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HENNEBERG’S ALGEBRAIC SURFACES IN MINKOWSKI
3-SPACE

ERHAN GÜLER AND VAHIT ZAMBAK

Abstract. We consider the Henneberg’s algebraic zero mean curvature sur-
faces in three dimensional Minkowski space, and compute their classes, degrees
and integral free representations. We also draw some figures of the algebraic
surfaces.

1. Introduction

Classical and first non-orientable minimal surface in E3 were introduced by Hen-
neberg [4, 5].
After Weierstrass’ representation in [13] in three dimensional Euclidean space

E3, Kobayashi [8] gave an analogous Weierstrass-type representation for conformal
spacelike surfaces with mean curvature identically 0, called maximal surfaces, in
3-dimensional Minkowski space E2,1. Unlike the case of minimal surfaces in E3,
maximal surfaces have singularities, generally. Details about singularities of maxi-
mal surfaces can be found in [2, 12]. We remark that Magid [9] gave a Weierstrass-
type representation for timelike surfaces with mean curvature identically 0, called
timelike minimal surfaces, in E2,1, see also [7].
In Section 2, we give the Henneberg minimal surface in (u, v) coordinates via

Weierstrass representation in E3. In Section 3, we compute algebraic equation defin-
ing Henneberg surfaceH(u, v) in terms of running coordinates, and obtain class and
degree of it. In Section 4, using integral free form of Weierstrass, we give an alge-
braic function of Henneberg surface. We review Weierstrass-type representations
for spacelike maximal and timelike minimal surfaces in E2,1 in Section 5 of this
paper, and give explicit parametrizations for spacelike maximal and timelike mini-
mal Henneberg surfaces. We calculate algebraic surfaces of the spacelike maximal
and timelike minimal Henneberg surfaces in terms of their coordinates in Section
6. Then give degrees and classes of the surfaces. Finally, we find some algebraic
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1762 ERHAN GÜLER AND VAHIT ZAMBAK

functions for spacelike maximal and timelike minimal Henneberg surfaces by using
integral free forms in Section 7.

2. Henneberg ZMC Surface

Let E3 be three dimensional Euclidean space with natural metric 〈. , .〉 = dx2 +

dy2 + dz2. We will often identify −→x and
−→
xt without further comment.

Let U be an open subset of C. A minimal (or isotropic) curve is an analytic
function ϑ : U → Cn such that ϑ′ (ζ) · ϑ′ (ζ) = 0, where ζ ∈ U , and ϑ′ := ∂ϑ

∂ζ .

In addition, if ϑ′ · ϑ′ =
∣∣ϑ′∣∣2 6= 0, then ϑ is a regular minimal curve. We then

have minimal surfaces in the associated family of a minimal curve, like as given by
the following Weierstrass representation theorem for ZMC (zero mean curvature)
surfaces, or minimal surfaces, shortly.

Theorem 1. (K. Weierstrass [13]). Let g (ω) be a meromorphic function and let
f (ω) be a holomorphic function, fg2 is analytic, defined on a simply connected
open subset U ⊂ C such that f (ω) does not vanish on U except at the poles of
g (ω). Then

x(u, v) = Re
∫ ζ

 f
(
1− g2

)
if
(
1 + g2

)
2fg

 dω, (ζ = u+ iv) (1)

is a conformal immersion with mean curvature identically 0 (i.e. conformal mini-
mal surface). Conversely, any conformal minimal surface can be described in this
manner.

Remark 2. A pair of a meromorphic function g and a holomorphic function f,
(f, g) is called Weierstrass data for a minimal surface.

Lemma 3. The curve of Henneberg

} (ζ) =

(
−1

3

(
ζ3 − 1

ζ3

)
+ ζ − 1

ζ
, i

(
1

3

(
ζ3 +

1

ζ3

)
+ ζ +

1

ζ

)
, ζ2 +

1

ζ2

)
(2)

is a minimal curve in C3, ζ ∈ C−{0}, i =
√
−1.

