Hacettepe Journal of Hacet. J. Math. Stat.
Volume 49 (1) (2020), 316337
Mathematics & Statistics DOI : 10.15672/hujms.552209

RESEARCH ARTICLE

Nonlocal boundary value problems for nonlinear
toppled system of fractional differential equations

Kamal Shah
Department of Mathematics, University of Malakand, Chakadara Dir(L), Khyber Pakhtunkhwa, Pakistan

Abstract

The aim of this paper is to study multiplicity results for the solutions of a coupled system of
fractional differential equations. The problem under consideration is subjected to nonlocal
boundary conditions involving Riemann-Liouville integrals and derivatives of fractional
order. Necessary and sufficient conditions are established for the existence of at least
one and more solutions by using various fixed point theorems of cone type. Moreover
sufficient conditions for uniqueness is also discussed by using a concave type operator
for the considered problem. Further, the conditions are also provided under which the
considered system has no positive solution. The results are demonstrated by providing
several examples.
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1. Introduction

Differential equations of arbitrary order are the best tools in the mathematical mod-
eling of several phenomena in various disciplines of science and engineering; for some of
these application we refer to [3,9,14,15,18]. Therefore much attention has been given
to the subject of differential equations of arbitrary order, (see [13,14,26,27] and the ref-
erences therein). The area devoted to the existence of positive solutions to fractional
differential equations and their systems, especially coupled systems have been studied by
many authors, for details see [5,6,19,20]. In recent years, much attention has been given
to the study of multiplicity results of boundary value problems for nonlinear differen-
tial equations of fractional order; for details we refer to [4,7,8,10,11] and the references
therein. Similarly the iterative schemes for approximating the solutions of nonlinear frac-
tional differential equations have been studied in many articles, (see [1,21,24] and the
references therein). In most of these articles the results were obtained by using classi-
cal fixed point theorems such as the Banach contraction theorem, the Leray- Schauder
fixed point theorem and fixed point theorems of cone type. The area devoted to nonlo-
cal boundary value problems of differential equations of classical as well as of fractional
order can be more interesting and applicable in the modeling of various phenomenons of
applied sciences as studied in [12,22,23]. Nonlocal boundary value problems are used
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to study mathematical epidemiology in terms of fractional order models. This is due to
the fact that fractional order models of epidemic disease are more realistic and provide
greater information as compared to integer order models. In last few decades, fractals
and chaos are also studied by using the tools of nonlocal boundary value problems for
fractional differential equations. Besides from the above discussion differential equations
of arbitrary order with nonlocal boundary conditions have also many applications in the
fields of aerodynamics, fluid dynamics, physical chemistry, economics, polymer rheology,
regular variation in thermodynamics, biophysics, blood flow phenomena, etc. According
to [16,17], nonlocal multi-point boundary value problems are helpful to establish some
spectral properties which are used to prove a Rabinowitz-type global bifurcation theorem
to address bifurcation problems related to physical and biological models.

In this article, we study the following nonlinear toppled system of fractional ordered
differential equations with nonlocal boundary conditions provided by

DPw(t) + 0(t, w(t),z(t)) =0; teJ; 2<p<3,
DIz(t) + p(t,w(t),2(t)) =0; teJ;, 2<q<3,
3> Pw(t)]t=0 = DP~*w(t)|t=0 = 0, w(1) = w(n),
I*792(8)]t=0 = DT *2(t)]i=0 = 0, 2(1) = 2(¢),

where n,& € (0,1),J =[0,1], 6, ¢ : J x [0,00) X [0,00) — [0,00) are nonlinear continu-
ous functions and D, J are used as differential and integral operator in Riemann-Liouville
sense. The considered toppled system involved Riemann-Liouville fractional integral and
derivative at its boundary conditions. We obtain necessary and sufficient conditions for
the existence of at least one solution to system (1.1) by using the nonlinear Leray-Schauder
alternative theorem. Also by using a concave type operator, with an increasing or decreas-
ing property, to prove uniqueness of solution to the considered problem. With the help
of Krasnosel’skii’s fixed point theorem, we establish required conditions for multiplicity
results of positive solutions to the problem under consideration. Moreover some condi-
tions are also provided under which the considered boundary value problem (1.1) has no
solution. We also provide various examples to illustrate our main results.

(1.1)

2. Preliminaries
In the current section, we recall some basic notions and results as given in [2,5,9,15,25].

Definition 2.1. The Riemann-Liouville integral of non-integer order p > 0 of a function
w: (0,00) — R is defined by
1

Pult) = 5o /0 "= sy Lw(s)ds,

such that the integral on the right side is pointwise defined on (0, c0).
Definition 2.2. The Riemann-Liouville fractional derivative of order p > 0 of a function
w € C0,1] is defined by

DPw(t) = F(ml—p) (i)m /Ot(t — 5)™ P~ Lw(s)ds, where m = [p] + 1.

Here [p] represents integer part of p.
The following results are needed in this paper:

Theorem 2.3 ([19]). Let p > 0, w(t) € C[0,1] N L[0,1], then for arbitrary C; €
mathbbR, i =0,1,2,...,m, m = [p] + 1, the homogenous differential equation

D%w(t) =0
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has a solution given by
w(t) = CtP~L + CotP ™2 4 .. 4 CrptP™™.

Definition 2.4 ([2,21]). For the ordered Banach space B a cone C C B induces a partial
order such that w < z if and only if 2 — w € C. Similarly if C # () is a closed and convex
subset of B, it will be a cone if it satisfies:

(1) weC,u>0= pw e C;
(2) w,—w € C = w=0g € C, where 0Og is the zero element of B.

A cone C is normal if and only if for all
w,z € B, 02w = z=||lw|| <plz|,px>0.

