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Abstract
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by wavelet families via regularization approach and we proved the convergence for the
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1. Introduction

One of the inverse problems is the Fredholm integral equations of the first kind (FK1)
that arise in many areas of science and engineering fields such as image processing and
electromagnetic. The below equation that can be written in the generic form is the FK1
with a square integrable kernel:

b
(K¢)(z) = /a k(x,s)p(s)ds = f(x),a <z <b. (1.1)

To classify integral equations, we denote the unknown function by ¢(x), the kernel of
the equation by k(z, s), and the free term, which is assumed known, by f(x). We introduce
the integral operator K defined by K¢ = f.

A FK1 is of the form (1.1) where the functions ¢(z) and f(x) are assumed to belong
to the class Ls|a, b], since the integral operator K with a non-degenerate and continuous
kernel k(z,s) is a compact operator with the non-closed range in La[a,b] and hence it is
not continuously invertible [2].

The wavelets technique allows the creation of very fast algorithms when compared with
known algorithms [7,8]. Various wavelet bases are applied in order to solve (1.1) Sinc
collocation [14], Legendre wavelet [9], Chebyshev wavelet [1], wavelets-Galerkin method
[6], multiwavelet [12], B-spline wavelet [11].
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The layout of the paper is as follows: Section 2 is devoted to the quartic (five order)
Semi-Orthogonal (SO) B-spline Wavelets Collocation (BSWC). In Section 3, the method
of regularization is used to approximate the solution of (1.1). As a result, a set of algebraic
equations is achieved and the solution of the considered problem is introduced. In Section
4, error and convergence consideration of regularization method and theorems are proven
and is shown that the procedure converges to the solution. In the last section, illustrative
examples are given to show accuracy, validity and applicability of the numerical technique.

2. B-spline scaling functions and wavelets on [0,1]

We can generate a doubly-indexed family of wavelets form i by dilating and translating
[4]:
1 =0
%,b(ﬂﬂ) = |CL| 2¢(T)7a 7& Oa a, b e R.
The wavelets have been grouped in different families. Generally, we can say that jth
generation of daughters will have 27 wavelets defined by:

Yin(@) =z —k);0< k<2 —1;j,k € Z

The members of this generation will be constant on intervals of length 2=+ The
first idea in studying of wavelets was this matter that we can write functions as linear
combinations of the Father and Mother wavelets and first generation of daughters. This
basis denoted by Bj;. There is another basis of wavelets that is called sons wavelet. Here,
we can define generations of sons wavelet by the following relation :

pin(@) =2z —k);0< k<2 — 1,5,k € Z,

which assume S; denote the set of 27 functions {¢; () ij;Ol.

Therefore, S; will account as a basis for the inner product space V;. Vector space Vj
with the basis S; forms a nested sequence of subspaces Vy C Vi C V5 C ... and uses the
basis B; for V; and orthogonal decomposition theorem. Therefore we will have:

Vi=ViaeVi,=ViaeVi)eVi =...=eVgeVie.. Vi,

The wavelets have especial particularities that all of them are gathered in a collection
of Multi-Resolution Analysis (MRA) on L?(R) which is defined as a sequence of closed
subspaces V; with the following properties ([3],page 180):

(1) Vi C Visr.

(2) f(&) €V} <= f(20) € Vi1,

(3) f(z) € Vo <= f(z + k) € V.

(4) UV; is dense in L*(R) and N V; = 0.

(5) A scaling function ¢ € Vj, exists such that the collection ¢ is Riesz basis of V.

Some of the important properties relevant to the present work are given below:
1. vanishing moments: A wavelet is said to be have a vanishing moment of order m if

+oo
/ 2PY(z)de =0; p=0,..,m—1,
— 0o
all wavelets must satisfy the above condition for p = 0.
2. semi — orthogonality: The wavelets 1);; form a semi-orthogonal basis if

<¢j,k7¢}i,s> :07 Z#]a Vivjvkvs €Z7
the generalization to biorthogonal wavelets has been considered to gain more flexibility.
Here, a dual scaling function ¢ and a dual wavelet ¢ exist that generate a Dual Multi-
Resolution Analysis (DMRA) with subspaces ‘7j and VjL, such that:

V; LV;" and V; LV,
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and consequently
r\I 1 . -/
Ve LV forj#7.
When semi-orthogonal wavelets are constructed from B-spline of order m, the lowest
octave level j = jo is determined in [3] by
200 > 2m — 1, (2.1)

so as to give a minimum of one complete wavelet on the interval [0,1]. In this paper we
used a wavelet generated by a quartic (m = 5) cardinal B-spline function.