So, we have }′ · }′ = 0. Hence, in E3, Henneberg surface is as follows

H (u, v) = Re

∫
}′ (ζ) dζ, (3)

where ζ = u + iv. Therefore, Im
∫
}′ (ζ) dζ gives adjoint surface H∗ (u, v) of Hen-

neberg surface H (u, v) in (3).

Remark 4. For the first element of (1), we write the following

Re

∫ ζ

f (ω)
(
1− ω2

)
dω (+c) = Re

∫ −1/ζ
f̃ (ω)

(
1− ω2

)
dω
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= Re

∫ −1/ζ f̃ (ω) (1− ω2) dω


= Re

∫ −1/ζ
f̃ (ω)

(
1− ω2

)
dω

= Re

∫ −1/ζ
f̃ (ω)

(
1− ω2

)
dω

= Re

∫ ζ

f̃

(
− 1

ω

)(
1− 1

ω2
1

ω2

)
dω,

and can also write for other two equations, where

f̃ (ζ) = − 1

ζ4
f

(
−1

ζ

)
.

Here, f̃ gives the same surface as f , but it induces the opposite orientation on
surface.

See [11] for details. So, we see the Weierstrass data of Henneberg surface:

Lemma 5. The Weierstrass data determined by the functions

(f, g) =
(
1− ζ−4, ζ

)
is a representation of Henneberg surface on C−{0} .

Now, we give a Lemma about a complete surface:

Lemma 6. ([1]) An immersed surface M is complete iff any closed bounded subset
of M is compact.

When we allow the existence of singular points on minimal surfaces, then that
kind surfaces will be called generalized minimal surfaces. Singular points of gener-
alized minimal surfaces have a special form, and then they have acquired a special
name called branch points. The condition that ζ0 is a branch point is equivalent to
f (ζ0) = 0 and fg2 (ζ0) = 0. Henneberg surface is a non-orientable minimal surface
since it has a Möbius strip. The branched immersion of an infinite Möbius strip
as a complete (see Lemma 3) minimal surface has been known for a long time - it
is the Henneberg surface. The branch points are the fourth roots of unity, that is,
ζ = ±i, ±1. By using the stereographic projection, we can identify C−{0,±i,±1}
with S2 minus three pairs of antipodal points, the points ±i,±1 occurring on the
equator of S2. Therefore, Henneberg surface is the image of the projective plane
punctured at three points. See [1] and also [11] for details.
So, throughout the paper, we will consider Henneberg surface has four branch

points, and defined on C−{0}.
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In 1875, in his doctorate thesis [4], Henneberg gave his classical minimal surface
using polar coordinates, as follows:

H (r, q) =

 r
2 [(r2 + 3)sin(3q) + 3sin(q)]
− r2 [(r2 + 3)cos(3q)− 3cos(q)]

3
2 (r2 + 2)cos(2q)

 . (4)

See also [3, 5, 6, 10] for details.
Throughout this work, apart from polar form of Henneberg, we study Henneberg

surface in (u, v) coordinates, taking ζ = u+ iv at Cartesian coordinates x, y, z, and
also at inhomogeneous tangential coordinates a, b, c by using Weierstrass represen-
tation equation.
Next, we give a theorem about minimality of surface H(u, v).

Theorem 7. Henneberg’s surface

H (u, v) =


u+ uv2 − u3

3 −
u

u2+v2 −
uv2

(u2+v2)3
+ u3

3(u2+v2)3

u− u2v + v3

3 + u
u2+v2 + u2v

(u2+v2)3
− v3

3(u2+v2)3

u2 − v2 + u2−v2
(u2+v2)2

 =

x(u, v)
y(u, v)
z(u, v)

 (5)

is a minimal surface in E3.