For every w,z € B, w ~ z means that there exist aq, 51 > 0 such that cyw < z < [1z.
It is obvious that the relation ~ is an equivalence relation, for which we define a set
Cp ={w € B:w ~ h}. Also, we can prove that C;, C C for h > 0.

Definition 2.5. For all a € (0,1) and w € C, with 0 < A < 1, the operator T: C — C is
said to be A-concave if and only if T(aw) > o*Tw.

Definition 2.6. If w,z € C and w = z implies that Tw < Tz, then T : C — C is said to
be an increasing operator.

Theorem 2.7 ([2,21]). Let C be a normal cone in a real Banach space B and T: C — C
be an increasing a-concave operator with w > 0 such that Tw € Cp. Then, T has a unique
fized point w € Cp,.

Theorem 2.8 ([19,21]). Let B be a Banach space with C C B closed and convez. Let €
be a relatively open subset of C with 0 € € and T : & — & be a continuous and compact
operator. Then the operator T has a fived point in &, or there exist w € O and A € (0,1)
with w = ATw.

Theorem 2.9 ([19,21]). For a real Banach space B, the set C be a cone with two bounded
subset Q1 and Qg in B such that 0 € Q1 C Qy C Q9. Moreover the operator T : CN (Qa \
Q1) — C is completely continuous. If one of the two conditions given by

(1) [|[Tw|| < Jwl|| for all w € CNOQy; || Tw|| > Jw]||, for all w € CN ONa;
(2) ||ITw| > Jw| for allw € CNINy; ||Tw| < ||w], for all w € CN INy,

holds, then T has a fized point in CN (Q2 \ Q1).

3. Main results

Theorem 3.1. Let v € C(J) and 6y = 1 — P71 < 1,0 < ¢1 < 1,1 < p; < 2. Then the
unique solution of the nonlocal boundary value problem

DPw(t) +x(t) =0, teJ, 2<p<3,

P Pw(t)i—o = DPw(t) o = 0,w(1) = w(y), (3.1)

s given by

w(t) = /01 Hi(t, s)x(s)ds, (3.2)
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where H1(t, s) is the Green’s function defined by

Pl
e (LD VR Ll B O L
01
0<s<t<p<l,
1 il 1— )Pt PPl 0<t<s<n<
g—fl(t’s)ziF() Tl{( _S) _(77_8) }7 Stxs=n=1, (33)
p
Pl
Agwl—gwi—u—sw4,0<ngs<t<L
1
tp—1
— (=) Lo<n<t<s<i
1
Proof. Thanks to Theorem 2.3, (3.1) yields
w(t) = —IPx(t) + C1tP~1 + CotP ™2 + C3tP 3, (3.4)
which upon application of fractional integration of order 3 — p yields
Lp)t* . Tr-1)

P Pw(t) = —Jx(t) + Cy + Cy Ly Cs.

I'(3) I'(2)
Then using I Pw(t)|;—o = 0 implies that C3 = 0, because as t — 0, we deal with a
singularity. Thus (3.4) becomes

w(t) = —IPx(t) + C1tP~L + CytP~2. (3.5)

Now taking the p—2 order fractional order derivative of (3.5) and then using DP~2w(#)|;—o =
0 gives Co = 0 due to the fact that as ¢ — 0, we again deal with a singularity. Hence (3.4)
becomes
w(t) = —IPx(t) + C1tP~ L. (3.6)
Now using the boundary condition w(1) = w(n) in (3.6), we get C1 = % [IPx(1) — IPz(n).
Hence, we get the solution as
tpt
w(t) = ——[Pz(1) = FPz(n)] - IPx(t)
1
P

T 5I(p) {/01(1 — s)P " w(s)ds — /077(77 — s)P"ta(s)ds

—1 t P=Lly(s)ds
fG (el
1
= /0 J—Cl(t,s)x(s)ds, (37)

where 3 (¢, s) is the Green’s function given in (3.3), which can easily be obtained. O

In view of Theorem 3.1, considering the Toppled system (1.1) of differential equations of
fractional order is equivalent to the Toppled system of Fredholm integral equations given
by

w(t) = /O (1 8)0(s. (). 2(3))ds,
1
2(t) = /0 Ho(t, 5)6(s, w(s), 2(5))ds,

where Ho(t,s) is the Green’s function for the second equation in system (1.1), which
is obtained like H;(t,s), and both are continuous on J x J and satisfy the following
properties:

(1) H;(t,s) >0 for every t,s € J, where j =1, 2;

(47) maxicy H;(t,s) = H;(1,s), for all s € J, where j =1,2;

(3.8)
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(idi) mingepy 9 Hi(t,s) > 1nHi(1,s) and mingepy 19 Ha(t, s) > 12Ha(1,s) for each
¥ e (0,1),s€(0,1),
where v, = 9P, 4y = 9971,
We will use
v = min{y1, 2}
thoughtout the rest of this paper.

Let us define B = {w(t)|lw € C(J)} endowed with the norm ||w| = maxey |w(t)].

Further the norm for the product space, we define as ||(w, z)|| = ||w|| + ||z]|. Obviously
(B x B,||-||) is a Banach space. We define the cone C C B x B by

C = {(w,2) € C[0,1] x C[0,1] : te[lg}ilriﬁ}[W(t) +2(t)] = 7ll(w, 2)][}-

Further for existence of fixed points, we define an operator T:BxB—BxBas

(/f}{lts s, w( /%Qts (s,w(s), ())ds)

= (‘J’l (w, 2), To(w, Z)> (t).

The solutions of the Toppled system (1.1) and the fixed points of the operator T in (3.9)
coincide with each other.

(3.9)

Theorem 3.2. If 0,¢ : J x [0,00) X [0,00) — [0,00) are continuous functions, then
T(C) C C and T: C — C is a completely continuous operator.