From (2.1), the five order B-spline lowest level, which must be an integer, is determined
to jo = 4. For each level j > jo this constrains all octave levels to j > 4 .

Definition 2.1. Let m and n be two positive integers and ([5, page 236])
=T my1=...=20< 21 < .. < Ty =Tpgl = . = Tptm—-1 =0,

be an equally spaced knots sequence. The functions

T —x;
Bpix()=———2 B, 1.x(z
m.j X () Tigm_1 — T m—1,5,x (¥) + Tiam — T4l

Titm — X
LBW—LJ"'FLX(J;)?

and

1 TE|TiTit1),
By x(x) = {0 e[l;e 3+1)

are called cardinal B-spline functions of order m > 2 for the knot sequence X =

{xk}Q +mml and Supp[Bm,j x ()] = [z}, Tj+m] N]a, b] .

k=1—
For the sake of simplicity, suppose [a,b] = [0,n] and =y = k,k = 0,..n . The
B jx(x) = Bp(x —j),j = 0,...,n —m are interior B-spline functions, while the re-
maining j = —m+1,...,—1 and j =n—m+1,...,n—1 are boundary B-spline functions.

Since the boundary B-spline functions at 0 are symmetric reflections of those at n, it is
sufficient to construct only the first half functions by simply replacing = with n — x .
By considering the interval [a,b] = [0, 1], at any level j € Z* the discrete step is 277 ,
and this generates n = 2/ number of segments in [0, 1] with knot sequence
) :1:% = =) =0,
:kw k=1,..,2 —1,
=0,

—m

X7 =

|| =L

J
1‘2]

x21+1 = '/E2j+m71

For each level j > jo the scaling function of order m can be defined as allows:

B jo (2 Pox) k=1-m,..—1,
Cm k(@) = Bojooim (L= 70ox) k=2 —m+1,..,2 —1,
Bm,jo,0<2ji-7°$ — 273014) k = O, ey 2 _ m,

and the two-scale relation for the m-order semi-orthogonal compactly supported B-spline
Wavelet (BSW) are defined as follows:

2k+2m—2

¢m,j,kz—m(l‘) = Z qk,ij,j,k—m(x)v k= 1) sy T — ]-7
i=k

2k+2m—2

¢m,j,k—m($) = Z Qk,ij,j,k—m(eT)a k= m,...n—m + 17
j=2k—m

n+k+m—1

wm,],k*m(x) = Z qkm]Bm:.]:k*m(x)7 k =n-—-m + 27 e n
j=2k—m

where g ; = qj_2k
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Hence, there are 2(m — 1) boundary wavelets and (n — 2m + 2) inner wavelet in interval
[a,b]. Finally by considering the level j with j > jo , the B-spline wavelet in [0, 1] can be
expressed as follows:

Yrm.jo (2P0 ) k=-m+1,..,-1,
Um k(@) = Cmjo2i—2mer—(l —27x) k=2 —2m+2,..,2 —m,
¢m7j0,0(2J*]ogj—27J0k) k:O7._.72J —2m—|—1,

The scaling functions ¢y, j x(2) ;,occupy m segments and the wavelet functions 9, j ()
occupy 2m — 1 segments.

2.1. General order B-spline wavelets
The B-spline wavelet can be defined recursively by the convolution ([5, page 235]):
+00 1
om(z) = / Om—1(z —t)p1(t)dt = /0 Om—1(z — t)dt,

where
1 0<xr<,
pi(x) = 0 else.