Proof. The coeffi cients of the first fundamental form of the Henneberg’s surface
H (u, v) (H, for short) are

E = λ−4 (λ+ 1)
2
(

(λ+ 1)
2 − 4u2

)(
u2 + (v + 1)

2
)(

u2 + (v − 1)
2
)

= G,

F = 0,

and its Gauss map is as follows

e =

(
2u

λ+ 1
,

2v

λ+ 1
,
λ− 1

λ+ 1

)
, (6)

where λ = u2 + v2. The coeffi cients of the second fundamental form of H are as
follows

L = −2λ−4
(
λ4 − (λ2 − 8u2v2)

)
= −N, M = 8λ−4(u2 − v2)uv.

We have

det II = −4λ−4
(

(λ+ 1)
2 − 4u2

)(
u2 + (v + 1)

2
)(

u2 + (v − 1)
2
)
.

Hence, we get the mean curvature and the Gaussian curvature of H, as follows
H = 0,

K = − 4λ4

(λ+ 1)4
(

(λ+ 1)
2 − 4u2

)(
u2 + (v + 1)

2
)(

u2 + (v − 1)
2
) ,

respectively. This completes the proof. �
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Next, by using Sylvester elimination method, we calculate the implicit equation,
degree and class of Henneberg minimal surface H (u, v) .

3. Degree and Class of Henneberg Surface in E3

The set of roots of a polynomial Q(x, y, z) = 0 gives an algebraic surface. An
algebraic surface s is said to be of degree d when d = deg(s).
The tangent plane at a point (u, v) on a surface s (u, v) = (x(u, v), y(u, v),

z(u, v)) is given by
Xx+ Y y + Zz + P = 0, (7)

where the Gauss map is e = (X(u, v), Y (u, v), Z(u, v)), and P = P (u, v). Then, we
have inhomogeneous tangential coordinates

(a, b, c) = (X/P, Y/P, Z/P ) . (8)

At a point (u, v) on a surface, we only have one tangent plane. So, we can obtain an
implicit equation Q̂(a, b, c) = 0 of s (u, v) in inhomogeneous tangential coordinates,
and the maximum degree of the equation gives the class of s (u, v) . See [10], for
details.
It is known that the surface H (r, q) in (4) has class 5 and degree 15. So, it is

also an algebraic minimal surface. See [4, 5, 10] for expanded results.
Using Sylvester elimination technique, we find the irreducible implicit equation

of surface H (u, v) in (5) as follows:
Q(x, y, z) = 64x6z9 + 192x4y2z9 + 192x2y4z9 + 64y6z9− 432x8z6− 864x6y2z6−

768x4z10 + 864x2y6z6 + 432yz6 + 768yz10 − 1215x10z3 − 9963x8yz3 − 3888x8z5 −
23814x6y4z3−15552x6y2z5+4320x6z7−23814x4y6z3−23328x4y4z5−7776x4y2z7−
768x4z9 − 9963x2y8z3 − 15552x2y6z5 − 7776x2y4z7 + 4608x2y2z9 + 2304x2z11 −
1215y10z3 − 3888y8z5 + 4320y6z7 − 768y4z9 + 2304y2z11 − 729x12 − 4374x10z2 +
2187x8y4 − 13122x8y2z2 + 7776x8z4 − 8748x6y4z2 + 62208x6y2z4 + 52032x6z6 −
2187x4y8 + 8748x4y6z2 + 10560x4y2z6− 5376x4z8 + 13122x2y8z2− 62208x2y6z4−
10560x2y4z6 + 4608x2z10 + 729y12 + 4374y10z2− 7776y8z4− 52032y6z6 + 5376y4z8