Proof. To show T(C) C C, let (w, z) € C. Then, we have

Ti(w, z)(t) = /ﬁl(t,s)e(s,w(s),z(s))ds
0

- /%1(1, $)0(s, w(s), 2(s))ds. (3.10)
0

Also, we obtain

1
Ty (w, 2)(t) = /9{1(t,5)9(s,w(5),z(5))ds
0

1
< /3{1(1, $)0(s, w(s), 2(s))ds. (3.11)
0

Thus from (3.10) and (3.11), we have

Ti(w, 2)(t) > ||T1(w, 2)|, for all ¢t € J.
Similarly, one can write that

Ta(w, 2)(t) > ||T2(w, 2)||, for all ¢t € J.

Thus,
T1(w, 2)(t) + Ta(w, 2)(t) > v||(w, 2)||, for all t € J,

min[Ty (1, 2)(1) + Tolw, 2)(0) > 7w, 2|
Hence, we have T(w,z) € C = T(C) c C.
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Let (w,z) € C and as H;(t,s) > 0 for j = 1,2 and 6, ¢ are also non-negative and
continuous functions, and so T is also a continuous operator.

Assume that A C C is bounded set. So there exists a constant R > 0, such that
|(w, 2)|| <R, for all (w,z) € A.
Let

K= rileaf{IQ(t,w(t),z(t))\ +1: ted, 0<|[(w,2)| <R},
L = max{|g(t,w(t), 2(t))[ +1: t e J, 0<|[(w,2)] <R}

Then we have

[T1(w(t), 2(1))]

K
51F(p + 1) ’
also
1
Ta(w(®), ()] < L [ 9(1,5)ds
0
B L
N 52F(q + 1) ’
Then

17w, 2)[| = [ (T1(w, 2) || + [|T2(w, 2)]]
< K . L
“al(p+1)  &l(g+1)
=:d.
Thus ||T(w, 2z)|| < d, which implies that T(A) is uniformly bounded. Now J{;(t, s), for j =

1,2, are uniformly continuous on J x J. Thus for a fixed s € J and for € > 0, there exists
a real number 0 > 0 with ¢1,ty € J such that ¢; < t9 and |ty — ¢1| < J, then

|j‘f1(t2,8> —3{1(t1,s)| < %
and

Ho(ta, 8) — Halty, s)| < i.
Then

1
]‘J’l(w,z)(tQ) — 71(11),2)(751)‘ S K/ ’j’fl(tg,s) — Hl(tl,s)]ds
0

€
K—
< 2K

implies that |71 (w, 2)(t2) — T1(w, 2)(t1)] < %
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and similarly we can obtain
[Ta(w,)(t2) = Tolw, 2)(0)] < 5.
Now, for Euclidean space metric d on R?, if t1,¢, € J such that |ty — 1| < J, then

d(‘J’(w, 2 (t), T(u, z)<t1))

= \/!71(107 z2)(t2) — Ti(w, 2)(t1)* + [To(w, 2)(t2) — Ta(w, 2)(t1)[?

€
implies that d(T(w, 2)te, T(w, 2)t1) < —.
b (T(w, )t T(w. ) < -
Using Arzela-Ascoli’s theorem, T : C — C is completely continuous. ]

Theorem 3.3. Under the continuity of 0,¢ : J x [0,00) x (0,00) — [0,00), suppose there
exist xj,%,05 : (0,1) = [0,00),7 = 1,2, satisfying:

(Hy) [0, w(t), 2(t)] < x1() + Pr(®)|w(t)] + o1 (t)[2(1)], ¢ € (0,1),w,z = 0;
(Hz) [o(t,w(t), z(t))] < xa(t) + a(t)[w(t)] + 02|2(2)], T € (0,1),w,z = 0;
(Hs) Ay = gl’ﬂfl(l,s)xl(s)ds < o0, By = 251‘9{1(1,3)[%(3) + o (s)]ds < 1;
(Hy) Ag = Oflﬂ'fz(l,s)xg(s)ds < oo, By = 2{1}(2(1,5)[1/;2(3) + o(s)]ds < 1.

Then the system (1.1) has at least one solution (w, z) in

- | 24, 24,
£ = {(w,z) €C:|(w,2)] < max{l e —21532}}'

2/, 20,
1—-2B; " 1— 2B,
operator T : &€ — C is completely continuous operator by Theorem 3.2. Let (w,z) € &
such that ||(w, z)|| < r. Then, we have

Proof. Let &€ = {(w,z) € C: |(w,z)]| < r} with max{ } < r. The

/9—(1758 (s,w(s),z(s))ds

T =
Tl 2O =1y

< [ 300 9natons + [ 960 (s uls)lds

+/01:pr(1,3)01(3)|2(5)de

< /01 30,(1, 8)x1 (s)ds + r[/ol 30, (1, )[th1(s) + 01 (5)]ds
which implies that ||T7 (w, z)H <A 7By < %

Similarly, ||T2(w, z)|| < 5, and thus ||T(w, z)H < r. Therefore, in view of Theorem 2.8,
we have T(w, z) € €. Therefore T: & — €.
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Let there exist p € (0,1) and (w, z) € 9E such that (w, z) = pT(w, z) and ||(w, 2)|| = r.
Then in view of property (7i) of the Green’s functions, we obtain for all ¢t € J

0(s,w(s), z(s))ds

|<>|<pmax/9f1ts>

< p{o/%l(l,s)xl(s)ds+0/5{1(1,s)(¢1(s)!w(s)y + o1 (s)|2(s)])ds

< p(Al + T]Bl)

which implies that [|w| < pg.
Similarly, we can obtain ||z|| < pg, and so |(w, z)| < pr, which is a contradiction to
(w, z) € O for all p € (0,1). Thus by means of Theorem 2.8, T has a fixed point in €. O