The construction of the scaling function of m-order B-spline is based on the two scale
relation:

om(z) = ipk@m(2$ — k),
k=0

where p;. is the two scale sequence and can be expressed as a combination:

pp =21 (7:) . 0<k<m. (2.2)

The two-scale relation for m-order BSW is given by:

3m—2

¢m(x) = Z Qk@m(zr - k)v
k=0

g = (—1)F2tm 3" <Tl”> om(k—1+1), 0<k<3m-—2. (2.3)
1=0
The decomposition relation for m-order BSW is:

m(2e —1) =Y (aopp(x — k) + bopp(x — k), 1€Z,
ket

where decomposition coefficients sequences {ax} and {b;} are as follows:

(_1)k+1
ar = 9 Z d—k+2m—21—1C1,2m; (2.4)
l
(_1)k+1
b = B > Pokt2m—21-1C12m- (2.5)

l
In (2.4) and (2.5) the coefficients sequence {cj, ,} is presented by m-th order fundamental
cardinal spline functions:

m
To(z) = Z ClemPm (T + —

— k).
kEZ 2
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2.2. Quartic B-spline wavelet (m = 5)

Quartic B-spline scaling function ¢s5(z) is given by the next recursive relation:

o 0<z <1,
4 523 5z% | 5z 5
—L p R 1<z <2,
4 3 2
_) 5o A - 252 <3, 2.6
ws5(x) = x4 | 523 5522 | 65z 655 (2:6)
—Z 2 ] + 23— 57 3<x <4,
t Bz 25z 125z | 625
2w~ 6 T4 % Tm i<z <5,
0 else,

where the compact support in the range [0, m] referring to the property B-spline scaling

functions. Two scale sequences

{pk}zzo and {Qk}}io are as follow. Based on them, two

scale relations for ¢5(z) and v¥5(z) can be constructed using (2.2) and (2.3) respectively:

o= {15155 5 15 16

1
{Qk}xlgg:o

1 555 5 1 }
16°16°878716° 16 )’
169 2141 5197 149693 54289

74339 74339 54289

- {5806080’ 19353607 725760 181440’ 1161216° 165888’

149693 5197 2141 169 1

1451527 145152’ 165888
So the corresponding scaling

24
_(l‘j—k?)4 + 5(1}j-k§)3 _ 5(]}j—k)2 + 5(1‘j-k§) _ 5

11612167 181440° 725760 1935360 5806080 -
function is:

M k§$J<k+1,

(ﬂ?jfkﬁ4 _ 5(%‘*’33

1 6 51 k+1<z; <k+2,
35(x;—k)*  25(z;—k

+ Ly 15 o<y <k+43

Pik(T) = aay LAY e 2
ekl S b 55y Bl 655 3 <y < k4,

4 3 )2 o
($j2—4k) . 5(:c;6—k) + 25(3:,4 k)? 125(32; k) + 62245 k+4<z; <k+5,

0 else,

with the respective left and right hand side boundary scaling function, the actual coordi-

nate position z is related to x;

according to x; = 27z, then we have:

(k)" kj2<x<k/2+1/2,
4 3 2
_ (2z—k) + 5(2x6—k) . 5(2x4—k) +
5ek) _ 5 k/241/2<z<k/2+1,
(2z—k)*  5(2z—k)® | 35(2c—k)2
_25 2 2 k * 4 B
os(22 — k) = BEeH 155 k/24+1< 2 <k/2+3/2,
o e—k)* | 5(20—k)®  55(2c—k)>
85020 k) _ 855 k/2+3/2 <x<k/2+2,
(2z—k)*  5(2z—k)® | 25(2z—k)?
meln e
125307k) 4 625 k/2+42<z<k/2+5/2,
0 else,
(£) = ~=p(20) + ~ip(20 — 1) + 2p(20 — 2)+
p5(@) = 150(2) + o027 g2z
5 5 1
Zo(22 —3)+ —op(20 — 4 2z —5
g (22 = 3) + 10(22 — 4) + 7o0(22 = ),
(16z+4)*  5(16a+4)3 i 25(16a+4)>
24 6 4
¥5,-4() = 125080+4) | 625 0<a<1/16,

else,
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513(x) =
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(16z+3)*