− 4608y2z10 + 8748x10z − 26244x8y2z + 69120x8z3 + 17496x6y4z + 89856x6z5 +
17496x4y6z−511488x4y4z3−573696x4y2z5−162816x4z7−26244x2y8z−573696x2y4z5−
276480x2y2z7 − 27648x2z9 + 8748y10z + 69120y8z3 + 89856y6z5 − 162816y4z7 −
27648y2z9 + 9720x10 − 79704x8y2 + 31104x8z2 + 190512x6y4 − 248832x6y2z2 −
179712x6z4−190512x4y6−1147392x4y2z4−595968x4z6+79704x2y8+248832x2y6z2+
1147392x2y4z4 − 55296x2z8 − 9720y10 − 31104y8z2 + 179712y6z4 + 595968y4z6 +
55296y2z8−62208x8z+248832x6y2z−416256x6z3−373248x4y4z+84480x4y2z3−
651264x4z5+248832x2y6z+84480x2y4z3+1105920x2y2z5+110592x2z7−62208y8z−
416256y6z3 − 651264y4z5 + 110592y2z7 − 27648x8 + 55296x6y2 − 138240x6z2 −
248832x4y2z2− 86016x4z4− 55296x2y6 + 248832x2y4z2 + 221184x2z6 + 27648y8 +
138240y6z2+ 86016y4z4−221184y2z6−49152x4z3−294912x2y2z3−147456x2z5−
49152y4z3−147456y2z5−32768x6+98304x4y2−196608x4z2−98304x2y4−294912x2z4+
32768y6 + 196608y4z2 + 294912y2z4.
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Its degree is deg(H (u, v)) = 15. Therefore, Q(x, y, z) = 0 is an algebraic minimal
surface (see Figure 1, Left) of H.
To find the class of surface H, we use (5), (6) and (7). Hence, we find

P (u, v) =
%(u, v)

3(λ+ 1)λ2
,

and then, obtain inhomogeneous tangential coordinates

a =
6uλ2

%(u, v)
, b =

6vλ2

%(u, v)
, c =

3(λ− 1)λ2

%(u, v)
,

where λ = u2+v2, %(u, v) = −(λ−1)(u2−v2)
(
λ2 + 4λ+ 1

)
6= 0. In the coordinates

a, b, c, the irreducible implicit equation Q̂(a, b, c) = 0 of H (see Figure 2, Left) is as
follows

Q̂(a, b, c) = −6a4c− 4a2c3 + 6b4c+ 4b2c3 − 3a4 − 6a2b2 − 3b4.

Therefore, Q̂(a, b, c) is an algebraic Henneberg minimal surface of H, and the class
of the surface is cl(H (u, v)) = 5.

4. Integral Free Form in E3

Integral free form of the Weierstrass representation (1) for minimal surfaces in
E3 is x

y
z

 = Re

 (
1− w2

)
φ′′(w) + 2wφ′(w)− 2φ(w)

i
[(

1 + w2
)
φ′′(w)− 2wφ′(w) + 2φ(w)

]
2
[
wφ′′(w)− φ′(w)

]
 ≡ Re

 f1 (w)
f2 (w)
f3 (w)

 ,

(9)
where algebraic function φ(w) and the functions fi (w) are connected by the relation

φ(w) =
1

4

(
w2 − 1

)
f1 (w)− i

4

(
w2 + 1

)
f2 (w)− 1

2
wf3 (w) (10)

for w ∈ C [14]. Integral free form is suitable for algebraic minimal surfaces (see
[10]).

Corollary 8. The algebraic function

φ(w) =
w4 + 1

6w
, (11)

leads to Henneberg’s minimal surface, where w ∈ C−{0} .

5. Henneberg Surfaces in E2,1

Let
En,1 :=

(
{x = (x1, · · · , xn, x0)t|xi ∈ R}, 〈·, ·〉

)
be the (n + 1)-dimensional Lorentz-Minkowski (for short, Minkowski) space with
Lorentz metric 〈x, y〉 = x1y1 + · · · + xnyn − x0y0. A vector x ∈ En,1 is called
spacelike if 〈x, x〉 > 0, timelike if 〈x, x〉 < 0, and lightlike if x 6= 0 and 〈x, x〉 = 0.
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A surface in En,1 is called spacelike (resp. timelike, lightlike) if the induced metric
on the tangent planes is a Riemannian (resp. Lorentzian, degenerate) metric.