We now introduce some additional useful assumptions.
(Hs) The nonlinear functions 6 and ¢ are continuous on J x [0,00) X (0, 00) — [0, 00);
(Hg) Forallt € J, we have 0(t, w, 2)|(w,2)=(0,0) 7 0 0w, 2)|(w,2)=(1,1) # 0, B(t; W, 2)|(w,2)=(0,0) #

0, ot w,2)|(w,z)=(1,1) # 0;
(H7) Foreveryt € JWlthO <w <wiy, 0 <2<z, wehave 0(t,w, z) < O(t,wy, 21), ¢(t,w,z) <

(rb(ta wiy, Zl);
(Hg) There exist A, € (0,1) such that

fort € J,a € (0,1),w,z > 0, we have 0(t, aw, az) > o 0(t, w, 2);
fort € J,a € (0,1),w,z > 0, we have ¢(t, aw, az) > ap(t,w, z).

Theorem 3.4. Under the assumptions (Hs) — (Hg), the boundary value problem (1.1) has
a unique solution in Cj, where h(t) = (P~ 147 1).

Proof. Let k = max{\, p} and (w, z) € C. For every t € J, using (Hg), we can obtain

T1(aw, az)(t) = /Ufl(t, $)0(s, aw(s),az(s))ds

Similarly, we can get T2(aw, az)(t) > aTa(w, 2)(t).
Thus, we have

T(aw,az) = a"T(w, 2)(t), a € (0,1), (w,z) € C,

where > is partial order defined by the cone C. Hence T is an a-concave operator.
Let h € C be defined by h(t) = (P~ 1471 = (hl,hg)( ), t € J. Let

1
Wi = max L/93,1,1 s, /gbs,l,l
I'(p)
0
w a ! /.‘K() 0,0)d /fK 0,0)ds
=max{ —— $)0(s, (s,
i rw ] ™ .

where from the Green’s functions, we have obtained the values

Ki(s) = (1 — s)P~! <1 51‘51>, Kas) = (1 — s)q_1<1;262>. (3.12)
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Now in view of the nondecreasing properties of 6, ¢ and using (H7), we get w1 > 0, wg > 0.
Thus from (3.12) and using (Hg), we get

Toh(t) /'}c1 (t,)0(s, I (s), ha(s))ds

Hi(t,s)0(s, sP1, 577 1) ds

Il
O, O~ ©

IN

Hi(t,s)0(s,1,1)ds

IN

(

L'(p)

1
/1—sp 19(5,1,1)d8)tp !
0
ha(t).

| /\

Similarly, we get
Toh(t) < wiha(t).
Then, we have
Th < wih. (3.13)
Further using (3.12) and (Hsg), for all ¢t € (0,1), one can get

1

Toh(t) = / (¢, 5)(s, P, 59 Vs
0
1

> /9{ (t,5)0(s,0,0)ds

p—1
(Fp/le (s,0,0) ds)t

> W2h1(t)7
and in the same fashion, we obtain Toh(t) > waho(t). Therefore, we have
Th(t) = wah. (3.14)
Thus from (3.13) and (3.14), we get
woh <X Th < wih,

which implies that Th € C. Hence by Theorem 2.7 the operator 7 is a concave operator.

Therefore T has a unique fixed point (u, z) € C which is the corresponding solution of the

Toppled system (1.1). O
The following assumptions are needed hereafter in this paper:

(C1) 0,¢: J x[0,00) x [0,00) — [0,00) are uniformly continuous with respect to ¢ on

J;
X G(t,w,z) . ¢(t7wa Z)
(Co) Let 68 = hm||(w,z)H—>,8 SUDyc g T—I—Z7 QZ)’B = hm\|(w,z)H—>B SUP¢eg T—M’
. . o(t,w, z . . 0(t,w, z
95 = 11mH(w,z)|\—>B lnftej g, (95 = hm”(w,z)”_}[g lIlftGJ Q, where ﬂ =

0, or oo;
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~ 1 . 1
(C3) G1 = maxyey [ Hi(t, s)ds, Go = maxycy [ Ha(t, s)ds.
0 0

Theorem 3.5. Under the conditions (C1) — (C3) and the following two conditions:
(Hg) a,b> 0, with 1 < a+b< oo, are two constants such that

1-9 1 1-9 1
a<72 / 9{1(1,8)615) < By < 00, b(72 / J‘Cg(l,S)dS) < g < 00,
) )

(H1o) A1, A2, with A1 + A2 < 1, are two constants such that
0§@10°° < M, Ogéggboo < Ao,
the Toppled system (1.1) has at least one positive solution.

Proof. Due to (Hy), taking
1-9

1-9 1 -1
O — a(’y2 / %1(1,3)ds> >ry >0, ¢g — b(’yQ / 9‘(2(1,3)(18) > 1y > 0,
[ [
then there exists a constant €; > 0 such that
0(t,w, z) (0o — ) (w+ 2),t € Jyw, z € [0, €1],
0(t,w, 2) (0o —ro)(w+ 2),t € Jyw,z € [0,€1].

We define an open set

>
>

&1 ={(w,2) € BxB:|(w,2)] < e}

Let 7 € [¢,1—9]. Also from property (7iz) of the Green’s functions, for any (w, z) € CNoEq,
we obtain that

[T1(w, 2)[| = Ta(w,2)(7)

> /5{1(7,3)9(3,w(3),z(3))ds
’ 1—9
> fyl/5{1(1,8)(00—r1)[w(3)—|—z(s)]ds
! 1-9
> (o—m)(7* [ 3054w, 2)]
9
> all(w, 2)].
Similarly we obtain
[To(w, 2)[| = Ta(w,2)(1)
1
> / Ho (7, 5)d(s, w(s), 2(s))ds
’ 1—9
> [ 3a(L)(é0 - ra)[w(s) + 2()ds
! 1-9
> (o) (v [ Halt,9)ds ), 2)]
9

v
=
B
Ny
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Therefore
[T(w, 2)[| = [|T1(w, 2)|| + [|T2(w, 2]
> (a+0b)[[(w,2)]
> |[(w,2)].