3 2
n 5(169;—1—3) _ 55(16;E+3) +
65(162+3) _ 655 0<z<1/16

2 24
(16043)" _ 5(16043)° | "25(16043)°
21 6 4
1250162+3) | 625 1/16 <z < 1/8,
else,
(160+2)" _ 5(162+2)° | 35(16042)°
2 4
25062+2) | 155 0<x<1/16,
_(16x+2)4 n 5(16z+2)° . 55(16$+2)2+
p)
65(162+2) _ 655 1/16 <z < 1/8
2 24 = ’
(16z+2)*  5(16z+2)° + 25(162+2)°
24 6 4
1250160+2) | 625 1/8 <z <3/16,
else,
_ 6zt | 506041 5(16w+1)°
6
S(6e+l) _ 5 0 <z <1/16,
162+ 5(162+1)° | 35(162+1)%
2 4
2(167+1) | 155 1/16 < x < 1/8,
_ (6241 | 516241 55(162+1)°
2
w_% 1/8 < x < 3/16,
(16z+1)*  5(16z+1)>3 i 25(162+1)°
6 4
125016z+1) | 625 3/16 <z < 1/4,
else,
_(6z—12)" | 5(16z-12)°  55(16z—12)*
65(16212) _ 655 ! 15/16 <z <1
(162—12)* 5(162%12)3 21;15(169“12)2 B |
_ - + f -
25(16x—12 155
o ﬁ; R 7/8 < x < 15/16,
— + 6 - 4 +
5(16+—12)_4% 13/16 <z < 7/8,
(16o-12)! 12/16 < x < 13/16,
0 else,

(16z—13)*  5(162—13)° | 35(162—13)>

+ 1

2
25(162-13) 4 155 15/16 < z < 1,

2
a4 13 a2
_ (16z—13) 4 5(163@6 13)% 5(16354 13) 4
5(16z—13) 5
R 7/8 < x < 15/16,
{62137 13/16 < 2 < 7/8,
0 else,
_ (16z—14)* + 5(1616—14)3 _ 5(16m4—14)2+
516z—14) _ 5 15/16 <z < 1,

6 4 24
{6a14)” 7/8 < x < 15/16,

0 else,
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16z—15)*
s 15 (1) = Q6 150 15/16 <z < 1,
’ 0 else.

Further, of (2.6) and (2.7) and by compact support in the range [0, 2m — 1] we obtain:

1 4

73 4 1 .3 1.2
—T1224160% 1 %505%° — Ti3a0% T

1 1
32020L ~ 272160 1/2<z <1,

) = 503 .4 1069 .3 , 72701 .2 2.7
() 8709120 524320 1 3903040 % (2.7)
1236079 21016259
8709120 T 59672060 8 < <17/2,
1 41 .3 1 .2
g709120L — 2a1020% T Troz0%

3 27
89607 T 35810 17/2 <z <9,
0 else,

13
() =Y qrp(2x — k).
k=0

2.3. Function approximation using scaling function

For any positive integer M = jo, a function f(x) defined over [0, 1] may be represented
by B-spline scaling functions as:

2M_1
@)=Y swomp =S" P,
f=—4
where
S = [S_4,5-3, ..., Som_1],
Q= [Par,—a, Par, 3,0, Ppyom 4],
with

1
SEp = / f@)pmp(x)de, k= —4,-3, L 2M
0
where @pr i (z) are dual functions of ¢ps k() ,
d=Tpd, Ty=(Py) " (2.8)

These can be obtained by linear combinations of py (), k = —4,-3,...,2M — 1, as
follows. Let ®j3; be the dual functions of ®j; given by:

s = [Par,—a, Brs—3, oy Paron 1),

using (2.8) we get:
1.
/ ® @t de =1,
0
where I is (2M +4) x (2™ 4 4) identity matrix, let:
1
Py = /Q)M@}de, (2.9)
0

the entries of the matrix Py is calculated from:

1
| eritaron(w)da.
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from (2.8) and (2.9) we get:
B = (Pr) '@y
Furthermore, a function f(x) defined over [0, 1] may be represented by BSW as:

271 oo 27-5

= Y mppsk(m) + > > itz

k=—4 §=5k=—4
if the infinite serie is truncated at M, then can be written as:

M 2i-5

Z Cmpps k(@) + Y > digtin(z) = CTU(2), (2.10)

k=—4 j=5k=—4
where @5 and v are scaling and wavelets functions, respectively and C' and ¥ are
(2M 4-4) x 1 vectors given by:

C = [0747 C-3, .-, C15, d5,74) d5,73a s d5,75 s dM,*M‘Fl’ ey d2M775]5

U = [(05,—45 05,35 -+ 95,15, ¥5,—45 W5,—3y 0y U575 ooy WM, M+15 -+, Vg2 _5]
with

1
Ck :/ f(@)@sx(x)dz, k= —4,-3,..15,
0

1 . .
djr = / f@)jp(x)de, j=5,4,..M, k=-4,-3,..,27 - 5.
0
These can be obtained by linear combinations as follows:

® = [p5_4(2), 05,-3(2), -y p5.15(2)]

= [b5,—a(x),¥5,-3(2), ..., lDM,2M—5(iU)]T-

For numerical solving of (1.1) we should choose a finite dimensional family of functions
so that the exact solution may be estimated by them. Methods that use this strategic
technique are called projection methods, because the exact solution of equation is projected
onto the space with finite dimensions. One of the most famous for these methods is
collocation method. We choose a sequence of finite dimensional subspaces X,, C L?(R) for
n > 1, with X,, having dimension d,,. Assume that X,, has a basis of the form ¢1, 2, ..., 4
with d = d,, for notational simplicity and ¢,, is a function which belongs to X,,, so that

d
we can write it as ¢(s) = ¢n(s) = Y ¢ipi(s). By substitution into (1.1) we have:
i=1

b
() = / k(. 8)bn(s)ds — f(x) = / z,s zwz )ds — f(x),

where r, is called the residual in the approximation of the equation when using ¢ =~ ¢,.
In the operator form we have r,, = k¢, — f. Now to determine the unknown coefficients
{cZ} _, we impose the following requirements:

ro(x;) =0, i=1,2,..,d,

where x; are the collocation node points. These coefficients are determined uniquely if
and only if p;(x) are being independent. In this paper, we use QBSW family which are

d
SO wavelet basis, so that ¢n(s) = > cipi(s) is uniquely determined.

i=1
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3. The method of regularization

Assuming that a solution exists to the linear ill-posed problem (1.1) which can always
be written in the generic form K¢ = f. With modify (1.1) we can write:

[ K, 9)0(6)ds + 6(a) = £(2), (3.1)

where 7 is known as the regularization parameter and (3.1) is an FK2 whose solution,
denoted by ¢ (z) , can be found in [13]. These equations may be written as

(K +91) = f.
Substituting ¢~ (z) for ¢(x) in (1.1), we get:

b
| k)0, (5)ds = £, (@)

If ||f(z) = fy(x)|]| £ 6 where § is a preassigned quantity representing the tolerance
of error, then the function ¢, (z) is considered an acceptable approximate solution to
(1.1) that we proof this task in error consideration section. Thus, if the kernel k(z, s) is
discontinuous along a curve s = g(z) and the discontinuity is finite, then an FK1 can be
changed to an FK2, as follows:

5@ = [ ke )o(s)as = [

and differentiating both sides with respect to x, we get:

7@ = [ )i 1 ke, ) )ola(e)g (@) Ko 9(0) )60 )

-/ PORE5) yas + S(@)o(a(a))d @)

where k(z,g(x)-) and k(z,g(z)+) are defined everywhere in (a,b), and the difference
S(x) = k(z,g9(x)-) — k(z,g(x)+). On dividing the above equation by S(z)¢'(z) and
replacing x by z = g~ !(y) , we obtain an FK2. Now, the following theorem can be stated.

