pg, as in (2.8), is p-Cockcroft for all prime p, if
ai1 =1+ pt wheret >0 .

2.14. Remark. The examples and corrollories given in this subsection can also be true
for the general case of k = np+ 1 and [ = 1 where n is the positive integer.

3. Minimality

3.1. The Main Theorem. Let K2 be the free abelian monoid rank 2 with a pre-
sentation Px, = [y1,y2 ; y1y2 = y2y1] and let A be the finite cyclic monoid with a
presentation P4 = [z ; ?T = z]. Also, suppose that 1 is the endomorphism )y of K,

where M = { o1z } such that (2.1) holds with the assumption d = p. Then, by

Q21 Q22
Lemma 2.3, we get a semi-direct product F = K> Xy A with a presentation

_ . _ 2p+1 __
Pe=[y,y2,z ; iy =y, ==,
@21, &22

(3.1) iz =y s, yer = Yy ys?? .

Let us assume that

a1 =1, ara =a21 =0 and a2 =1+pt1 (1 >0) or
a2 =1, aza =21 =0 and a1 =1+ pts (tz > 0),

where p is a prime. Then, by Corollary 2.12 or Corollary 2.13, the presentation Pg in
(3.1) is p-Cockeroft for any prime p and so, by Proposition 1.1, it is efficient.
Suppose that p is an odd prime. Then, in particular, Pg is not efficient if

detM = exps(Bs,s) =0 or p—1 mod p.

Therefore our another main result in this paper is the following.



3.1. Theorem. The presentation Pg, as in (3.1), is minimal but inefficient if p is an
odd prime and

Q11 :p—l, a11:1,
either a1z = ag1 =0, or a2 = a1 =0,
062221, Q22 :p—l.

3.2. Preliminaries for the minimality result. Let M be a monoid with a presen-

tation P = [y;s], and let PO = @ZMes be the free left ZM-module with bases
Ses

{es : S € s}. For an atomic monoid picture, say A = (U, S,e,V) where U,V €

F(y), S € s, e = %1, the left evaluation of the positive atomic monoid picture A is

defined by eval“)(A) = elUes € PY, where U € M. For any spherical monoid picture

P = A;As---A,, where each A; is an atomic picture for i = 1,2,--- ;n, we then define

eval V (P) = Zeval(l)(Ai) € PY. Let ép.s be the coefficient of es in eval® (P). So we
i1

can write eval® (P) = Zép,ses e PY. Let Iél)(fP) be the 2-sided ideal of ZM generated
Ses
by the set

{dp,s : P is a spherical monoid picture, S € s}.
Then this ideal is called the second Fox ideal of P.
The fact of the following lemma has also been discussed in [4].

3.2. Lemma. IfY is a trivializer of D(P) then second Fozx ideal is generated by the set
{(5[?,5 :Pe Y7S S S}.

The concept of the second Fox ideals is needed for a test of minimality for monoid
presentations (see [4]). The group version of this test has been proved by M. Lustig ([9]).

3.3. Theorem. Let Y be a trivializer of D(P) and let b be a ring homomorphism from
ZM into the ring of all n X n martices over a comutative ring L with 1, for somen > 1,
and suppose P(1) = Lnxn. If Y(Ap,s) =0 for allP €Y, S € s then P is minimal.

3.3. Proof of Theorem 3.1. As previously, let K2 denotes the free abelian monoid
rank two with a presentation Pk, = [y1,y2, ; y1y2 = y2y1] and, for an odd prime p, let A
denotes the finite cyclic monoid with a presentation P4 = [z, ; Pt = z]. Moreover let
M be the matrix representation of K with the assumption M?*™! = M mod p. Then
we have a semi-direct product E = K2 X9 A with a presentation Pg as in (3.1).
Suppose that a11 = 1, 12 = @21 = 0 and g2 = p—1 in Pg.
Let us consider the picture Pg ., as drawn in Figure 2-(a), and also consider the

generating set {y1,y2} of Px,. For a fixed element y; in this set, let us assume that
Yi
E

denotes the Fox derivation with respect to y;, and let be the composition
Yi

5

dy;

ZF({ylayQ}) — ZF({y17y2}) — ZE,
where F({y1,y2}) is the free monoid on {y1,y2}. Furthermore, for the relator S : y1y> =
E

let us define & to be 225+ _ 275~ Thyg, for a fixed he coeffici
Y291, let us define to be oy oy us, for a fixed y; € {y1,y2}, the coeflicients

8yi
E
of e, in evalV (Ps, ) is T In fact
o"s "s
82/1 v an 8y2 v



We then have the following proposition.