Also from (Hjg), we have
)\1@{1—9"0 >7r3 >0, )\2@51—(2500 >ry > 0.
There exists €5 > 0 such that

(9°°+r3)(w+z), tEJ,w72207w+Z>627
O +ry)(w+2), teJw,z>0,w+ 2z > €.

From (Hy), we take

M = sup 0(t,w,z), N = sup o(t,w, z).

teJw+z€[0,e2] teJw+z€[0,e2)

We have
O(t,w,z) < (0F+r3)(w+z)+M,te Jwz>0,

Jw,z) < (0F +ry)(w+2z)+ N,te Jw,z>0.

Let
Ca={(w,2) € BxB:[[(w,2)] <ez},

where

max{q, Mél()\l — (900 + 7"3)61)717 NéQ()\Q - (¢OO + 744)@2)71} <€

where € = min{e;, e2}. From (i7) of the Green’s functions and for any (w, z) € C N 0€&a,
for t € J, we have

1

T (w, 2)(t) = /3{1(t,s)9(s,w(s),z(s))ds

IN

0

1
/ H1 (1, )[(0°° + r3) (w(s) + 2(s) + M)]ds
0

1 1
M/g{1<1,s)ds+ (0°°+7“3)e/3{1(1,s)d3
0 0

IN

< MG + (0> + 7’3)6@1
< Are— (0% +13)eGy + (0%° + r3)eGy
= )\16
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which implies that ||T1(w,z) < A1||(w, 2)||. Similarly, we can obtain for (w,z) € CN o0&y,
fort e J

1

Taw, 2)(0) = [ Halt, )65, w(s). (s))ds

IN

0
[362(1)(6™ + ra)(w(s) + 2(s) + Nlds
0

1

1
No/f}fg(l,s)ds+ (¢ —i—m)eo/f}fg(l,s)ds

IN

< NGy + (¢ + 14)eGy

< A€ — (6 +14)eGa + (6™ + 1r4)eGa
= /\26

which implies that ||Ta(w, z) < Ae|[(w, 2)||. Then we have

1T (w, 2) [T1(w, 2)[| + [[T2(w, 2)]|
(A1 + A2)l[(w, 2)|

[[(w, 2)][-

VANV

Thanks to Theorem 3.2, we have that T: C N (€ \ &) — C is a completely continuous
operator. Therefore by an application of Theorem 2.9, T has at least one fixed point
(w,z) € CN (&2 \ &€1), which is the corresponding positive solution to Toppled system
(1.1). O

Theorem 3.6. Assume that (C1) — (C2) together with the following conditions hold:

(H11) 0o = ¢o = o0; R N
(H12) a,b> 0 such that a+b <1 are two constants with a > 6°G1 >0, b > $>*°G2 > 0.

Then the Toppled system (1.1) has at least one positive solutions.

1 -1 1 -1
Proof. Let r| > %(72fﬂ{1(1,5)d5) and ry > %(72 J Ho(1, s)ds> . Then from (H;2),
0 0

there exists a real constant e; > 0, such that
O(t,w,z) > ri(w+2),t € Jw,z,t€|0,e1], d(t,w,z) > ro(w+ 2),t € Jyw, z,t €[0,€].

Assume that

&1 ={(w,2) € BxB:|(w,2)] < e}



328 K.Shah

Let 7 € [9,1 —¥]. Under Property (iii) of the Green’s functions and for any (w,z) €
CnNoEq, we get

1T1(w, ) = Ta(w, 2)(7)]]

v
—
S
<
I
N
>
=
S
=
ul\z
=
=
»

Y
Q
—
=
=
&
B
©
+
N
=
=
V>

IV
=
-
/7~
2
no
—
=
—~
i—‘
&
QL
o)
~_
=
&
N
=

Along the same lines, we can get

[T2(w,2) = Ta(w,2)(7)

v
&
—~
i
V)
~—
>
—~
»
S
—~
N
\'N
—~
V2
N
U
»

v

@/JMLM%—MW@+Amw
9
1-9

r( [ 60,9 w,2)]

9

v

v

1
Sl )]
Therefore
1T(w, 2l = [[T(w, 2)[[ + T2 (w, 2)]|
> [l(w, 2)]]-
Also from (H;2) and from Theorem 3.5, there exists ez < €; such that
[T(w, 2)[| < [[(w, 2)][, (w, z) € CNOEy,

where
Er={(w,2) € BxB: |[(w,2)| < e}

By using Theorem 2.9, we get that T has at least one fixed point (w, z) € CN (€ &1),
which is the corresponding positive solution to Toppled system (1.1). ]

Theorem 3.7. Assume that (C1)—(C3) together with the following conditions are satisfied:
(H13) for any two constants a,b > 0, with 1 < a+ b < oo such that

1-9 1 1-9 .
a(ny / 5{1(1,3)ds> < B < 0, b(’y2 / ng(l,S)dS) < oo < O0;
¥ ¥
(H14) for any two constants A1, A2 with Ay + Ao < 1 such that
0<G16° <A, 0<Gag® < Mo
Then the Toppled system (1.1) has at least one positive solution.
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Proof. From (Hi4) we have
MG =600 > 71 >0, MGyt — 8" > 1y > 0.

Then there exists € > 0 such that

O(t,w,z) < (6° +r)(w+2),t € Jw,ze[0,6€,
and

O(t,w, z) < (0° + o) (w4 2),t € Jw, z € [0,¢€].
Let

€1 = {(w,2) € Bx B |[(w,2)]| < e}.