)
Theorem 3.1. If k(x,s) is bounded in the domain Q@ = [a,b] X [a,b] and continuous
except on the curve s = g(x), where g(x) has a nonzero continuous derivative in [a,b],
with g(a) = a, and g(b) = b and
(i) S(x) € Cla, b,
(ii) ky(x,s) is real and exists in €2,
(iii) f(x) and f'(x) are continuous in [a,b] and
the quantity

b

k(z, $)o(s)ds + / k(w, 5)6(s)ds,

9(z)

g(x)

' k() 5)
S(z)g'(z) x:g_l(y)’
does not vanish in ), then an FK1 can be changed into the following FK2 as:
bl ky(x,s) /()
s | g(s)ds+ () = .
/“ S(x)g'(z) z=g~1(y) S(x)g'(x) z=g"1(y)
Proof. See [4]. O
If k(z,s) is continuous in Q, but if 8"57(9;,5) for some n has a finite discontinnuity at

s = g(x), then the theorem can be generalized. In order to solve (3.1) we consider:

b
w(z) = / k(x, s)(s)ds, (3.2)
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then, we first approximate ¢(s) and w(s) as:

(s) = CT(s),

w(z) = / ' l(, 5)CTU(s)ds, (3.3)

where CTW(s) is defined in (2.10) and C is (2 +4) x 1 unknown vector. We can
approximate (3.3) using quadrature Newton-Cotes (NC) integration techniques as:

b n
wiz) = [ ke, 5)CTW(s)ds = Y ikl 5)CTW(s,), (3.4)
@ i=1
where w; and s; are weight and nodes of NC method. From (3.1) and (3.2), we get:
w(x) +yd(x) = f(z),

to find the solution ¢(z) we first collocate in z; = (2i —1)/(2M+2-2), i = 1,...,2M+1 — 1
the resulting equation generates 2M+1 —1 algebraic equations and the total unknowns
for vector C in (3.4) is 2M+1 +1 .

4. Error and convergence consideration

Theorem 4.1. If v regularization parametr and ¢ (x) is approzimate solution in

b
/a k(z, $)6(s)ds +16(x) = f(z),
and

b
| k@ )0 (5)ds = £,(a),
then
If(2) - fy(@)] <6,

where § is a known bound on the measurement error.

Proof. We can write FK2 equation in the operator form as:

since, the operator (K + «I) has a bounded inverse then, the problem of solving the
equation is well-posed. This FK2 equation have unique solution

by = (k+~D) 7' f, (4.1)
from this we see that y¢, = f — k¢, and we may in passing to the limit as:
. A 2|2
] A

that k% = (k+~I)~! and the vectors {¢,} are therefore genuine approximations to k*
in the sense that ¢, — kA f as v — 0 and insomuch for each v > 0 the operator k* is
bounded then, the approximation ¢, depends continuously on f.

According to the regularization parameter v and approximation ¢, (x) we can consider
estimate f of f where § is a known bound on the measurement error and with putting
f9 instead true function, we obtain the approximation form:

¢ = (kD)7 f, (42)
with (4.1) and (4.2) we will have:

05 = 0y = (k+1) (= ),
|68 = 6| = (k44D = P k9D - ),
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and
|k +D7" | <1/,
then
[ = 64| <6/vA
Then with select a suitable regularization parameter v = v(d), we will have:
|66 = £ < |62 = S0 | + [0 = K| < 8720 + |66 — K2
if § colse to zero then &/./7(6) close to zero and bry(5) — EMf

)

s

With minimize an augmented Least Squares (LS) function ¢(z) = >° a;t;(x) that ¢;(x)

0

J
known functions and a; are unknown coefficients, we will have:

n m
LS,Y(CLQ, Ay enny am) = Z ((Z ajtj(ﬁi)) — (pi)z
i=0 =0
2
= ||t = 72"+ el (4.3)
If we consider linear function ¢(z) = ag + a1z any minimizer of (4.3) must satisfy

a0+ as2) = [ + a0 + ana?)

expressing the squared norms in terms of the inner product and expanding the quadratic
forms this is equivalent to

=0,

x=0

<ka0 — f(s, k:a1> + v <a0, a1) =0,
or
<(k +~I)ag — f5,a1> =0,
(k+~D)ao = f°, (4.4)
substituting (4.4) in (4.2), we will get:
¢ = (k+~0) 7" f* = (k+40) 7" (k +~1)ao,

for the solution of k¢ = f choose the regularization parameter so that the size of the

residual r(y) = Hkqbf, — f‘su is the same as the error level in the data and the vector ¢ of
minimum norm satisfying the requirement
o~ s <

