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Abstract

In this paper, we study the geometry of rectifying curves in the 3-dimensional hyperbolic
space H3(—r). Further we obtain the distance function in terms of arc length when the
rectifying curve lying in the upper half plane. Then we find the distance function and
also give the general equations of the curvature and torsion of rectifying general helices in
H3(—7).
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1. Introduction

In [4], B.Y. Chen gave the idea that the ratio of torsion and curvature of a regular
curve is a linear function of arc length s, i.e., (7/k)(s) = c15 + c2 for some constants ¢y
and co. If ¢; = 0, we obtain generalized helices; otherwise, we obtain rectifying curves.
A space curve whose position vector always lies in its rectifying plane is called rectifying
curve. So, a curve v is said to be rectifying curve if there exist a point 7 in R3 such
that v(s) —r = C1B(s) + CoT(s), where C1,Cs are some function of arc length s. Now
the Frenet frame: T = 4, N,B = T x N of a unit speed curve v in R3 satisfies the
Serret-Frenet equations:

/

T 0 k 0 T
N | = -« 0 1 N |,
B 0 —7 0 B

where the function x(s) > 0 and 7(s) are called the curvature and the torsion of the curve
and the above matrix is skew-symmetric. Therefore at each point of the curve we always get
three planes namely: {T,N}-osculating plane, {N,B}-normal plane, {B,T}-rectifying plane
and the equations of the corresponding planes are (R—r).B =0, (R—r).T =0, (R—r).N =
0, where R- position vector of any point on the respective plane, r-position vector of a
specified point of the given curve. To know more about the characterization of rectifying
curve we refer the reader to see [1,2,6]. In [7], P. Lucas and J.A.O. Yagues, studied
rectifying curves in the three-dimensional hyperbolic space, and obtain some results of
characterization and classification for such kind of curves.
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In [5], S. Izumiya and N. Takeuchi introduced the notion of slant helix, if the principle
normal lines of v makes a constant angle with a fixed direction, also they found a necessary

and sufficient condition for a curve v with x(s) > 0 to be a slant helix is that function
2

o= m(%)l be constant. Further in [8], P. Lucas and J.A.O Yagues studied slant
helices in the three dimensional sphere. Also in [3], M. Barros gave the definition of Lancret
curve (general helix), the principle normal lines are perpendicular to a fixed direction.
Thus a general helix is the special case of a slant helix. It is clear that if ¢ = 0 then 7 is
a general helix. Also M. Barros gave a theorem that, a curve v in H? is a slant helix if
and only if either 7 is a curve in some unit hyperbolic plane H? C H? with 7 = 0 or 7 is
a helix in H3.

Thus motivated sufficiently we study general helices in the 3-dimensional hyperbolic
space H3(—r) and obtain several results corresponding to the rectifying general helix and
characterization of rectifying curve in H3(—r). Our work is organized as follows: using
the Gauss formula and the definition of rectifying curve in H3(—r), we find expressions
of TOIV, NOIW, BOIV, TOI%.TOIV, N0/¢S.NO/7, BOI¢S.Bol7 etc. Here we take dot product
because it gives the geometrical interpretation of curve. Further we obtain the distance
function in H?(—7) in terms of A and y, which satisfy some differential equation. We also
find distance function in terms of arc length when the rectifying curve lying in the upper
half plane. Next we find some characterizations of rectifying curve in H3(—7). Finally we
give the general equations of the curvature and torsion of a rectifying general helix.

2. Preliminaries

Let H3(p,—r) = {z = (21,20,73,24) € Ri| < 2 —p,z —p >= —r?, 21 > 0} C R}
be the hyperbolic space with centered at p € R} and radius r > 0, where }R‘ll is the four

dimensional Lorentzian manifold with flat metric g = —da? + da3 + dz3 + dz3. Also we
denote H3(0, —7) = H3(—r) = {z € R}| — 22 + 23 + 23 + 23 = —r?%, 21 > 0} C R} and
H3(0, 1) = H5.

We know that if V and V° denote the Levi-Civita connections on H3(—r) and R}
respectively then they are related by the Gauss formula, VY = VxY + %2 < X,Y > ¢,
where ¢ : H3(—r) — R} denotes the position vector and X, Y are vector fields tangent to
H3(—r). Let us consider a unit speed curve v : I C R — H?(—r) and assume that v is not a
geodesic curve then we always get V%WT,Y = K,YN7+%2% VOTW Ny = -k T +7,B,, V%W B, =
—7,N,,, where two functions x, > 0 and 7, are curvature and torsion of the curve . It
is also well-known that the principle normal geodesic in H3(—r) starting at ~(s) of the
curve v can be defined as the geodesic curve parameterized by ¢s(t) = exp. ) (tNy(s)) =
cosh(£)y(s) + rsinh(£)N,(s),t € R.