Inview of Property (#ii) of the Green’s functions and for any (w,z) € CN o0&y, t € J, we
get

1

Ti(w, z)(t) = /J{l(t,s)H(s,w(s),z(s))ds
0
1

< /J{l(t, $)(6° + 1) (w(s) + 2(s))ds
0
1

(6° +r1)6/9{1(1,s)d5
0

(0° +71)eGy

A€

IN

INIA

which implies that
1T1(w, 2) < Aall(w, 2)]|-
In a similar way, for t € J, we can obtain ||T2(w, 2)|| < A2||(w, 2)||. Thus

[T (w, 2) || = [|T1(w, 2)[| + [[T2(w, 2)[| < (M1 + A2)[[(w, 2) || < [[(w, 2)]-

Further from (H;3), we obtain

oo — b<72

Then there exist € > 0, so that

O(t,w,z) > (0o —13) (W + 2),t € Jw,z >0, w+2 >
o(t,w,z) > (poo —ra)(w+2),t € JJw, 2 >0, w+2 >

Let &2 = {(w,2) € BxB : ||(w, 2)|| < €1}, where max{e, %} < €1. Then for (w, z) € CNOE,,
and for all s € J, we get

w(s) + 2(s) 2 minfw(t) + 2(t)] 2 yll(w, 2)|| 2 ver 2 &
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Taking 7 € [, 1 — 9] and using (i7), we obtain that
||(‘T1(w7 Z) > ('Tl(wv Z)(T)

1-9
> / Hi (7, $)0(s,w(s), z(s))ds
! 1—9

> / Hi(7,8) (oo — 73)(w(s) + 2(s))ds

9
1-9
> (- ) (7? [ 3001 5)as ) (w.2)]
v
> alw, ).

This implies that
171 (w, 2) = all(w, 2)]|.
In the same fashion, we get
[T2(w, 2)[| = bll(w, ).
which yields
[T (w, 2)[| = (a +b)[[(w, 2)[| = [|(w, 2)]|.

Thanks to Theorem 2.9 | we get that T has at least one fixed point (w, z) € CN (&2 \ &1),
which is the corresponding positive solution of the considered Toppled system (1.1). O

Theorem 3.8. Assume that (C1)—(C3) together with the following conditions are satisfied:
(Hi5) oo = poo = 00;
(Hig) for any two constants A1, Aa > 0, with A1 + g < 1 such that
MG > 00 >0, 2G5 > ¢ > 0.
Then the Toppled system(1.1) has at most one positive solution.
Proof. We are omitting the proof as it is similar to the proof of Theorem 3.7. O

Theorem 3.9. Assume that (C1) — (C3) (with 0o, 0, o, Poo being extended real values),
together with the following assumptions are satisfied:

(Hi7) there are a,b > 0 with a+b > 1 such that

1-9 .
, O >a(72 / 9{1(1,3)d8) ,
9

-1

1-9
6o > a(’yQ / 3{1(1,3)d3>
9

-1

1—2 1-9 1
¢0>b<y2!ﬂg(1,s)ds> ,¢oo>b<72ﬁ/9{2(1,s)ds> ;

(H1g) there exist r > 0,¢,d > 0 with ¢ +d < 1 such that

cr dr
max  O(t,w,z) < =, max  ¢(t,w,z) < <.
ted,(w,z) €00, G ted,(w,2)€09, Gy

Then Toppled system (1.1) has at least two positive solutions (w,z) and (w,Zz), which
satisfy

0 <|l(w, )| <7 <|(w,2)]-
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Proof. Consider ¢, R with 0 < € < r < R, such that
9

1-9 1 1— 1
oo > 0y > a(’yz / 9{1(1,8)(13) and oo > ¢ > b(’y2 / ng(l,S)dS) ,
9 9

hold. Then as in the proof of Theorem 3.5, we have
|T(w, 2)|| > (a+b)||(w, 2)|| > ||(w, z)]], for all (w,z) € CNIN,. (3.15)

If
1

00 > O > a(’yQ / 3{1(1,3)d3> and 00 > ¢no > b(ny / .‘Hg(l,s)ds)
9 9

hold, then as in the proof of Theorem 3.6, we have
[T(w, 2)[| = (a +b)|[(w,2)]| = [[(w, 2)]|, for all (w,2) € IQk. (3.16)

Also together with (Hi7), for (w,z) € CN IR, we get
1

Ty (w,2) = / T, (t, 5)6(s, w(s), 2(s))ds

0
1
< il/:mu,s)ds
1o
= cr
which implies
Ti(w, z) < ecr. (3.17)
Similarly we can get
To(w, z) < dr. (3.18)
Hence, from (3.17) and (3.18), we have ||T(w, z)|| < (¢ + d)r < r. Which implies that
|T(w, 2)|| < r=|(w,2)|, for all (w,z) € CnNoN,. (3.19)

Thus, an application of Theorem 2.9, to (3.15) and (3.16), gives that T has a fixed point
(w1,21) € CN(Q,\ Q). Applying Theorem 2.9 to (3.16) and (3.19) gives that T has a
fixed point (ws, 20) € CN(Qg \ Q). Further from (3.19), we have that ||(w1, 21)|| # r and
|(wa, 22)|| # r. Thus

0 < [(wr, z1)[| <7 < |[(w2, 22)]-

Theorem 3.10. Let (Cy) — (C3) together with the following conditions hold:
(Hig) if a,b,c,d > 0 be constants such that a +b < 1,c+d <1 with
b d
LS00, = > ¢ >0,and — > 00 >0, — > ¢ >0,
Gy Go G1 Go
(Hag) for constants A,y > 0 with A+ p > 1 there exist p > 0 such that
v -1

.
_— 9(t,w(t),z(t))>,0)\('yl19/3@(1,3)613) ,

te[¥,1-9],(w,2)€[0,p] X [0,p]
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and
9

1- -1
ot w(®). () > o2 ﬁ/ o1, 5)ds )

min
te[¥,1-9],(w,z)€[0,p] X [0,p]

Then the BVP (1.1) has at least two positive solutions (wi,z1) and (wa, z2) which satisfy
0 < [(wi, 20) [l < p < [[(w2, 22)]]-

Proof. Assume that 0 < € < p < R and construct open balls as in the proof of Theorem
3.9,
Ee={(w,2) € BXxB:|[(w,z)]| <e}and Eg = {(w,2) € B x B : ||(w,2)] < R}.