Now if P is the orthogonal projector of Hilbert space , we can write:
P(k+~1)¢% = Pf°,
P(y¢) + P(k¢t) = Pf°,
koS = f° =73,
| = = o -

i

if v — 0 given:

R T R T B T
and
lim r(y) = Hf6 H > 9,

y—00

the choice () as given leads to a regular scheme for approximating k* f, that is

sy = K as §—0.
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O
Theorem 4.2. Assume that f € C°[0,1] is represented by quartic B-spline wavelets as :
1 -
diso= [ 1(@)bu(a)de, (4.5)
where ¢ has 5 vanishing moments, then
2707
dj k| < 1=

where |1 = max ’f(5)(t)‘ and € = fol ‘x51/~)j(x)’dx, j=5..M, k=—4,..,2 —5.

[0,1]
Proof. We approximate the function f € C%[0, 1] at arbitrary point xq € [0, 1] as:

4 o p - 5
fla) = - I e + E20L 00 | ge
P |

f(z) may be represented by quartic B-spline wavelets and with substituting (4.5) we will
get:

5
b < [ st f’“’_f‘” 10 (o) + L2 50 )y a

the actual coordinate position x is related to x; according to z; = 2/ and have t =
2)x — x; then

( — z0)° ;
pr o2 /Otpw dt+/ ﬁf@)(é)%,k(@d%

2J(p+1) p!

because ¢ has 5 vamshlng moments then:
f®) QTJ/Z o7
Z pLraa /0 P (t)dt

thus we will get

(5) ol 9—63
dji < / (€>2_6]/ 2P g (w)dr = p=——e.
5! 0 5!

Theorem 4.3. Suppose f is represented by quartic B-spline scaling function ¢ as:

1
Ck =/ f(@)@s k(x)dz, k=—4,-3,..15,
0

and the biorthogonal projection P; : Lo(R) — Vj of function f € La(R) on to the space
V; then P;f converges to f.

Proof. Because dual scaling function ¢ such that

(p(@),p(x—k)) =0y , keZ,
given scaling function ¢, the biorthogonal projection P; of function f is given by
Pif =Y {fs@ik) iks
keZ

if ®; represents polynomials in p;_; , the following error estimate is well-known

If =Bifll <272 |fll . feH(Q), 0<s<d,
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Table 1. Absolute Error for Example 1

(M=5) (M=6) Method of [9]
si v=001 v=0.001 ~=0.01 ~=0.001

0.1 3.3(—4) 28(—4) 35(—5) 1.9(—6) 5.0(—4)
02 4.6(—4) 4.6(-5) 4.9(-5) 6.0(—6) 3.3(—4)
0.3 6.4(—5) 7.1(-5) 5.3(—6) T7.5(—6) 4.6(—4)
04 28(=5) 8.6(=5) 3.2(—6) 3.2(—7) 5.9(—4)
05 3.5(=5) 6.5(—6) 5.5(—6) 6.6(—7) 2.2(—3)
0.6 6.3(—5) 4.0(—6) 22(-7) 5.7(—7) 8.3(—4)
0.7 45(=5) T7.1(=5) 6.0(=7) 9.0(—6) 7.8(—4)
08 1.3(—6) 3.3(—6) 4.7(=7) 5.5(—7) 4.8(—4)
09 2.7(-6) 6.8(—6) 8.2(=7) 4.3(-7) 8.5(—4)

moreover, H*(€2) denotes the standard Sobolev norm of weakly differential of order up to
s € N normed by

17112 = o™ FI%,
m=0

if p = sup || fl|, then ‘
If = Pifll <277p,
if the number j is large and or the bound p small, we will have:
If = Pifl =0 or Pif = f,
consider that ej(z) be error of approximation in space V; , then:
lej(x)] = O(27%).