In [7], authors gave two equivalent definitions of rectifying curve in the three dimensional
hyperbolic space.

Definition 2.1. A unit speed curve v = v(s)(s € I) in H3(—r), with x, > 0, is said
to be rectifying curve if there exists a point p € H?(—r) such that p is not belongs to
Im(~) = ~(I) and the geodesics connecting p with (s) are orthogonal to the principle
normal geodesics at 7(s), for all s.

Definition 2.2. The geodesics connecting p with (s) are tangent to the rectifying plane
of 7 i.e., the planes generated by {7%(s), B,(s)}.

Also in [7], two characterization theorems for rectifying curves are given.

Theorem 2.3. Let v = (s)(s € I) be a unit speed curve in H3(—r). Then, v is a
rectifying curve if and only if the ratio of torsion and curvature of the curve is given by
%(s) =c sinh(”%)chQ cosh(”%), for some constants c1, ¢z and sg, with 1 —c12+cp? <

0.



Some characterizations of rectifying curves... 237

Theorem 2.4. Let p € H3(—r) and consider a unit speed curve V (t) in S?(1) C T,H3(—7).
Then, for any nonzero function p(t), the curvature r~ and the speed v of the curve
v(t) = exp,(p(t)V(t)), and the geodesic curvature kv of V satisfy the inequality k3, <

vtk
[t
r2sinh?(p/r)’
curve.

with the equality sign holding identically if and only if v is a rectifying

3. Main results

Theorem 3.1. Let v : I C R — H3(—7) be a unit speed rectifying curve in H3(—r). If
{Ty, N, By} is the Frenet frame along vy and V and V° denote the Levi-Civita connections
on H3(—r) and R‘ll respectively then by using the Gauss formula the Frenet equations of
can be written as follows:
T = Ky Ny 4+ 1/r29, N°' ., = =k, Ty + ka0 B, BY , = —kyp N
where K, T, denote the curvature and torsion of vy, which satisfy any of the following
conditions:
(1) T° 4,.T° 5 = 5 (kp, N, 7 + kiyds. Ny + 5$5.7),
N° ¢S.No F = )\17'(1)57'7,
B°4,.B°5 = 0.
(2) T° d)S.TO 7= )\4/{;¢S/$:Y+ T%()\4’i¢s'_7+¢s"ﬁﬁ)-Nﬁ+ T%gf)sﬁ/, N° ¢S.N° 5= —)\2T¢SI€§_
)\3/63(;557'7, B° /¢S.BO/7 = —)\4T¢ST7.
(3) T b0 T°5 = L(kg,Ng, A + k505 Ny + 565.7), N 3, N5 = —di74, k5,
B® g.t) B =0,
(4) T4, T%5 = 3 (g, No, 7 + r56s-Ny + 5 05:7), N°'g,.N'5 = —darig, 75,
B 4.)-B%5 =0,
where A1, Az, A3, A\g,d1,do € R.
Proof. Let v : I ¢ R — H?(—r) be a unit speed rectifying curve in H3(—r). If
{Ty,N,, By} be the Frenet frame along v and V and V° denote the Levi-Civita con-
nections on H3(—r) and R} respectively then the Frenet equations of v are
Vi1, Ty = Ny, V1, Ny = =61y + 7By, V1, By = =7, N5, (3.1)

where functions s, > 0 and 7, are curvature and torsion of the curve . After using the
Gauss formula in (3.1), we get

o 1 e] [e]
Vi, Ty = fiyNy + 27 Vi, Ny = =ty Ty + 7By, Vp, By = =7, N, (3:2)
Then from ([7], Theorem 3.), using the relation of 7., and x for rectifying curve we obtain,
o 1 o o
\Y% T»YT'y = ky N, + ﬁ’y, v T,y]\f7 = —kyTy + KB,V T,YB'y = —Ky PN, (3.3)
where ¥(s) = c1f(s) + c2g(s). Now, we write the equation (3.3) in the following notation
o’ 1 o’ o!
T° ;= kyNy + 27 N°® = —k,Ty + Ky ¥By, B® , = —ky)N,,. (3.4)

Now, using Definition 2.1, let ¢5(¢) be geodesics connecting p with v(s) are orthogonal to
the principle normal geodesics 4 at y(s), for all s. Then we get,

T° 4.ty = Ko (t)Nou(t) 2%( ),

NO ¢s(t) = _K’¢s(t)T¢>s(t) =+ T¢s(t)B¢s(t)7 (35)

B® 4. t) = ~To.t) Now (1)
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and
o 1
T y = K@N»—y + ﬁ"}/,
No,fy = _H’VT’V + T;,Bﬁ,, (36)
BOI:Y = —Tnyfy.