5.1. Henneberg spacelike maximal surface. Kobayashi [8] found a Weierstrass
type representation for spacelike conformal maximal surfaces in E2,1.

Theorem 9. Let g (ω) be a meromorphic function and let f (ω) be a holomorphic
function, fg2 is analytic, defined on a simply connected open subset U ⊂ C such
that f (ω) does not vanish on U except at the poles of g (ω). Then

x(u, v) = Re
∫ ζ

 f
(
1 + g2

)
if
(
1− g2

)
2fg

 dω, (ζ = u+ iv) (12)

is a spacelike conformal immersion with mean curvature identically 0 (i.e. spacelike
conformal maximal surface). Conversely, any spacelike conformal maximal surface
can be described in this manner.

We call Henneberg’s maximal surface given by (f, g) =
(
1− ζ−4, ζ

)
the spacelike

maximal surface H (u, v) (spacelike H, for short), where f̃ (ζ) = − 1
ζ4
f
(
− 1
ζ

)
as

in the Weierstrass representation of the Euclidean case. The parametrization of
spacelike H is

H (u, v) =


u− uv2 + u3

3 + u
u2+v2 −

uv2

(u2+v2)3
+ u3

3(u2+v2)3

−v + u2v − v3

3 −
v

u2+v2 + u2v
(u2+v2)3

− v3

3(u2+v2)3

u2 − v2 + u2−v2
(u2+v2)2

 =

x(u, v)
y(u, v)
z(u, v)


(13)

with Gauss map

e =

(
2u

λ− 1
,

2v

λ− 1
,
λ+ 1

λ− 1

)
, (14)

where λ = u2 + v2 6= 1.

5.2. Henneberg timelike minimal surface. Next, we give the Weierstrass type
representation for timelike minimal surfaces in E2,1, which was obtained by M.
Magid [9] (see also [7]).

Theorem 10. Let f1(u), g1(u) (resp. f2(v), g2(v) ) be smooth functions depending
on only u (resp. v) on a connected orientable 2-manifold with local coordinates u,
v. Then

x̂(u, v) =

∫  2f1g1
f1
(
1− g21

)
−f1

(
1 + g21

)
 du+

∫  2ω2g2
f2
(
1− g22

)
f2
(
1 + g22

)
 dv (15)

is a timelike surface with mean curvature identically 0 (i.e. timelike minimal sur-
face). Conversely, any timelike minimal surface can be described in this manner.
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The timelike minimal surfaces given by (f1(u), g1(u)) = (1 − u−4, u), (f2(v),
g2(v)) = (1 − v−4, v) are called Henneberg’s timelike minimal surface H(u, v)
(timelike H, for short), where u, v 6= 0, in E2,1. The parametrization of timelike H
is  u2 + v2 + 1

u2 + 1
v2

1
3

(
−u3 − v3 + 1

u3 + 1
v3

)
+ u+ v − 1

u −
1
v

1
3

(
−u3 + v3 − 1

u3 + 1
v3

)
− u+ v − 1

u + 1
v

 =

x(u, v)
y(u, v)
z(u, v)

 , (16)

where u, v 6= 0, with Gauss map

e =

(
uv − 1

1 + uv
,
u+ v

1 + uv
,
−u+ v

1 + uv

)
. (17)

Here, uv 6= −1.

6. Degrees and Classes of Henneberg Surfaces in E2,1

For E2,1, the tangent plane at a point (u, v) on a surface f (u, v) = (x(u, v),
y(u, v), z(u, v)) is given by

Xx+ Y y − Zz + P = 0, (18)

where the Gauss map is e = (X(u, v), Y (u, v), Z(u, v)) and P = P (u, v).
In this section, Q(x, y, z) = 0 denotes the irreducible implicit equation that

spacelike or timelike Henneberg surface H in terms of running coordinates x, y, z
will satisfy. And also Q̂(a, b, c) = 0 denotes the irreducible implicit equation for
spacelike or timelike H in terms of tangential coordinates a, b, c. Next, we calculate
the implicit equations, degrees and classes of spacelike and timelike H.