Thus, order of error depend on the level j. Obviously, for larger level of j, the error of
approximation will be smaller. ]

5. Illustrative examples

The numerical experiments are implemented in Maple 15 software. The programs are
executed on a PC with 2.00 GHz Intel Core 2 dual processor with 2 GB RAM. In illustra-
tive examples, to show the accuracy and efficiency of the described method, we presented
numerical examples, then we compared the results of our methods with the results of some
other methods. The matrix sizes for the QBSW in M = jy = 4 are of order (27° + 1) and
(270+1 1 1) were 65 x 65 and 129 x 129, respectively, for M =5 and M = 6.

Example 5.1. Consider the FK1 integral equation
e

1x5 w1
/Oe gb(S)dS—T_H

with exact solution ¢(z) = exp(z). The absolute error at the particular grid points is
tabulated in Table 1, that shows a comparison between our method together with method
in [9].

9

Example 5.2. Consider the Fk1 integral equation
1 3/2
/ Va4 s2¢(s)ds =1/3 (1 +x2) 2 1/3a3,
0

with exact solution ¢(x) = z, the absolute error is tabulated in Table 2 and comparison
with method in [10].
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Table 2. Absolute Error for Example 2

(M=5) (M=6) Method of [10]

s; 7=001 =000l 7=001 ~=0.001

0.1 4.6(—5) 4.6(—6) 62(-6) 2.7(—7) 15(—1)
0.2 55(=5) 7.0(-6) T7.7(=6) 5.6(—7) 1.2(-1)
0.3 4.9(—5) 1.8(—6) 83(—6) 3.9(—7) 1.1(~1)
0.4 6.7(=5) 55(-6) 52(-7) 7.2(-7) 6.2(~2)
0.5 81(=5) 4.6(—6) 2.9(-7) 4.8(—7) 3.3(—2)
0.6 22(—6) 2.8(—6) 4.4(-6) 2.2(~7) 2.3(—2)
0.7 3.9(—6) 1.2(~7) 3.0(-7) 8.1(—6) 2.8(—2)
0.8 T7.6(—6) 4.6(—6) 2.7(-7) 5.4(-T7) 8.9(—3)
0.9 2.5(=5) 2.6(-7) 41(-7) 6.0(-7) 1.5(—2)

Table 3. Absolute Error for Example 3

(M=5) (M=6) Method of [1]
s; 7 =001 7=0001 7=001 ~=0.001

01 6.6(—5) 2.6(—6) 32(—7) 5.6(—7) 5.3(—5)
02 3.9(—6) T7.1(=6) 22(=7) 5.2(=7) 1.3(—4)
03 7.1(=5) 4.7(=6) 7.1(=7) 8.1(=7) 2.2(—4)
04 82(—5) 7.2(—6) 83(=6) 3.1(=7) 3.0(—4)
05 22(—5) 7.0(—6) 6.5(=7) 6.9(=7) 5.9(—4)
06 4.5(—5) 6.5(—6) 8.7(—6) 4.4(=7) 3.8(—4)
0.7 4.0(-5) 3.1(-6) 3.9(—6) 5.8(—6) 5.5(—4)
0.8 9.4(—5) 1.1(-6) 6.1(—6) 2.0(=7) 7.2(—4)
0.9 3.7(=5) 5.4(—6) 5.7(—6) 5.7(=7) 8.9(—4)

Example 5.3. Consider the FK1 integral equation with exact solution ¢(x) = z,

1 T
/ sin (xs) gb(s) ds — SINT 1:0051:7
0

T2

Table 3 shows comparison between the absolute error of our method with method in [1].

6. Conclusion

According to the cases mentioned in section error and convergence analysis, the method
showed that the approximation method using B-spline wavelet method needs to be deriv-
ative of the fifth. According to the examples which solved the absolute error, the results
obtained from the B-spline method are less. Although the Fredholm integral equation of
the first kind is malignant but there was a systematic method of expression which turns it
into an integral equation of the second kind ; in the mean while the use of quasi-orthogonal
wavelets in the solution was very helpful. Moreover, because of semi-orthoganality and
having been vanishing moments of B-spline wavelets, matrices in our method are sparse,
thus we do not need large memory requirement and a high computational time.
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