Now from (Hig), for @i > 0% >0, ai > ¢% > 0, and from the proof of Theorem 3.8, we
1 2

get
|T(w, 2)|| < |(w,2)], for all (w,z) € CNOIE,. (3.20)
Further for (A;L > 0% >0, é\i > ¢>° > 0, and from the proof of Theorem 3.5, we have
1 2

|T(w, 2)|| < ||(w, z)], for all (w,z) € CNIER. (3.21)

On the other hand, define an open ball £, = {(w,z) € B x B : ||(w, 2)|| < p}, and from
the assumption (Hag), if (w,z) € CNOE,, and for any 7 € J, we have

1

|T1(w, 2) > T1(w, 2)(1) > /3{1(t,s)9(s,w(s),z(s))ds
1-9 ' )

1—9 B
>)\p(’ylﬁ/9{1(1,s)ds) (7119/%1(1,8)&9) = Ap.

Similarly we have ||T2(w, 2)|| > pp, which implies that
[T (w, 2)[| = [|T1(w, 2)[| + [T2(w, 2)|| = oA+ 1) > p = [[(w, 2)]].
Thus we have from these
T (w, 2)|| > p=|(w,2)], forall (w,z) € CNIE,. (3.22)

An application of Theorem 2.9 to (3.20) and (3.22) yields that T has a fixed point (w1, z1) €
CnN (€&, \ &) and similarly applying Theorem 2.9 to (3.21) and (3.22), we get that T has
a fixed point (w2, 22) € CN (Er\ €,). Also we know from (3.22) that p # ||(w1,21)|| and
p # || (w2, 22)||. Therefore

0 < [[(wr,21)]| < p < [[(w2, 22)]|.
]

Theorem 3.11. Assume that (C1)—(C3) hold. If there exist 2n natural numbers x;,X;, i =
1,2...n with x1 < ’)’1)?1 < Xp < X9 < ’71)/22 < Xg...X, < '7152n < X, and x1 < ’72)?1 <
X1 < X < YoXo < Xg...Xp < YoX, < X, such that

1 1
(Ho1) 0 > x; <’Y1f9'f1(1,3)d8> , for (t,w, 2) € J X [y1x4,%;] X [y2Xi, %], and
0
0 < G'%i, for (t,w,z) € J x [11%i, %] X [yoxi, xi],0 = 1,2...n,
1 -1
(Ha) ¢ > x; (72f5-C2(1,s)ds> , for (t,w,z) € J X [yaxi, X;] X [V1X4, %], and
0

¢ < é;l}?j,for (t,w, z) € J X [y1x5,%3] X [12X;,%;], j=1,2...n.



Nonlocal Boundary Value Problems 333

Then the Toppled system (1.1) has at least n positive solutions (wj, z;), satisfying x; <
||(wj,zj)|] < )/ij, j == 1,2n

Proof. The proof is very much like the proofs of Theorems 3.9 and 3.10, and so we omit
it. O

Theorem 3.12. Suppose that (C1) — (C3) hold. Let there exist 2n nonnegative integer
X, X5, j=1,2...n, with x; <X; <Xz <Xp...<X, <X, such that

(Ha3) 0 and ¢ are non-decreasing on [0,X,] for allt € J,
1-9 -1 R

(Haq) 0(t,w, z) > x; (’yl S Hl(l,s)ds‘) , O(t,w, z) < Gf1§j7 i=1,2...n,
v

1—9 -1 N
o(t,w, z) > x; <72 J CHg(l,S)dS) , o(tw, 2) <Gy'%, j=1,2...n.
9

Then the Toppled system (1.1) has at least n positive solutions (wj, z;), satisfying x; <
|(wj, z)|| < X5, j=1,2...n.

Proof. The proof is very much like the proofs of Theorems 3.9 and 3.10, and so we omit
it. O

Next, we derive some results under which the considered Toppled system (1.1) has no
solution.

Theorem 3.13. If(Cy) — (C3) are satisfied and there exist two constants a,b > 0, such
that a +b < 1, and ||0(t,w, 2)| < a|(w,2)||GT" and ||¢(t,w, 2)| < bl|(w,2)||G5*, for all
t e Jyw,z >0, then the Toppled system (1.1) has no positive solution.

Proof. On contrary let (w, z) be a positive solution of the Toppled system (1.1). Then
(w,z) e Cfor 0 <t <1and
I(w,2)] = max](uw(t)] + max =(0)

— max T3 (w, 2)(t)| + max | To(w, 2) (1)

IN

1
I?Ga}/m(t, $)|6(s, w(s), 2(s))|ds
0

1
max [ 36,(t,5)10(s, w(s), 2(5)|ds
(S
0

1
which implies that ||(w, 2)|| < /9{1(1,8)a|1(w,2)||éf1d5

0
1

+ [ 6L )bl (w2 ds
0

< all(w, 2)]| + b (w, )]
= (a+b)[(w,2)]
< l(w, 2

which implies that
[(w, 2)[| < [[(w, 2)]],

which is a contradiction. Therefore the Toppled system (1.1) has no positive solution. [J
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Theorem 3.14. Let (Cy) — (C3) hold and
-1

1-9
Ot w(t).2(0) > Alw. ) (+F [ (L s)ds)
)

v —1

1—
o(t.w®).20) > ulw.2) (13 [ e19ds)
9

for allt € Jyw,z > 0. Moreover, if \,u > 0 are the two constants with X\ + pu > 1, then
the Toppled system (1.1) has no positive solution.