3.4. Proposition. The second Fox ideal Iél)(fPE) of Pr is generated by the elements

1 — z(eval® (Bs.)), T—z" ' 1—a"2 01—,
oFs oFs
8y1 ’ ayg ’
0 0 0 (D)
eval'’ (AR, y,) — eval’ (Ar_ 4, ), eval'’ (AR, y,) — eval™’ (Ar_ 4,).

Proof. Recall that D(Pg) has a trivializer Xg consisting of the sets Xa, Xk,, C1 and
C2 where Xa (see Figure 1), Xk, (which is equal to the empty set) are the trivializer
sets of D(P4) and D(Pg,), respectively and Cq, Cz consist of the pictures Pg . (see
Figure 2-(a) by assuming a11 = 1, iz = a21 = 0, az2 = p— 1), Pr,y, and Pry, (see
Figure 2-(b) by fixing Ar, 4, and Ar,y, given in Figure 5), respectively. Now we need to
calculate eval®® (Ps.y), eval ¥ (Pr.y,), evalV (Pg.,,), and eval(l)(IP’Zfl) 1<m<k-1).
So we have

evalV(Ps.) = Oeg, 565+ 0bg , 1y €Ty 0 + OFs , Typu €T,
E E
B o 0% S S
= (1—=z(eval” (Bsa)))es + (Tyl)eTylz + (78312 )eTyye
eval(l) (PRﬂJl) = 6]P’R,y1 ,RER + 5]P’R-,y1 Ty12 €Ty a + 5]P’R,y1 Tyga €Ty
= (I-yer+ (@ +z+a”+ - +2” —1er,, +Oer,,,
= (1—wyi)er+ (eval(l)(AR+,yl) — eval(l>(AR77yl))eTylz.

eval (Pr,y,)

6PR,y2 ,RER + 6PR,y2 Ty 2€Ty 0 T+ 5PR=y2 Tyga €Ty,
= (I—-y2)er +0er,, +(1+z+2y2 + 22ys 4ty 4
2
2 2y + Py 2P er,,,
= (1-—y2)er+ (eval(“(ARJﬂyz) — eval(“(ARﬂyQ))eTyw.
Also, for each 1 <m < k — 1, evalV( k1) = ey, rReR, where dpm r =1 — zh=m,
Thus, by Lemma 3.2, we get the result as required. O

Let aug : ZE — 7Z, s — 1 be the augmentation map.

3.5. Lemma. We have the following equalities.
1) aug(eval” (Bs;)) = expg(Bs,z).
i E
2) i) aug(%.2) = aug(y2 — 1) = exp,, (9),

.. E
i) aug(%;2) = aug(l — y1) = exp,, (S).
i) aug(evalV(Ag, y,)) = expr,.(Ar, ), ,
Vi i Wi 191,
i) augleval(An_) = copry,(An_y), J 770 E TP
4) aug(eval D (Py)) = aug(l — 2™) = expr(Py)), 1 <m <k - 1.

Proof. Since similar proofs of 1) and 2) can be found in [4], we will only show the
remaining conditions.

Proof of 3):



We will just consider %) since the proof of ii) is completely same with the first one. We
can write

eval(l)(AR+,yi) =eaWier,,, +e2Waer, , +--- +enWher,, .,

where, for 1 < j < n, e; = £1 and each Wj is the certain word on the set {y1,y2}. In the
right hand side of the above equality, each term ¢;W; er,,, corresponds to a single Ty,
disc and, in fact, the value of each ¢; gives the sign of this single 7Ty,, disc. Therefore,
since the Ty, discs can only be occured in the subpictures Ag, 4, and Ar_ 4, the sum
of each ¢; (which is equal to the aug(evalm(ARJr,yi))) must give the exponent sum of
the T, discs in the picture Pr,y,, as required.

Proof of 4):

For each 1 < m < k — 1, since each P}, contains just two R-discs (one is positive and
the other is negative), we write

eval (PF) = —Wi™er + Waer,

where each W;™ is the word on z (1 < j < 2). As in the previous case, by considering
the each term in above equalitiy, we get the sign of this single R-disc. Then the sum of
the whole these signs (i.e the augmentation of the evaluation of each picture) must give
the exponent sum of R-discs. That is,

aug(eval ™ (Py)) = aug(1 — z™) = expr(PR),

as required. Hence the result. ]

We note that detM = expg(Bs,») = p — 1, where p is an odd prime, for the picture
Ps,. in Figure 2-(a).

Also let us consider the homomorphism from E onto the finite cyclic monoid My
generated by z, defined by y1, y2 — 1,  — x. This induces a ring homomorphism

vl 7E — Mk,l[ac].
Let 1 be the composition of v and the mapping
My [z] — Zplz], z+—z, n—7(n€Z),

where 7 is n (mod p) and p | (k —1).
We note that the restriction of n to the subring ZK> of ZE is just the augmentation
map augp : ZKo — Zp by modulo p. Therefore the following lemma is valid.