6.1. Degree and class of spacelike maximal Henneberg in E2,1. Taking (13),
with its Gauss map, and using (18), we have
Q(x, y, z) = 64x6z9 + 192x4y2z9 + 192x2y4z9 + 64y6z9− 432x8z6− 864x6y2z6−

768x4z10+864x2y6z6+432y8z6+768y4z10−1215x10z3−9963x8y2z3+3888x8z5−
23814x6y4z3+15552x6y2z5+4320x6z7−23814x4y6z3+23328x4y4z5−7776x4y2z7+
768x4z9 − 9963x2y8z3 + 15552x2y6z5 − 7776x2y4z7 − 4608x2y2z9 + 2304x2z11 −
1215y10z3 + 3888y8z5 + 4320y6z7 + 768y4z9 + 2304y2z11 − 729x12 + 4374x10z2 +
2187x8y4 + 13122x8y2z2 + 7776x8z4 + 8748x6y4z2 + 62208x6y2z4 − 52032x6z6 −
2187x4y8 − 8748x4y6z2 − 10560x4y2z6 − 5376x4z8 − 13122x2y8z2 − 62208x2y6z4 +
10560x2y4z6−4608x2z10+729y12−4374y10z2−7776y8z4+52032y6z6+5376y4z8+
4608y2z10+8748x10z−26244x8y2z−69120x8z3+17496x6y4z+89856x6z5+17496x4y6z+
511488x4y4z3−573696x4y2z5+162816x4z7−26244x2y8z−573696x2y4z5+276480x2y2z7−
27648x2z9+8748y10z−69120y8z3+89856y6z5+162816y4z7−27648y2z9−9720x10+
79704x8y2+31104x8z2−190512x6y4−248832x6y2z2+179712x6z4+190512x4y6+
1147392x4y2z4−595968x4z6−79704x2y8+248832x2y6z2−1147392x2y4z4+55296x2z8+
9720y10−31104y8z2−179712y6z4+595968y4z6−55296y2z8+62208x8z−248832x6y2z
−416256x6z3+373248x4y4z+84480x4y2z3+651264x4z5−248832x2y6z+84480x2y4z3−
1105920x2y2z5+62208y8z+110592x2z7−416256y6z3+651264y4z5+110592y2z7+
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248832x4y2z2− 27648x8 + 55296x6y2 + 138240x6z2− 86016x4z4− 248832x2y4z2−
55296x2y6−221184x2z6+27648y8−138240y6z2+86016y4z4−32768y6+221184y2z6+
49152x4z3 + 294912x2y2z3 − 147456x2z5 + 49152y4z3 − 147456y2z5 + 32768x6 −
98304x4y2 − 196608x4z2 + 98304x2y4 + 294912x2z4 + 196608y4z2 − 294912y2z.
Its degree is deg(H (u, v)) = 15. Therefore, Q(x, y, z) = 0 is an algebraic maximal

surface (see Figure 1, Middle) of maximal H. To find the class of the maximal H,
we use (13), (14) and (18). Hence, we get

P (u, v) =
α(u, v)

3(λ− 1)λ2
,

where P (u, v) denotes the function as in equation (18) for maximal H, and λ 6= 0, 1.
The inhomogeneous tangential coordinates are

a =
6uλ2

α(u, v)
, b =

6vλ2

α(u, v)
, c =

3(λ+ 1)λ2

α(u, v)
,

where λ = u2 + v2, α(u, v) = (λ + 1)(u2 − v2)
(
λ2 − 4λ+ 1

)
6= 0. The irreducible

implicit equation Q̂(a, b, c) = 0 of spacelike H, in the coordinates a, b, c (see Figure
2, Middle), is

Q̂(a, b, c) = −6a4c+ 4a2c3 + 6b4c− 4b2c3 − 3a4 − 6a2b2 − 3b4.