Now for the case of rectifying curve, ¢s(t) and 7(s) are orthogonal at v(s) for all s i.e.,
Ty,(t)-T5 = 0 and we get two cases corresponding to the Frenet frame of the curves ¢5 and 7.

B, 8, BT,
R N
L J‘W
Case 1. NQ;I%
T Ny T.B

@ (S

Condition (i) Condition (ii)

Then using Condition (i) in the equations (3.5) and (3.6), we get
o of 1 _ 1 _
T ¢9T ol = T72(K¢9N¢sry + KJ’VQSSN:Y + ﬁ(ﬁsv)u

N® 4, .N°'5 = A\i7,75B5.By = Ai7,75, B® 4,5 B 5 = 0,
where By, = A B5. By using Condition (ii) in the equations (3.5) and (3.6), we obtain

o’ o’ 1 ~ 1 ~
T° 4, T° 5 = Ky, kyNg,. Ny + 72(I€¢SN¢S-’Y + K505 N5 + ﬁ¢s-’7)

1 _ 1 _
= A4H/¢s"€'7 + ﬁ()“lﬁ(ﬁs’y + Hﬁ(ﬁs)-N‘/ + 771¢s-77

Nold)s.No/,y = —)\2T¢SH§T§.T§ — )\3H¢,ST§B§.B§ = —)\2T¢SH§, - )\3/45%7'@,
B° ¢S.BO ¥y = A4T¢S717,
where By, = A\oT5, Ty, = A\3B5 and Ny, = AyN5. Now we know that T, can be written
as Ty = 115 + caN5y + c3By, and T, = c/1T¢S + 0/2N¢S + c’3B¢S. Also we know that
T,.T, = 1, therefore after using Condition (ii), we get

016/3T7.B¢5 + CQCIQN:/.ngS + 03cllB§.T¢S =1,
= 610/3)\2 + CQC/2A4 + 036/1)\3 =1.
= Clclg)\g + 036/1)\3 =1- CQCIng,

where we consider Ay = d3 € R. Thus we get

cAo + dA3 = n, (37)

i ! !
where ¢ = cic3,d = c3c1,n =1 — coc 2d3.
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On the other hand we can write Ny = b1Ty, +ba Ny, +b3By, and Ny, = bllT:, + b;Nﬁ +
béB@. Now, taking the dot product of Ny and Ny_, and then using Condition (ii), we get
bsby g + bibs Az = (1 — boby)ds = m, which implies

adg + bAg = m, (3.8)
where a = bsb, b = biby, m = (1 — baby)dz and ¢, ca, €3, ¢y, Cy, €3, b1, ba, b3, by, by, by,
a, b7 ¢, d7 m,mn, )\17 )‘27 )‘37 )\4 cR.
On solving the equations (3.7) and (3.8), we get Ao = d;g:z?,)\g = =2 Similarly,
using Condition (i), A\; can also be calculated.

Case 2.

077 677

Condition (i)~~~ Condifon i)

Then using Condition (i) in the equations (3.5) and (3.6), we get

o! of 1 _ 1 _
T d)sT '7 - ﬁ(,{d’sNQﬁsP}/ + K’W¢SN’T1 + T72¢8’y)7

!

No,(ﬁs.No 5y = —7'¢SI{7YT5,.B¢S = —d1’7'¢sl<,§,,BO/¢s(t).Bo,,—y =0,
where By, = diT5. By using Condition (ii) in the equations (3.5) and (3.6), we get

o’ o! 1 _ 1 _
T° 4, 1" 5 = ﬁ(ﬁ¢sN¢s'7 + K305. Ny + ﬁ¢5.7),

N° ¢S.NO 5= _H¢ST’_YT¢5‘B’_Y = —dgl{ngTg,,Bo ¢s(t).Bo 5= 0,

where T, = doB5. Then from above procedure we can find the values of di,ds € R. Thus,
we obtain the required results. ]
Theorem 3.2. Let v = (s) be a unit speed rectifying curve in H?(—r). Then the distance
function p = ||| satisfies p> = —A?+p?, where X and p satisfy the equation (1 — )\/)aTﬁ —
(b— b\ + 1) By + 23 = T2 +uBS and a,b € R.