Proof. We can prove this result as in the proof of Theorem 3.13. U

4. Examples
In this section we provide some examples to demonstrate our results.

Example 4.1. Consider the Toppled system with nonlocal boundary conditions provided
by

D3w(t) + (1+12) + Hw(t)z(t) =0, t € (0,1),

Dz(t) + 1+t + Jwt)z(t) =0, t € (0,1),

J2w(t)|i—o = D2w(t)|s—o = 0, w(l) = w(i)’ (4.1)

93280 = DA 2(t)img = 0, 2(1) = z(;>

It is easy to see that
0(t,w, 2)|(w,2)=(0,0) Z 0, &(t,w, 2)|w,2)=0,0) # 0,
O(t, w, 2)|(w,2)=(1,1) 7 0, ¢, w, 2)|(w,z)=1,1) # O

By simple computation, we can prove that 6, ¢ are nondecreasing for all ¢ € (0,1). Also

for a« € (0,1) and ¢t € (0,1),w, z > 0, we have max{i,% = % Therefore

0(t,aw,az) > Q%H(t,w,z),
o(t,oaw,az) > a%qb(t,w,z).

Thus all the assumption of Theorem3.4 are satisfied, so the Toppled system (4.1) has a
unique positive solution in €, where h(t) = (t%,t%).

Example 4.2. Consider the Toppled system of nonlocal boundary value problems

D3w(t) + Yw(t) + 2(t) =0, Diz(t) + {Jw(t) + z(t) = 0, t € (0,1),

SOl = Dbl = 0, w(1) = w(3). (42)
93 2(8) o = DA (B)]1mo = 0, 2(1) = z(;>
where
O(t,w,z) = \Jw(t) + 2(t) and ¢(t,w, z) = Jw(t) + z(t).
Then
00 = lim M = 00

(w,2)—(0,0) W+ 2
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and similarly ¢° = oo. Also by simple computation, one can obtain that

0° =0=¢>™.
By Theorem 3.6, the Toppled system (4.2) has at least one positive solution.
Example 4.3. Consider the boundary value problem

Diw(t) + [w(t) + ()] =0, D22(t) + [w(t) + 2()]> = 0, t € (0,1),

35w (t)|imo = D3w(t)]i=o = 0, w(1) = w<i>= (4.3)

93 2(8) im0 = D3 2(t) 1m0 = 0, 2(1) = z(;)

By simple calculation we obtain that #° = ¢° = 0 and 0, = ¢, = 00. Thus by Theorem
3.8, the Toppled system (4.3) has at least one positive solution.

Example 4.4. Consider the toppled system of nonlocal boundary value problem given by
Dhw(t) + (1+t)[w(t) + 2(2)]
4G4
4 2
@gz(t) n (t* +2t* + 1)[w(f) + 2(t)]
2(12 + 1)G

Hu(®li-o = Dru(®)lio = 0, w(1) = w(3),

=0, t€(0,1),

=0, te(0,1),

2

93 2(8) o = DH2(t)img = 0, 2(1) = zG)

By simple computation, we can obtain that 6y = ¢g = 00 and 0, = ¢oo = 0. Also, for
all (t,w,z) € J x J x J, we have

A—1
ot w,2) < LD _ G
4G4 2
4 2 2 ~—1
bt w,7) < (' +20° +1)* Gyt
4(t2 + 1)G2 2

Moreover a = %, b= %, r = 1. Hence by Theorems 3.9 and 3.10, the Toppled system (4.4)
has at least two positive solutions (w, z1) and (w2, z2) which satisfy

0 < [l(wr, z0)[ <1 < |[(w2, 22)]]-
Example 4.5. To justify Theorem 3.13 and 3.14, we give the following example.

Diu(t) + (w2(t) + 2%(1))(20 + w(t) + z(t))

o) 120 1 1 =0, te€(0,1),
5o (Wt +22(0)(20 +wi(t) + 22(t) _
DA w(t) + =(0) + 1 —0 e, (45)

D3w(t)|mo = D2w(t)]i—o = 0, w(l) =

w

1 4 1
D 2(t))imo = D 2(B)mo = 0, =( z(4>
Since (C1) — (C3) hold and also

00 =0 =22, 9° =¢p>* = 44,
22[|(w, 2)|| < [|0(t, w(t), 2()| < 44[[(w, 2)],
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22| (w, )| < 16t w(t), 2] < 44]l(w, 2)]]
lo(t,w(t), 2))]l < 44ll(w, )| < I(w, 2)|GT",

where Gy ~ 0.6196 and G ~ 0.5196.
(A1) Now 0(t,w(t), 2(t)) < ||(w, 2)||GT* ~ 3.1413||(w, z)|| implies that

O(t,w(t),z(t)) < 44||(w, z)|| ~ 4.6413||(w, z)|| and
o(t,w(t), z(t)) < 44| (w, 2)|| =~ 3.8022||(w, 2)||.

Since all the conditions of Theorem 3.13 are satisfied, the Toppled system (4.5) has no
positive solution.

(A2) Also

w

4 —1
Ot w(t).2(0) > 2w 2)| > w25 [9a(1.s)as)

ST

71.072415361|(w, 2) ||

Q

and

w

-1

ot w(t),2(0) > 2w 2)| > w2 (4F [ Hals,s)ds

=

Q

84.680| (w, 2)]].

Thus by Theorem 3.14, the Toppled system (4.5) has no solution.
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