Therefore, the class of spacelike maximal Henneberg is cl(H (u, v)) = 5.

6.2. Degree and class of timelike minimal Henneberg in E2,1. Taking (16),
with its Gauss map, and using (18), we get
Q(x, y, z) = −16x9y6 + 48x9y4z2 − 48x9y2z4 + 16x9z6 + 384x10y4 − 384x10z4 +

216x6y8 − 432x6y6z2 + 432x6y2z6 − 216x6z8 − 2304x11y2 + 2304x11z2 + 768x9y4 +
4608x9y2z2+768x9z4−4320x7y6−7776x7y4z2+7776x7y2z4+4320x7z6+3888x5y8−
15552x5y6z2 + 23328x5y4z4 − 15552x5y2z6 + 3888x5z8 + 1215x3y10 − 9963x3y8z2

+23814x3y6z4−23814x3y4z6+9963x3y2z8−1215x3z10−9216x10y2−9216x10z2+
10752x8y4−10752x8z4−104064x6y6+21120x6y4z2+21120x6y2z4−104064x6z6−
15552x4y8+124416x4y6z2−124416x4y2z6+15552x4z8+8748x2y10−26244x2y8z2+
17496x2y6z4 + 17496x2y4z6 − 26244x2y2z8 + 8748x2z10 + 1458y12 − 4374y8z4 +
4374y4z8 − 1458z12 + 110592x9y2 − 110592x9z2 + 651264x7y4 − 1105920x7y2z2 +
651264x7z4−359424x5y6−2294784x5y4z2+2294784x5y2z4+359424x5z6−276480x3y8+
2045952x3y4z4−276480x3z8−34992xy10−104976xy8z2−69984xy6z4+69984xy4z6+
104976xy2z8+34992xz10+442368x8y2+442368x8z2+4767744x6y4−4767744xz4+
1437696x4y6 − 9179136x4y4z2 − 9179136x4y2z4 + 1437696x4z6 − 248832x2y8 −
1990656xy6z2+1990656x2y2z6+248832x2z8−77760y10−637632y8z2−1524096y6z4−
1524096y4z6−637632y2z8−77760z10−1769472x7y2+1769472x7z2+10420224x5y4+
17694720x5y2z2+10420224x5z4+6660096x3y6+1351680x3y4z2−1351680x3y2z4−
6660096x3z6+995328xy8+3981312xy6z2+5971968xy4z4+3981312xy2z6+995328xz8−
7077888x6y2−7077888x6z2+2752512x4y4−2752512x4z4+4423680x2y6−7962624x2y4z2−
7962624x2y2z4+4423680x2z6+884736y8+1769472y6z2−1769472y2z6−884736z8+



1770 ERHAN GÜLER AND VAHIT ZAMBAK

9437184x5y2 − 9437184x5z2 + 3145728x3y4 − 18874368x3y2z2 + 3145728x3z4 +
37748736x4y2+37748736x4z2+25165824x2y4−25165824x2z4+4194304y6+12582912y4z2+
12582912y2z4 + 4194304z6.
Its degree is deg(H (u, v)) = 15. Hence, Q(x, y, z) = 0 is an algebraic timelike

minimal surface (see Figure 1, Right) of timelike H. To find the class of timelike
H, we use (16), (17) and (18). Therefore, we obtain

P (u, v) =
α̂(u, v)

3(uv + 1)u2v2
,

where uv 6= −1, u, v 6= 0, P (u, v) denotes the function as in equation (18) for
timelike H. So, the inhomogeneous tangential coordinates are

a =
3u2v2(uv − 1)

α̂(u, v)
, b =

3 (u+ v)u2v2

α̂(u, v)
, c =

3 (v − u)u2v2

α̂(u, v)
,

where α̂(u, v) = −(uv − 1)(u2v2 + 4uv + 1)(u2 + v2) 6= 0. Then, the irreducible
implicit equation Q̂(a, b, c) = 0 for timelike H in terms of inhomogeneous tangential
coordinates (see Figure 2, Right) is

Q̂(a, b, c) = −8a3b2 − 8a3c2 − 12ab4 + 12ac4 − 3b4 + 6b2c2 − 3c4.