Proof. Let v = v(s) be a unit speed rectifying curve in H?(—r). Then position vector
of a curve satisfies the equation

V(s) = A(8)TH(s) + p(s) By (s), (3.9)
where A(s) and p(s) are differential functions. Now, differentiating the equation (3.9) with
respect to s and using Frenet equations, we get T, (s) = X (s)T(s) + A(s)(Tﬂj/ - L+
11 (s)By(s) + ,ule, which implies

(1= \)Ty = W' By = AT — uBS + = =0. (3.10)
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Then using Definition 2.1 of rectifying curve in H*(—r), T, can be written in the form,
T, = aT5 — bB,, where 7 is the geodesics connecting p with ~(s) are tangent to the
rectifying plane of v i.e., the planes generated by {T’,(s), By(s)}. Therefore the equation
(3.10) can be rewritten as

! I / A / !
(1= \)aTs — (b— bA +u)Bv+r—Z:)\T$ +uBS . (3.11)

Also from the equation (3.9), it is clear that the distance function p? = ||v||? = |g(v,7)| =
—A? + 2, where X and p satisfy the equation (3.11). Thus the proof is completed. O

Theorem 3.3. Let v = (s) be a unit speed rectifying curve in H>(—r), lies in the upper
half plane U%. Then the distance function p = ||| satisfies p*> = |as® + bs + ¢| or p? =
1+ f2(s), where f(s) = c1sinh(*t2) + ¢y cosh(*+0) and a,b,c € R.

Proof. Let v = 7(s) be a unit speed rectifying curve in H?(—r). Now, we know that

v(s) = A(s)Ty(s) + p(s)By(s), (3.12)
where A\(s) and p(s) are differentiable functions.

Now we know that T (s) and B,(s) are generating a plane, let it be a subset of upper
half plane. Therefore v(s) = (A(s), u(s)) be a curve in U2. Then after differentiating the
equation (3.12) and using Frenet formulas for v, we obtain (1 — AT, + (ur, — Ak )Ny —
1t (s)B, = 0, which implies

N =1, =0,pumy, — Ak, = 0. (3.13)
Therefore A(s) = s+ di, pu(s) = da, pu(s)7y(s) = A(s)ky(s). Thus the distance function
2 2
o = lor)l = 1255 = | = Jas? 4 bs + ol where a = b = Zc =
dﬁd? ,di,dy € R. Also from the equation (3.13), we get uésg = 1 Now we know that
+ +s0) — A i

% = c18inh(*7%2) 4 ¢z cosh(*20) = f(s), from [7]. Hence 5 = f. Therefore the distance
2 2

function, p? = |g(v,7)| = |’\:;“ | = |1+ f?|. Thus, p*> = 1+ f?(s). This proves the

theorem. ]

Note. Now, we know that v(s) = A(s)Ty(s) + u(s)B,(s), where A(s) and p(s) are differ-
ential functions.

(i) Therefore, g(v,Ty) = A(s) = s + di. This is the tangential component of v(s).

(ii) The normal component of v(s) = u(s)B,(s). Therefore, |[¥V| = da # 0 i.e.the
normal component component of y(s) has a constant length.

(iii) The binormal component of v(s), g(y(s), By(s)) = p(s) = da, is constant.

Theorem 3.4. Let 1)(t) be a unit speed curve in RY and ~ be a rectifying curve in H?(—r)
with upper half plane as rectifying plane then it has up to a parametrization given by

V() = »()o(t), or y(t) = Y(E)h(t).

Proof Now from Theorem 3.3, we know that p? = as® + bs + c or p? = 1 + f2(s). Let

= | s+d1) +d2] we apply a translation to s, such that p?> = as? + 1. Now we define

a curve ¢( ) in R} by ¥(s) = pgs;, = v(s) = ¥(s)Vas® + 1. Then differentiating with
respect to s, we get

T (s) = as? + 1. (314)

s + ¢
U(s)——=—= \/T (s)
Since, g(1,v) = 1, it follows that g(1, s ) = 0. Therefore from the equation (3.14), we
obtain 1 = g(T,,T,) = g(¥',¥)(as® + 1) + G;le, which implies

g(¢/7¢/):as (1*(1)4’1

I (3.15)
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Thus, [ (s)] = Y500 Lot t = f2 |0 (u)du = f§ Y0 gy, — o(s). There-

a52+1 T as?+l
fore t = p(s) or s = ¢ 1(t). Put this into v(s) = ¥(s)Vas?+1, we get y(t) =
PO (1)) = D()o(t), where n(s) = Vast+1,6 = 0@ Hence () = v()é().
Similarly if we take p? = 1+ f2(s) then up to parametrization for v is in the form 1 (¢)h(t),
which completes the proof. O

Theorem 3.5. Let v = v(s) be a unit speed rectifying curve in H3(—r). Then T5 can be

written in the form, Ty = a(s)N, + ((s)Bry, where a(s) = /\Z”_;’;\T”, B(s) = &= ab’\;t\“ and
a,beR.