3.6. Lemma. We have the following equalities.

i) augy(eval®( 1)) =0 (mod p).
. B B
i) augp(225) = augy(25) = 0 (mod p).

iii) augp(eval ¥ (Pr,y,)) = 0 (mod p) and aug,(eval (Pr,y,)) =0 (mod p).

Proof. By Lemma 3.5-4), for 1 < m < k — 1, since aug(eval®( w1)) = aug(l —z™) =
expr(Py;)) and since, by Figure 1, expr(P};)) = 0, it is obvious that the condition )
holds. Similarly, by Lemma 3.5-2), aug(%ETf) = exp,, (S) =0 =-exp,,(5) = aug(%if)
Then the condition #i) clearly holds.




Let us consider the generating pictures Pg,y, and Pg,y,, as drawn in Figure 2-(b) (by
fixing the subpictures Ar_ ., and Ar_ 4, given in Figure 5 into them). By Lemma 3.5-3),
we then have

aug(eval(l)(IP’RM)) = aug[eval“)(ARJr,yl) — eval”)(ARﬂyl )]eTyw
+aug(l —y1)er
E€TPTy, « (ARJr,yl) — €TPTy, o (ARf ,yl) +0
(2p+1)—1=2
which is congruent to zero by modulo p. Moreover
aug(eval“)(PR,yz)) = aug[eval”)(ARJr,yz) - eval”)(AR_,y2 ety,.
+aug(l — y2)er
= expr,,,(Ar, y,) — €xpr,,, (Ar_4) +0

_oopt -1 ot —om
a2 — 1 ago — 1
(R el ()
a (-2
which is congruent to zero by modulo p. Hence the result. O

Thus, by Lemmas 3.5 and 3.6, the image of 12(”(5}’13) under 7 is the ideal of Z,[z] that
is generated by the element 1 —z(expg(Bs,z)) = 1— (p — 1)z since expg(Bs,») = detM =
ariage — araazr = p — 1. In other words,

nI(Pr)) = <1-(p—Dz>=1I, say.
3.7. Remark. A simple calculation shows that I # Z,[z] since 1 ¢ I.

Let ¢ be the composition
ZE -5 Z[x] -2 Z,[a) /1,
where ¢ is the natural epimorphism. Then

$(1 — a(eval” (Bs,))) on(1 — &(evalV (Bs,)))
= ¢(1 — Z(expg(Bs,z)) since 7 is a ring

homomorphism and by Lemma 3.5 — 1)

= ¢(1—2(p—1)) since expg(Bs)=p—1
= 0.

Moreover, by Lemmas 3.5 and 3.6, the images of 1 — z*~ !, 1 — 282 ... 1 -z, %215,
%ETj eval(l)(AR%yl) —eval V(Ar_ 4,), eval(l)(ARJr,yz) —eval ¥ (Ag_ ,) under ¢ are all
equal to 0 since the related exponent sums are all congruent to zero by modulo p. That
means the images of the generators Iél) (Pg) are all 0 under . Therefore, by Theorem
3.3 (Pride), Pg is minimal and so F = K3 Xy A is a minimal but inefficient monoid.

We note that, by using the same method as in this proof, one can see that E is a
minimal but inefficient monoid if p is an odd prime and
a11 =P — 1, Q29 = 1 and 12 :0:a21.

These all above progress complete the proof of Theorem 3.1.



1 0
0 2
Lemma 2.3, we have E = K> x¢9 A with a presentation Pr = [y1, Y2, T ; y1y2 = y2y1, o
T,y = TY1,y2x = Ty3), as in (3.1), for the monoid E. Tt is clear that detM = 2 so,
by Theorem 2.4, Pg is inefficient and also, by Theorem 8.1, Pg is minimal. Moreover,
2 0
0 1

3.8. Example. Let p =3 and M = [ } . Thus we have M7 = M mod 3 and, by

by taking the matrix M = [ } , it can also be obtained a minimal but inefficient

presentation.

3.9. Remark. 1) By using same progress as in the proof of Theorem 8.1, one can see
that if detM = 0 then 1 € I, that is,

(1) (Pe)) =< 1>=1

and so I = Zp[z] (see Remark 3.7). In fact this equality holds for any prime p. That
means the minimality test (Theorem 3.3) used in this paper cannot work for this case.
Therefore it can be remained as a conjecture whether the presentation obtained by this
case is minimal.

2) For p = 2, we have detM = 0 or 1. In the case of detM = 1, we know that Pg
is efficient (see Corollary 2.12 or Corollary 2.13) and so we cannot apply Theorem 3.1.
Furthermore if detM = 0 then we need to turn back condition I1).
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