Finally, the class of timelike minimal Henneberg is cl(H (u, v)) = 5.

Figure 1. Henneberg algebraic surfaces Q(x, y, z) = 0 in carte-
sian coordinates Left : Euclidean minimal, Middle: spacelike
maximal, Right: timelike minimal

7. Integral Free Forms in E2,1

We reveal integral free form of the Weierstrass representation for spacelike max-
imal surfaces (resp. timelike minimal surfaces) in Minkowski space E2,1.
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Figure 2. Henneberg algebraic surfaces Q̂(a, b, c) = 0 in inhomo-
geneous tangential coordinates, Left : Euclidean minimal, Mid-
dle: spacelike maximal, Right: timelike minimal

7.1. Integral free form for spacelike maximal Henneberg.

Proposition 11. The integral free form of the Weierstrass representation for space-
like maximal surfaces (12) in E2,1 is as follows x

y
z

 = Re

 (
1 + w2

)
Ψ′′(w)− 2wΨ′(w) + 2Ψ(w)

i
(
1− w2

)
Ψ′′(w) + 2iwΨ′(w)− 2iΨ(w)
2wΨ′′(w)− 2Ψ′(w)

 ≡ Re
 f1 (w)

f2 (w)
f3 (w)

 ,

(19)
where algebraic function Ψ(w) and the functions fi (w) are connected by the relation

Ψ(w) =
1

4

(
w2 + 1

)
f1 (w)− i

4

(
w2 − 1

)
f2 (w)− 1

2
wf3 (w) (20)

for w ∈ C.

Integral free form is suitable for algebraic maximal surfaces. Therefore, we obtain
following:

Corollary 12. The algebraic function

Ψ(w) =
w4 + 1

6w
(21)

leads to Henneberg spacelike maximal surface, where w 6= 0.

7.2. Integral free form for timelike minimal Henneberg.

Proposition 13. The integral free form of the Weierstrass-type representation for
timelike minimal surfaces (15) in E2,1 is as follows x

y
z

 =

 2uΩ′′(u)− 2Ω′(u)(
1− u2

)
Ω′′(u) + 2uΩ′(u)− 2Ω(u)

−
(
1 + u2

)
Ω′′(u) + 2uΩ′(u)− 2Ω(u)


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+

 2vΘ′′(v)− 2Θ′(v)(
1− v2

)
Θ′′(v) + 2vΘ′(v)− 2Θ(v)(

1 + v2
)

Θ′′(v)− 2vΘ′(v) + 2Θ(v)

 ≡
 h1 (u) + k1 (v)

h2 (u) + k2 (v)
h3 (u) + k3 (v)

 , (22)

where algebraic function Φ(u, v) := Ω(u) + Θ(v) and the functions hi (u) + ki (v)
are connected by the relation

Φ(u, v) = −1

2
uh1 (u) +

1

4

(
u2 − 1

)
h2 (u)− 1

4

(
u2 + 1

)
h3 (u)

− 1

2
vk1 (v) +

1

4

(
v2 − 1

)
k2 (v) +

1

4

(
v2 + 1

)
k3 (v) (23)

for u, v ∈ R.

Integral free form is suitable for algebraic timelike minimal surfaces. Finally, we
get the following result:

Corollary 14. The algebraic function

Φ(u, v) =
v
(
u4 + 1

)
+ u

(
v4 + 1

)
6uv

(24)

leads to Henneberg timelike minimal surface, where u, v 6= 0.
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