Proof. Let us consider v = ~(s) be a unit speed rectifying curve in H3(—7). Then position
vector «y of a curve satisfies the equation,

v(s) = A(s)Ty(s) + p(s)By(s), (3.16)

where A(s) and p(s) are differentiable functions. On differentiating the equation (3.16),
we obtain T, = AT, + 1/’ (8) By + Ay N, — pur, N, which implies

= (1= AT + (u1y — Min) N, — i (s) By = 0. (3.17)

Since v = 7(s) is a unit speed rectifying curve in H*(—r) therefore T, = aT5 — bB.,, where
a,b € R. Thus from the equation (3.17), we get (a — a\)Ty + (u7y — Aky) N, (b — b\ +
u')B7 = 0, which gives

Ty = a(s)N, + B(s) B, (3.15)
where a(s) = ’\'f] 2o hED and B(s) = b ab/\;r)\“ , a,b € R. This completes the proof. O

Theorem 3.6. Let v = (s) be a unit speed curve in H3(—r). Then v is a rectifying
general heliz if and only if the torsion and curvature of the curve are given by

(Z‘)7.2( ) = SlnhQ( )COSh2(3+so)[Atanh2(s+so) + Ctanh(s+50) n B]
where A = C%'z%/r B = Cg’fvr C = 261*634@:

(it) K2(s) = sinh?(2), if A=c?, B = c},C = 2cica.
Proof. By using Theorem 2.3 and Theorem 2.4, we obtain

2 r2sinh?(p/r
) = (o)

4
which implies

S+ So

)%,

(c1 sinh(m) + ¢ cosh(
r

S+ 8o

7‘7() Asinh (p/r)smh2( . )+Csmh (p/r)smh( Tso)cosh(

+Bsinh?(p/r) cosh2(8+780),
r
where A = T p = GRS o 200 gy
s 2 5+s0 5+5s0 s+so
9 9 9,8+ 80, ,sinh?(50) sinh(*£%2) cosh (52 )
75(s) = sinh*(p/r) cosh™( " )[AcoshQ(SISO) COSh2(8+SO) I -+ B],
T T

)[Atanh?(*120) 1 € tann(*220) 4 B,

= 7',3(8) = sinh?(p/r) cosh2(8 + 50

Also, again by using Theorem 2.3 and Theorem 2.4, we obtain

2
Ty

Y )
(c1 sinh(E£20) + ¢ cosh(££20))2

3(s) =
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sinh?(p/r) cosh? (120 )[A tanh?(1%0) 4 C tanh(2t50) + B]
cosh?(£150)[¢2 tanh?(£50) 4 2¢; ¢y tanh(2150) 4 2]

Thus m%(s) = sinh?(p/r) if A = ¢}, B = ¢ and C = 2cjcy, which concludes the
theorem. ]

= K?Y(S) =

Corollary 3.7. The geodesic curvature ry of rectifying general heliz in H3(—r) is given
by ky = %, where v is the speed of rectifying general heliz.
Proof. The proof is obtained from Theorem 3.6. O

Theorem 3.8. A curve y(s) = exp(p(s)V(s)) in H3(—r) is a rectifying general heliz with
geodesic curvature ry (t) = c(cos®(t+to) —a?)~%/% and torsion 7(s) = dy sinh((s+so)/7) +

dy cosh((s + sg)/r) then its curvature K is of the form k., = % if and only if
1 c2 | _
dy dy |~ 0.

Proof. By using Corollary 9 of [7], we obtain
dysinh((s + s9)/r) + da cosh((s + s0)/7)

7 ¢ sinh(3£50) + ¢ cosh(#£20) ’
di(tanh(s + sg)/r) + A)
= Ky = T :

ci(tanh(*%0) + B)

where A = 22 and B = 2

d1 C1
Thus K, = il if and only if A = B i.e.
C1

cr c2 | _
dy dy |~ 0.

O
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